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Preface 

Index numbers are a widespread disease of modern life .... It is really question­
able - though bordering on heresy to put the question - whether we would 
be any the worse off if the whole bag of tricks were scrapped. So many of 
these index numbers are so ancient and so out of date, so out of touch with 
reality, so completely devoid of practical value when they have been computed, 
that their regular calculation must be regarded as a widespread compulsion 
neurosis. M. J. Moroney (1951) 

I lived with Moroney. M. C. Fessey, Business Statistics Office 

There is at present, as Craig (1969) has remarked, no simple and 
reasonably comprehensive text on the design, construction and use 
of index numbers. Such references as are to be found in the standard 
texts on statistical theory, at various levels of difficulty, are brief 
and oversimplified. Sometimes the comments are more scathing 
than complimentary, as with the famous quotation from Moroney 
(1951) reproduced above. Even those who make much use of index 
numbers, in texts on applied economic and social statistics, do not 
seem willing to allocate space to an account of them. Perhaps part 
of the explanation of this state of affairs lies in the fact that no 
course in statistical methods can be expected to devote more than a 
few lectures and classes to index numbers. But even a few lectures 
need to rest on some recognised textbook for collateral or inde­
pendent reading. 

I have had these things in mind in writing the present text, the 
plan of which should be clear enough from the table of contents. In 
order to reach students of economics generally, and not only those 
who handle index numbers professionally, I have kept the text as 
simple as possible in mathematical terms. The subject of index 
numbers, however, is more extensive and sophisticated than might 
appear at first sight. I have not always resisted the temptation to 
explore far afield and not all readers will want to follow me all the 
way. It is just not possible to keep even a moderately comprehensive 
text as simple as all that. 

I refer in the text to some books, and to many articles, on the 
theory and practice of index numbers. I have shown them as they 
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arise in a notation which relates to the Bibliography at the end of 
the text, e.g. Craig (1969) and Moroney (1951). For illustrative 
purposes I make use of many of the more important index numbers 
published in this country. I make no pretence, however, to give any 
complete or up-to-date account of them; for this the reader must go 
to the sources from which the index numbers come. 

I need to thank my colleagues and the secretarial staff of the 
Statistics Department in the London School of Economics for more 
help than they may realise they have given me in preparing this text 
for publication. 

London School of Economics 
July 1974 

R. G. D. ALLEN 



1 General Survey 

1.1 Definition of Index Numbers 

Ragnar Frisch began his well-known survey of index numbers with 
the observation: 

The problem of how to construct an index number is as much one 
of economic theory as of statistical technique. Frisch (1936), p. 1 

It is true that some applications of index numbers are not strictly 
economic but occur in (more or less) distantly related subjects 
ranging from demography to technology. Examples are easily 
found: standardised birth, sickness or death-rates; crop yields. It 
remains true, however, that the main uses of index numbers are in 
economics and hence that the theory is best developed in an economic 
context. There is, then, little difficulty in extending the application 
of the index-number technique to other fields. It is important to 
avoid the trap of divorcing the economic and the statistical aspects 
of index numbers, of attempting to consider an index number in 
the abstract. Index numbers are essentially practical constructs. The 
two approaches to them, the economic and the statistical, must be 
used together and from the outset. 

Index numbers come in pairs in economic theory, one of price 
and the other a matching one of quantity. In economic practice, 
they tend to be found paired off in this way. Sometimes one or the 
other is used alone; but there is almost always a mate to it in the 
background. Such a pair may be designed to account for the variation 
in a value aggregate, as when movements in aggregate expenditure of 
consumers are analysed into the two components of changes in prices 
and in real consumption. For convenience of exposition we generally 
refer to price index numbers in the main development of the text. It 
is to be remembered that practically everything that is said applies 
to the parallel or matching case of quantity index numbers. 

Index numbers have a long history, and Kendall (1969) gives a 
good account of the early period. The classical definition of index 
numbers goes back to Edgeworth. In 1887-9 Edgeworth was 
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secretary of a committee of the British Association set up to study 
methods of measuring variations in the value of money. In this 
capacity he wrote three lengthy memoranda, reproduced in Edge­
worth (1925a), pp. 195-343. Later he gave a concise definition: 

I proposed to define an index-number as a number adapted by its 
variations to indicate the increase or decrease of a magnitude not 
susceptible of accurate measurement. Edgeworth (1925b), p. 379 

The magnitude he had especially in mind was the general price level 
or the value (purchasing power) of money, one the reciprocal of the 
other. The same concept is seen in a rather more developed form in 
Bowley's definition: 

Index-numbers are used to measure the change in some quantity 
which we cannot observe directly, which we know to have a 
definite influence on many other quantities which we can so 
observe, tending to increase all, or diminish all, while this influence 
is concealed by the action of many causes affecting the separate 
quantities in various ways. Bowley (1926), p. 196 

Again the non-observable quantity Bowley had in mind was an 
economic concept such as the value of money. 

The essential feature of the definition is that it makes no attempt 
to get a measure or indicator of the actual level attained by the 
non-observable magnitude. An index number is limited to the 
measure of changes in the magnitude from one situation to another. 
The two situations compared are in no way restricted; they may be 
two time periods (e.g. two years), or two situations in a spatial 
sense (e.g. two regions of a country), or two groups of individuals 
(e.g. one and two-person pensioner families). Once again, for con­
venience of exposition, and since it is the most usual case in practice, 
we generally refer to temporal index numbers in the text. Practically 
all that is developed can be applied, with the appropriate adjustment 
of terms and notation, to comparisons between other kinds of 
situations. 

Since index numbers measure changes, they are expressed with 
one selected situation as 100. This is called the reference base of 
the series of index numbers. Comparison base is an alternative term 
often used. In an annual series, for example, the reference base is 
the year taken with the level of 100 for comparison. Another year 
may then appear with the index number (say) 126. This means that, 
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according to the index number used, the magnitude considered in 
the second year is 126% of its level in the base year. The actual 
level is measured in neither of the years; only the change from one 
year to the other, here an increase of 26 %, is given by the index. 

The concept of an index number is properly confined to this case 
of a non-observable magnitude. It is quite common, however, to see 
the term 'index number' applied to the variation in a magnitude 
which is directly measurable. It is often convenient to express the 
changes in such a magnitude, given (for example) as an annual 
series, in the form of one year as a percentage of another, of one 
year as showing a percentage increase or decrease over another. 
The reference base, that written as 100, can be any one year of the 
series found convenient. The result looks very much like an index 
number, and by extension, it is often described as such. 

A simple example illustrates. The following data relate to employ­
ment in manufacturing industries in Great Britain each mid-June: 

Number of employees, OOO's 
Series with 1969 as 100 

with 1971 as 100 

1969 1970 1971 1972 
8,741 8,727 8,432 8,062 
100 99·8 96·5 92·2 
103-7 103·5 100 95-6 

From Monthly Digest of Statistics 

The concept of employment here is simple, whatever complications 
may be introduced in other contexts; it is the number of employees 
in employment in industries classified as manufacturing. This is a 
measurable and observable magnitude. Moreover, in practice, it can 
be estimated quite closely and on a comparable basis from one year 
to another. The data shown are comparable, on the same basis as 
regards both the definition of employees and the classification of 
industries under manufacturing. The figures can stand on their own; 
the level of employment at one date, in thousands of employees. It 
is only as a matter of convenience that the figures are expressed with 
one year as reference base. Here they are shown alternatively with 
1969 and with 1971 as 100, to bring out (for example) that employ­
ment fell by 3!% from 1969 to 1971 with a further fall of more 
than 4% from 1971 to 1972. 

It is clear from this example that a shift from one reference base 
to another is just an arithmetic switch. The year-to-year changes in 
the series are the same whatever the reference base. For example, 
the fall of employment from 8,432,000 in 1971 to 8,062,000 in 1972 



4 INDEX NUMBERS IN THEORY AND PRACTICE 

is seen as 4·4% whether the series is taken with 1969 as reference 
base (a fall of 4·4% from 96·5 to 92·2) or with 1971 as base (when 
the decrease is explicit). The series on one reference base is simply 
a rescaled version of the other. If we have the series based on 1969, 
the arithmetic switch to 1971, as reference base, is made by dividing 
through by 0·965 - the 1971 figure as a ratio - or by multiplying 
through by the reciprocal of 0·965. 

One particular manifestation of this arithmetic switch is of very 
extensive use. Measure all changes as ratios and only convert to 
percentages by multiplying by 100 at the end. Then it follows that 
the change calculated forwards from one year to a later year is the 
reciprocal of the change measured backwards from the later to the 
earlier year. This is particularly clear for a comparison between 
1969 and 1971, the alternative reference bases in our illustration. 
The forward change is shown by the ratio of 8,432 to 8, 741 or 0·965, 
the reciprocal of the backward change given by the ratio of 8,741 to 
8,432 or 1·037. There is, in fact, a simple general rule: 

A change between two dates in a series of figures can be shown in 
ratio form either forwards or backwards and one ratio is the recip­
rocal of the other. 

The rule is thinly disguised when changes are shown in percentages: 

1971: ::~!~ 100=96·465% of 1969; 

1969: ::~~~ 100=103·665% of 1971 

Here 0·96465 and 1·03665 are mutually reciprocal. A fall of just over 
3·5% from 1969 to 1971 is the same thing as a rise of nearly 3·7% 
from 1971 to 1969. 

The figures in the second or third row of the table above are 
quite usually described as index numbers, here with 1969 or 1971 as 
100. This extended use of the term has got into the technical language 
and it has perforce to be accepted. Having made this note we proceed 
in the present text to confine the analysis to index numbers proper, 
as the indication of changes in a level not directly observable or 
measurable. The properties of the arithmetic process of switching 
reference base apply unchanged (1.5 below). 

Ragnar Frisch put the matter in a nutshell: 
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The index-number problem arises whenever we want a quantitative 
expression for a complex that is made up of individual measure­
ments for which no common physical unit exists. The desire to 
unite such measurements and the fact that this cannot be done by 
using physical or technical principles of comparison only, consti­
tute the essence of the index-number problem and all the difficulties 
center here. Frisch (1936), p. I 

The complex that Frisch refers to is typically a complex of prices 
of a range of commodities expressed in heterogeneous units, for 
instance p per pint, £ per dozen, £ per ton. The problem can be 
tackled only by switching from the perfectly sensible, but non­
observable, concept of a general price level to the related, and 
observable, concept of changes in price levels. This is required by 
the Edgeworth/Bowley definition. Then, it is one thing to measure 
the change in a single commodity price by writing the ratio of the 
two prices observed. For example, when the price of milk goes up 
from 5p to S!p per pint, the second price is (5-i-/5)100= 110% of 
the first and the price has increased by 10%. It is quite another 
thing to go on to conclude that the general price level for a range 
of commodities has increased by (say) 10%. The first is a simple 
ratio, even though often loosely described as an index number. It is 
the second which constitutes the index-number problem, as neatly 
summed up by Ruist: 

The problem that arises is how to combine the relative changes in 
the prices of various commodities into a single index number that 
can meaningfully be interpreted as a measure of the relative change 
in the general price level. Ruist (1968}, p. 154 

Most writers on index numbers since Edgeworth's pioneer work 
in the 1880s have distinguished two approaches to the problem. 
Frisch calls the first the stochastic approach, where the word 'sto­
chastic' is the adjective now generally used instead of the mouthful 
'probabilistic', as corresponding to the noun 'probability'. This 
approach aims at a broad objective, typically the general level of 
prices or the value of money, without specific reference to any 
group or application to any set of circumstances. The other can be 
called the aggregative approach and it has reference to some aggregate 
and to some group specified in advance. The reference can be, for 
example, to the aggregative expenditure of a specified group of 
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consumers, and the object is to say something about the net income 
or standard of living of the group. The specification of the group 
can be quite narrow (e.g. one-person pensioner families) or as wide 
as all consumers in the country. 

Edgeworth is quite explicit in his memoranda of 1887-9. His 
basic approach is to develop a stochastic price index and he gives 
one of the main sections in his first memorandum the title: 

Determination of an Index irrespective of the quantities of com­
modities; upon the hypothesis that there is a numerous group of 
articles whose prices vary after the manner of a perfect market, 
with changes affecting the supply of money. Edgeworth (1925a), 
p. 233 

The hypothesis here is that monetary factors - changes in the 
quantity of money and in its value - show up in a proportional 
change in each price and hence that the influence of money is to 
be measured by an index number of changes in the general price 
level. There are, at the same time, deviations of all kinds in the 
movements of individual prices. They arise from the play of many 
non-monetary factors and they are to be regarded, from the mone­
tary point of view, as errors of observation. The same approach is 
to be seen in Bowley's definition of an index number. It was on this 
line of approach that Edgeworth was led to plump for the un­
weighted geometric mean of price relatives as the preferred index 
number. Or, since an 'unweighted' index is (as we shall see) some­
thing of an illusion, the best bet is a geometric mean with simple 
weights not depending on the quantities of the commodities actually 
traded. The alternative approach is on aggregative lines, and 
Edgeworth recognises this by devoting a later section of his first 
memorandum (p. 247) to the case where the quantities of the 
commodities are brought in to define a weighted index number. 
Edgeworth remains faithful, however, to his first or stochastic 
approach; he does not pursue the alternative beyond the point of 
offering the weighted median as a possible index number. 

In his earliest thoughts on the subject, Keynes clearly followed 
the Edgeworth/Bowley line and accepted the stochastic approach; 
see Keynes (1921), p. 213. Later, certainly by the time that he wrote 
the Treatise on Money in the late 1920s, he had completely revised 
his position. He rejected the stochastic approach, even for such a 
broad objective as the measure of changes in the value of money, 



GENERAL SURVEY 7 

and he was explicit in his statement of the case for an aggregative 
form of index: 

We mean by the Purchasing Power of Money the power of money 
to buy the goods and services on the purchase of which for 
puposes of consumption a given community of individuals expend 
their money income . . . and the appropriate index-number is of 
the type sometimes designated as the Consumption Index. It 
follows that Purchasing Power must always be defined with 
reference to a particular set of individuals in a given situation 
namely those whose actual consumption furnishes us with our 
standard, and has no clear meaning unless this reference has been 
given. Keynes (1930), p. 54 

Keynes quoted Marshall in support of these views; see Marshall 
(1923), pp. 21' 30. 

Keynes' position is now accepted as generally more relevant and 
appropriate than Edgeworth's. The present text, as a consequence, 
concentrates on the development of index numbers in aggregative 
forms and in the equivalent weighted versions. Some uses can still be 
made of the stochastic approach and of the unweighted index­
number forms to which it leads. This is especially so, and indeed 
more so than practical index-number construction concedes, in the 
context of the sampling aspects of the build-up of an index number 
from its detailed constituents. 

There is one matter always to be kept in mind in constructing and 
in handling index numbers of aggregativefweighted average form. 
The point is clear enough on the stochastic approach but tends to be 
overlooked in the more elaborate index numbers of aggregative 
types. It is simply that a price index number is an average; a single 
summary figure derived from a great variety of price movements. 
Variation of price relatives about the average, taken for the index, is 
just as important as the index itself. If there were no such variation, 
the index would be trivial; what we need to know is how much 
variation there is. Let Edgeworth have the last word when he observes 
that price index numbers: 

... presuppose a fairly uniform change in the price of commodi­
ties, a sporadic distribution of price-relatives about their mean. 
Edgeworth (1925b), p. 383 
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1.2 Notation 

The model we deal with is complex in the sense that it involves a set 
of commodities and a sequence of situations. The price and the 
quantity bought or sold need to be specified for each commodity in 
each situation. A good notation is essential in such a model. This is 
not for purposes of algebraic manipulation but rather as a shorthand 
reference to the forms of index number used and as a guide in calcula­
tion of the index numbers in practice. We are concerned hardly at all 
with mathematical analysis in this text, but we make much use of the 
algebraic shorthand. 

The lower-case letters p and q are used for price and quantity 
respectively, the capital letters P and Q being reserved for index 
numbers of price and quantity. Two subscripts are attached to each 
p and q, the first for the commodity and the second for the situation 
considered. So: 

Pit and qu 

represent the price and the quantity of the ith commodity in situation 
t. Suppose there are n commodities and k situations after the base 
situation 0. Write i = 1, 2, 3, ... n and t =0, 1, 2, 3, ... k. 

As already noted, the case of temporal index numbers is used for 
purposes of exposition, so that t = 0, 1, 2, 3 ... are successive periods 
of time. To simplify further we take the successive periods as years 
and so refer to year 0, year 1, and so on. All that is said applies 
equally to other periods, e.g. months or quarters. 

The notation is specified first for two years (t =0, 1) and then 
generalised. Two sets of prices, 

{Pto P2o Pao • • • Pno} and {Pu P21 Pat · · · Pnt} 
correspond to two sets of quantities, 

{qlo q2o qao • • • qno} and {qn q21 q31 · • · qnl} 
Four aggregate values can be derived, two direct (or actual) values 
and two cross (or computed) values. Each aggregate is the sum of 
products of prices and quantities, commodity by commodity. The 
direct-value aggregates are got by multiplying prices and quantities 
in one and the same year; the cross values take prices from one year 
and quantities from the other. To denote such aggregates, we simplify 
by making use of a familiar notation. For example, the actual-value 
aggregate of situation 0 is: 
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.. 
LPiO q;o = Pto q1o + P2o q2o + Pao qao + · · · + Pno q,.o. 

i=l 

9 

Even so the notation is awkward to handle and we seek some further 
simplification or shorthand. 

The mathematician's answer is to use the vector/matrix notation: 
each value aggregate is the inner product of a price and a quantity 
vector and the whole set of values can be arranged as a matrix. The 
corresponding notation is indeed compact and precise. It is, however, 
unfamiliar to those with little mathematical background. 

We will make do, therefore, with a compromise: a shorthand 
notation designed to apply whenever we can safely omit explicit 
reference to individual commodities. If we need to spell out for the 
separate commodities, we continue to use the full notation: Pto and .. 
q;0 (i =I, 2, 3, ... n) for prices and quantities and 2. Pto q;0 for the 

i=l 
actual value aggregate in year 0, and similarly for other aggregates. 
However, whenever there is no ambiguity, we drop the subscript i; 
we write (for example) p0 and q0 for the prices and quantities, and 
LP~o for the value aggregate, in year 0. The symbols LP~o are to 
be read: take the sum (L,) of all products of which the typical one is 
Pox q0 for some commodity. 

The four value aggregates obtained from prices and quantities 
(Po. qo and P1• ql) in two years can now be written in the shorthand 
notation and arranged in a block of two rows and two columns: 

Prices in year 

0 
1 

Quantities in year 
0 1 

[};,Pot/o '2:.potJt] 
};.plqO };.plql 

It is convenient to borrow one term from the matrix algebra of the 
mathematician. The block of values is called a matrix, in this case of 
order 2 x 2, and it is indicated by the square-bracket notation used 
for matrices. Further, the convention is adopted here in which the 
rows of the matrix correspond to fixed prices and the columns 
correspond to fixed quantities (in years 0 and I respectively). 

The notation is easily generalised. The prices P;r in year r can be 
combined with the quantities q;8 in year s to give the value aggregate: 

.. 
2.Prqs = LPirqis 

i=l 
r, s=O, I, 2, 3, ... k. 
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This is a direct valuation if r =s, a cross valuation if r * s. The com­
plete matrix of values is of order (k + 1) x (k + 1): 

Prices in year 

0 
1 

k 

Quantities in year 
0 1 . . . k 

[~Polio "i:.Poll1 · .. 'i:.Pollt] 
~~1~0 ~~·~· : : : 'i:.::~k 
'i:,pkqO 'i:,p~l • • • '<£,pkqk 

The rows correspond to fixed-price valuations; the first row shows 
the annual sequence of quantities (q0, qb ... qk) at the fixed prices p0, 
the second row a similar sequence at the fixed prices P1> and so on. 
In the same way, the columns correspond to fixed quantities valued 
at the annual sequence of prices (p0, p1, ••• Pk). 

The notation extends to all kinds of sums and averages, weighted 
or otherwise. Consider, for example, the prices in two years 0 and 1. 
Form the price relative and use the shorthand notation wherever 
possible: 

Pl for Pu(i = 1, 2, 3, •.. n) 
Po Pto 

Attach weights w to these price relatives, i.e. w, for the ith commodity 
(i = 1, 2, 3, ... n). The most used average of price relatives is the 
arithmetic mean: 

In unweighted form 

~ "2/1 = !/ Pn + P21 + ... + P n1) 
n Po 1A.P1o P2o P no 

and with weights w: 

~w~ 
Po zw= 

Pu P21 Pn1 
w1 - + w2 - + ... + Wn-

P1o P2o Pno 
w1 + W2 + ... +Wn 

1.3 Choice of Formula: Stochastic Approach 

The stochastic approach to index numbers has the merit of being 
relatively simple. Following Edgeworth, we are led quickly to the 
appropriate form of the index. Taking an index of prices for purposes 
of exposition, and a comparison of prices in two years (0 and 1), we 
have a simple form of index available: some unweighted mean of the 
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12 INDEX NUMBERS IN THEORY AND PRACTICE 

price relatives (p1/p0) of the commodity prices observed. As a minor 
development, we may substitute a weighted mean with some simple 
weighting system which has no reference to quantities of commodities 
bought and sold. 

The approach can be illustrated by a simple example. We seek an 
index of changes in the general level of retail prices of dairy produce 
in the period 1971-4 on 1968 as reference base. According to Edge­
worth's prescription we should take 'a numerous group of articles' 
from amongst those classified as dairy produce. To simplify the 
illustration, we take only six items, those specified in Table 1.1. As 
some counterweight, we base the prices, in January of each year, 
on averages obtained by the Department of Employment in their 
very extensive price collection for the official index of retail prices. 
The averages are published in the Department of Employment 
Gazette and reproduced in Chapter 3, Appendix Table A2. 

On the stochastic approach, we regard the prices of Table 1.1 as 
samples of all possible price observations. For convenience of the 
illustration, we have changed the units in which the prices are quoted 
from those given originally and, at the same time, we have rounded 
the prices to the nearest !d for butter, margarine, lard and milk and 
to the nearest !d for cheese and eggs. As a result the prices are 
written in a form easily recognised by the ordinary shopper. 

An immediate caution is in order, on the effect of errors of observa­
tion and, particularly, of rounding. Price relatives are computed in 
Table l.l for each of the six items between the years 1968 and 1973. 
They are each shown to one decimal place, as is their sum and the 
arithmetic mean. Since the prices on which the relatives are based 
have errors of observation, including rounding, these computations 
are approximate. We may well decide, and indeed we would in this 
case, that the individual relatives and their mean can only be given 
accurately to the nearest whole percentage point, e.g. that the mean 
price relative in 1973 is 136% of 1968 and in 1968 75% of 1973, since 
136·0 and 75·2 cannot be relied on to the first decimal place. However, 
it is necessary, and indeed standard practice, to carry at least one 
more figure in the computations than is needed in the result. It is 
better to round off at the end; too early rounding may fail to give the 
required accuracy in the result. Similarly, it is convenient, and again 
standard practice, to quote the result with the extra figure used in the 
computation; this allows the user to make further computations and 
to round off when he wishes. The means are given as 136·0 and 75·2 
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in Table 1.1. It is subject to the important qualification: 

Figures should not be regarded as necessarily accurate to the final 
digit shown. 

A qualification on these lines is often given in the source but, whether 
explicit or not, it needs always to be kept in mind. 

Before pursuing the unweighted mean of price relatives, however, 
we can profitably spend a little time in bringing out into the open the 
fact that units of measurement in a collection of prices are arbitrary 
and conventional. There is usually no problem in handling the money 
unit since all prices can be reduced to a uniform specification, old 
pence per physical unit in this case. Even here it was necessary to 
convert from new pence to old pence in prices after 1971. It is in the 
selection of physical units that the trouble lies. The particular units 
selected for Table 1.1, different already from those in the source, are 
changed again in Table 1.2 where they need to match the units in a 
budget survey (ounces for all items except milk and eggs). We illus­
trate sufficiently by taking three particularly heterogeneous items 
from the total list of six: butter, milk and eggs. We also select two 
years for the comparison: 1968 as year 0 and 1973 as year I. 

It may be maintained that the sum of prices in each situation, 
LPo and LP1> can be first written, and then their ratio taken: 

lot= LPtfLPo {1) 

as an appropriate index of price change. Alternatively, the form {I) 
can be interpreted as the ratio of the mean price in year 1 to the 
mean in year 0; the numerator and denominator in (1) only need 
division by the number of items, without change in the ratio. The 
separate price sums are clearly not invariant to changes in units. But 
the ratio {1) is invariant under some changes, e.g. if all commodities 
are shown by weight and the unit for all is changed from ounces to 
pounds. The difficulty is that some changes of units, e.g. from pints 
to quarts for one item and from each to dozens for another, are not 
of this simple proportional type. Such changes do affect the ratio {1). 
Hence / 01 is not invariant to all changes of units and so not suitable 
as an index number of price changes. 

With our three heterogeneous items as an example, we construct 
the table on page 14. 

The alternative set of prices is exactly equivalent to the first set, 
and just as recognisable by shoppers. The sums of prices are quite 
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Prices (d per unit) 

Table 1.1 Alternative 

1968 1973 1968 1973 
Item Unit Po P1 Unit Po P1 

Butter !lb 20 27!- * lb 10 131 
Milk pint 10 13 pint 10 13 
Eggs each 31 4 doz 45 48 
Sum 331 44!- 65 741 
lo1 % of 1968 131·9 115·0 

different and have no more than an artificial meaning. In 1968, for 
example, 33ld is just the sum needed to buy t lb of butter, one pint 
of milk and one egg. At the same prices, in 1968, 65d is just the sum 
needed for a different lot of purchases: t lb butter, one pint of milk, 
twelve eggs. The sums mean no more than this. Similarly, when the 
corresponding 1973 sums are found and the ratio 101 written, the 
result with the first set of units (131·9% of 1968) is quite different 
from that with the second set of units (115·0% of 1968). These are 
not just alternative and equally acceptable measures of the general 
price change. The value of / 01 is completely at the mercy of the units 
selected and it is no kind of index at all. 

It is to be particularly noted, in line with the Edgeworth stochastic 
approach, that the price relatives computed in Table 1.1 are invariant 
under this change, or indeed under any change, of physical units. The 
numerator and denominator are changed in proportion. It follows 
that the mean of the ratios (price relatives) of the three items in 1973 
is invariant: !(137·5 + 130·0 + 106·7) = 124·7% of 1968. The ratio of 
the means is something quite different: / 01 = 131·9 with one set of 
units, 115·0 with another, and still other values for further changes 
in units. 

Our conclusion is that, for an appropriate price index on the 
stochastic approach, we write some average of observed price rela­
tives. The remaining question is what particular average: arithmetic 
mean, geometric mean, median, or some other. We can start with the 
most commonly used average, the arithmetic mean, and write for a 
price change from year 0 to year 1: 

1~pl 
AMot=-~­

n Po 
(2) 

As a notation - both conventional and convenient - to be followed 
throughout, the or:ler of the subscripts in (2) indicates that year 1 is 
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being compared with year 0 as a reference base. A different arithmetic 
mean can be written from price relatives in the reverse direction: 

l -Po AM10 =-_L-- (3) 
n P1 

This is an index in which year 0 is compared with year I as reference 
base. The computation of the forms (2) and (3) from actual data is 
very simple in the case of the data of Table 1.1; all the work is shown 
in the last two columns. The forms are written as ratios so that the 
means of Table 1.1 need to be divided by 100: 

AM01 = 1·360 and AM10 =0·752 

Index numbers, however, are commonly quoted and interpreted in 
percentage form, with one particular year taken as 100. Here, the 
two index numbers can be written: 

Price index 1973 = 136·0 
(1968 = 100) 

and Price index 1968 =75·2 
(1973 = 100) 

We need to be flexible, sometimes writing an index as a ratio and 
sometimes multiplying by 100 to write it as a percentage. 

We would like the forms (2) and (3) to have a property which is an 
extension of what we have for a simple ratio such as a price relative. 
A ratio in one direction is the reciprocal of that in the other direction, 
as illustrated in 1.1 above. For example, if a price rises from £12-15, 
the forward price relative is 15/12 = 1·25 and backward it is 12/15 
=0·80. These are reciprocals one of the other since 1·25 x 0·80 = 1. 
All that this property expresses is that percentages work in this 
reciprocal way, e.g. 25% up corresponds to 20% down. So all the 
price relatives of the last two columns of Table 1.1 are reciprocals of 
each other when written in ratio form, e.g. 0·727 = 1 /1·375. 

By extension, the desirable property for index numbers of forms 
(2) and (3) is: 

AM01 x AM10 =I i.e. AM01 = 1/ AM10 

Taking the reciprocal merely reverses the direction of the comparison, 
switching between the years 0 and 1 as 100. In one and the same 
direction, year 1 on year 0 as 100, the two forms are AM01 and 
1/AM10• We would like these to be equal. Similarly, with year 0 on 
year 1 as 100, the two forms we would like to be equal are AM10 and 
1/AM01• 

In fact, the desired property, though true of individual price 
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relatives, is not true of their arithmetic means. The relation which 
does hold, for any price relatives not all equal, is: 

AMot > 1/AMto (4) 
In the trivial case where all price relatives are equal (all prices move 
in proportion), the inequality in (4) is replaced by equality. 

The proof of this result can be conveniently set out in two steps. 
At the first stage, the point to appreciate is that AM01 and AM10 are 
not so much unweighted means as equi-weighted means. It follows 
that the two forms have different sets of equal weights and so 
different index numbers of the same price changes. AM01 is based on 
weights which assign £1 each to all commodities at year-0 prices; 
AM10 has £1 each at year-1 prices. Because of differential price 
movements the two forms have different weighting. At the second 
step, we establish that the two different index numbers are always 
related as in (4). A simple but formal proof is offered below. In the 
meantime it is important to see, more informally, why the relation 
must hold. 

AM01 is based on equal weighting of commodities, £1 spent on 
each at year-0 prices. The relative movements of prices will have 
disturbed this by year 1 when more is spent on items with larger 
price increases than those with smaller rises. Hence AM01 is more 
influenced by items with large price rises than is the alternative index, 
based as it is on equal weighting in year 1. Taking changes from 
year 0 to year 1, we use 1/AM10 to conform with AM01• The items 
with larger prices rises carry greater weight in AM01 than in 1/AM10 

and so the former exceeds the latter, as stated by (4). 
Table 1.1 illustrates. The index AM01 has equal expenditure 

weighting of commodities in 1968. As long as the same quantities are 
bought, as implied by AM01, the expenditure weighting becomes 
unequal in 1973. But the index 1/AM10 has equal weighting in 1973. 
Hence butter and cheese with high price rises dominate in AM01 ; 

milk and eggs with low price rises dominate in 1/AM10• In this case 
the difference is quite considerable since AM01 = 136·0% and 1/AM10 

= 100/0·752 = 133·0%. The property (4) is confirmed: 
AM01 = 136·0 > 133·0 = 1/AM10 

with both index numbers written for 1973 on 1968 as reference base. 
It is important not to confuse the relation between two different 

index numbers (and the fact that one is not the reciprocal of the 
other) with the rule of 1.1 above on the arithmetic switch of reference 
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base. As between two years, such a switch in a given index always 
involves taking the reciprocal. Relation (4) itself illustrates: AM10 on 
year 1 as reference base is switched to 1/AM10 on year 0. 

The relation (4) is very important. It will arise again when we con­
sider weighted-average index numbers in 1.4 below (and, more pre­
cisely, in Chapter 2). The clue is that AM01 is a base-weighted index, 
i.e. equi-weighted in year 0, whereas I/ AM10 is a current-weighted 
index, i.e. cqui-weighted in year I. We shall not be surprised to find, 
at least for index numbers of retail prices, that the base-weighted 
form is larger than the current-weighted. 

It is as well that the reversible property is described as desirable 
rather than essential; otherwise the arithmetic mean would need to 
be rejected out of hand. This is particularly so in view of the fact that 
there is an appropriate index which, as Edgeworth found, does 
satisfy the reversible condition. The index is the unweighted geo­
metric mean; in our notation, with n for product replacing ~ for 
sum, it is: 

GM01 =nJ( nio) and GMto=nJ(n;D 

It follows at once that the reversible property holds: 

GM01 xGM10 =1 or GM01 =1/GM10 

The computation of the geometric mean is best done from a logarith­
mic transform of the formula: 

1"" Pt log GM01 =-L. log--
n Po 

i.e. take logs of the price relatives, compute the arithmetic mean and 
get G M 01 as its antilog. From the data of Table 1.1 : 

Price relatives Logarithms of: 
1973 /968 

Item (1968 = 100) (1973 = 100) 
(l) (2) (l) (2) 

Butter 137·5 72-7 2·1383 1·8615 
Margarine 131·8 75-9 2-1199 1·8802 
Lard 131·2 76·2 2·1180 1·8820 
Milk 130·0 76·9 2·1139 1·8859 
Cheese 179·1 55-8 2-2531 1·7466 
Eggs 106·7 93-8 2·0281 1·9722 

Sum 12·7713 11·2284 
Arithmetic mean 2·12855 1·8714 
Geometric mean 134·5 74·37 
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Hence the two index numbers as geometric means are: 

Price index 1973 = 134·5 and 
(1968 = 100) 

The one is the reciprocal of the other: 

Price index 1968 = 74·37 
(1973 = 100) 

GM01 =1·345 and 1/GM10 = 1/0·7437 = 1·345 

It is a well known and easily established result that the arithmetic 
mean is greater than the geometric for any items averaged which are 
not all equal. This is checked in the numerical illustration: AM01 

= 136·0% and GM01 = 134·5 %. The result is used in the following 
simple derivation of property (4). We have: 

AM01 > GM01 and 

Since the geometric mean is reversible: 

GM01 =1/GM10 > 1/AM10 

and so: 

AM01 > GM01 > l/AM10 

Property (4) holds. Moreover, the geometric mean falls between the 
two arithmetic-mean forms. 

On the strict stochastic approach, we come up with the unweighted 
geometric mean as the preferred form of index. We shall, in the end, 
reverse this decision. We adopt the arithmetic mean despite the fact 
that it lacks the reversible property; we reject the geometric mean 
despite the fact that it is reversible. The reason is that the stochastic 
approach makes us lose touch with the economic as opposed to the 
statistical aspects of index numbers. The geometric index does not 
make economic sense; the arithmetic index does. This is the theme 
of the following story. 

1.4 Choice of Formula: Aggregative/Weighted Average Approach 

The alternative approach, hastily discarded by Edgeworth but 
rescued by Keynes, was also explored in the context of the general 
price level or the value of money. It makes use both of prices and of 
quantities bought and sold; it develops price and quantity index 
numbers side by side and in the context of particular value aggregates 
for specified groups of individuals. The index numbers are defined 
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and interpreted as ratios of value aggregates and computed in equiva­
lent form as weighted arithmetic means. 

The development is most easily seen in terms of an index of retail 
prices, illustrated by computations from actual data. To the price 
data of Table 1.1, we add budget data obtained from the National 
Food Survey, on the consumption of dairy produce by low-income 
pensioner households. The budget data used are quantities con­
sumed in the first quarter of 1968, taken from Chapter 3, Appendix 
Table A3. The data are assembled in Table 1.2 where we have made 
the two separate lots of data match in their physical units by reducing 
all prices (except milk and eggs) to d per oz. We have to assume, for 
purposes of the present calculation, that the data also match in the 
sense that the pensioner families providing the budgets do, on average, 
pay the prices derived from the price collections of the Department 
of Employment. Once this is granted, we have a particular value 
aggregate, the total expenditure on dairy produce, of the group of 
low-income pensioner families. 

The form of price index put up for calculation is defined and inter­
preted as showing the changing cost, as prices change, of continuing 
to buy the fixed (1968) budget: 

p ( ) =LP1q (1) 
01 q LP~ 

where q is the fixed budget, Po the prices in year 0 (1968) and p1 the 
prices in year 1 (I 973). As before, the two subscripts in ( l) show that 
year I is compared with year 0. P is used to indicate a price index, 
and q added in brackets to specify the particular budget fixed. By 
simple algebraic manipulation: 

(2) 

where the weights w0 = p0q are equal to the cost of the fixed budget 
in the base year 0. The two forms (1) and (2) are precisely and alge­
braically equivalent. The 'changing-cost' or ratio-of-aggregates defi­
nition (l) is equivalent to the weighted-average form (2). 

There is one simple but important result which follows at once 
from the weighted-average form (2). It is that only proportionate 
weights need be used in the weighted average. All the weights w0 for 
the various items can be increased or decreased in proportion (e.g. 
from d to £) without affecting the index; the effect on the numerator 
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is exactly matched by the effect on the denominator. It is quite usual, 
and valid on this result, to take weights in percentage (or per 1,000) 
form. Percentage weights are used in Table 1.2. 

In the numerical case of Table 1.2 each of them is computed and 
the results found to be identical. The actual computation is carried 
through with two decimal places (for prices and quantities) in order 
to obtain a price index correct (at least) to the nearest percentage 
point. The results are: 

Price index 1973 = 139·339 100 
(1968 = 100) 105·434 

from the budget costs 

13218·9 
=---

100 
from the weighted average 

= 132·2 

The index can be compared with the unweighted arithmetic mean in 
1973: 

AM01 = 136·0% of 1968 

The effect of weighting is to reduce the value of the index; this is 
because by far the biggest weight, the biggest item in consumption of 
dairy produce, is provided by milk with a below-average rise in price 
from 1968 to 1973. 

The interpretation of the result is best given from the definition (1). 
The cost of purchasing the given 1968 budget, of the pensioner 
families considered, rose by 32·2% between 1968 and 1973. The 
computation can be by either formula (1) or (2). Often, in practice, 
the proportionate value weights w0 are better defined than the quanti­
tative budget q; the weighted-average form (2) is then the practical 
one. 

In the form (I}, and its equivalent (2}, the fixed budget q is quite 
arbitrary. If this means that any old budget will do, then the problem 
is quite trivial as well as arbitrary. It is essential that some relevant 
budget q be defined and used in the index (1 ). A clue is provided by 
the numerical illustration of Table 1.2 in which the budget q is 
selected as that appropriate to the base-year set of quantities q0 and 
the index is the base-weighted form: 

Poi(qo) ='J.p1q0 

LPo9o 
(3) 
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For a comparison between two years only, and with year 0 selected 
as base, there is one alternative. That is to use the budget q1 from the 
quantities of the year 1. The index is then of current-weighted form: 

Po1(q1) = LP1q1 (4) 
LPoq1 

Whereas (3) gives the changing cost, from 1968 to 1973, of buying 
the fixed 1968 budget, (4) gives a comparison of the cost in 1973 of 
the 1973 budget with the cost of this budget at the prices of 1968. 
Everything is completely symmetrical. It is only the fact that we have 
opted to go from year 0 to year 1 (forward from 1968 to 1973) that 
enables us to distinguish one as base-weighted and the other as 
current-weighted. 

The budget data of the National Food Survey provide the quanti­
ties for the first quarter of 1973 as well as those of 1968. The com­
bination both ways, on the aggregative formulae (3) and (4), is set out 
in Table 1.3. The index (3) is the one already got; the index (4) is the 
new one. 

The price index 1973 (1968 = 100) is: 

139·339 
100 = 132·2 Base-weighted 

105·434 

140·456 
Current-weighted 106.155 100=132·3 

Here, unlike the simpler forms of 1.3 above, we find that the base­
weighted and current-weighted forms do not differ, apart from small 
rounding and other errors, in this particular case. 

One advantage of this approach is that the corresponding index 
numbers of quantity are defined and computed. Interchange of p's 
and q's in formulae (3) and (4) give quantity index numbers: 

Base-weighted Q (p ) - LPoq1 
01 0 - LPoqo 

C . h d Q ( ) ~p1q1 urrent-we1g te o1 P1 = ~-
L..P1qo 

(5) 

(6) 

These come, by another permutation, from the same set of four value 
aggregates in the numerical case of Table 1.3. The quantity index in 
1973 (1968 = 100) is: 

Base-weighted 106·155 100=100·7 
105·434 
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. 140·456 
Current-we1ghted 139.339 100 = 100·8 

Some conclusions can now be drawn about the changes from 1968 
to 1973 in the consumption of dairy produce by low-income pensioner 
families. The value of consumption increases by 33% from 1968 to 
1973; this is not an index number since it is obtained by division from 
the values in 1968 (105·434d) and in 1973 (l40·456d). The effect of 
price rises in the period is shown by one or other of the two price 
index numbers, i.e. 132% to the nearest percentage point. We can 
say that the price increase for dairy produce is 32%, little less than 
the rise in the value of consumption. Hence, for these families, the 
real consumption of dairy produce hardly varied from 1968 to 1973. 
A measure of the change is to be got from the two alternative index 
numbers of quantity, enough to say that it was a small increase of 
Jess than I %· This kind of analysis is explored more precisely in 
Chapter 2. 

The price index numbers (3) and (4) have a clear economic inter­
pretation; the changing cost of a fixed and specific budget purchased 
by a specified group of consumers. The two index numbers differ only 
according to which of the two budgets, for year 0 or for year l, is 
taken for costing. Equally, the quantity index in form (5) or (6) has 
a clear economic meaning. The value aggregates related are con­
sumers' expenditures at constant prices, instead of at current prices. 
The base-weighted index, for example, compares consumers' expendi­
ture at constant (base-year) prices. This is consumers' expenditure in 
real terms, as understood by the economist. 

The convenient matrix notation, with the convention about rows 
and columns agreed upon in 1.2 above, can now be brought in, both 
generally and in the numerical case of Table 1.3. The 2 x 2 matrix of 
value aggregates, with the convention that prices are constant across 
rows and quantities fixed down columns, is in general and in the 
particular case: 

Value matrix Example 
Prices in Quantities in year Prices in Quantities in year 

year 0 1 year 1968 1972 

0 ['£PoCJo 'i:.poCJ1] 1968 [105-4<1 106·2] 
per week 

'i:.p!Qo 'i:,plql 1972 139•3 140·5 

The price and quantity index numbers, of base-weighted and of 
current-weighted form, are all to be read off the 2 x 2 value matrix. 
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The computational rule is simple enough for the base-weighted 
forms if rather less so for the current-weighted. 

To get the base-weighted index numbers, we read down the first 
column of the value matrix (with fixed quantities q0) to obtain the 
price index, and across the first row (with fixed prices p0) for the 
quantity index. Each is the ratio of the two values, in the column and 
row respectively. The current-weighted forms make use of the other 
pair of values in each case; these are in the second column of the 
value matrix for the price index and in the second row for the 
quantity index. For reasons which appear when we deal with runs of 
index numbers, we do well to describe the current-weighted index 
numbers as obtained by taking the current value (bottom right-hand 
corner of value matrix) and by dividing it by the corresponding 
value- above in the first row for the price index, to the left in the first 
column for the quantity index. It is all very convenient in practice. 

Conventional labels are hung on the pairs of index numbers, (3) 
and (4) for price, (5) and (6) for quantity. The base-weighted forms 
are called Laspeyres index numbers: 

(7) 

and the current-weighted forms are called Paasche index numbers: 

P . p ( ) LPlql Q . Q ( ) LPlql (8) nee 01 q1 = ~ uanhty 01 p1 = ~---
~P~I ~plqO 

The labels come from the names of two early writers on index 
numbers: Laspeyres (1864) and Paasche (1874).* 

It is to be noted, however, that the two-situation analysis given 
here is entirely symmetrical. The two years taken are completely 
interchangeable. The distinction between the Laspeyres index (7) and 
the Paasche index (8) arises only because we write the two years 0 and 
1, select year 0 as the reference base and measure all changes of price 
and quantity forward from year 0 to the current year 1. The labels in 
(7) and (8) depend essentially .on the order of the two subscripts in 
P01 and Q01• We can just as well opt to take the comparison the other 
way and to select P10 and Q10: (7) and (8) then need to be revised so 

• The two forms were first introduced by these writers; the first occasion on 
which their names were used as labels was probably in Walsh (1901). Laspeyres 
is quite often mis-spelt as Laspeyre or with a misplaced apostrophe: Laspeyre's. 
There can be lax proof-reading even by the best of authors. 
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that the Laspeyres label goes with the q1 (or p1) weights, and the 
Paasche label with the q0 (or p0) weights. 

This sounds confusing, and indeed it may well be so. For the 
moment, since the labels are in common use, we will keep them as 
alternative names; Laspeyres for a base-weighted index, Paasche for 
a current-weighted index. The labels become much more convenient 
and unambiguous when we deal with runs of index numbers over the 
years t=O, 1, 2, 3, ... Laspeyres then describes an index with a fixed 
set of weights over the years, and Paasche an index in which the 
variable set of weights is taken always from the current year. 

There is often a snag in computational practice, one which pre­
cludes the calculation of the alternative index numbers of Laspeyres 
and Paasche forms. Consider the possibilities for a price index. In 
some cases, quantities are available as a budget in one year only, 
usually year 0, selected as the base of the price index. The computa­
tion is then limited to the calculation of only one price index in year 1; 
this is the Laspeyres (base-weighted) index in ratio-of-aggregates 
form (7). The calculation is illustrated by the first five columns of 
Table 1.2. In other cases, no quantities are available at all. Instead 
some data on the value of expenditure in the base year 0 may be 
available, from a source divorced from the prices and of a nature not 
strictly comparable with the prices. The expenditure data may, how­
ever, be good enough to give proportional weights to apply to price 
relatives. The Laspeyres (base-weighted) index can then be estimated 
as a weighted average of form (2), with w0 =p~0 estimated in per­
centages, as illustrated by the last three columns of Table 1.2. 

It follows that, though the aggregative and weighted-average com­
putations are equivalent, the one approach or the other tends to 
dominate in any specific application. The aggregative approach is the 
appropriate one when dealing with consumers' expenditure by means 
of quantitative budgets. A price index is then a ratio of aggregates, 
to be interpreted as the changing cost of a fixed budget. On the other 
hand, the weighted-average approach is to be followed when value 
weights are estimated to apply to price relatives obtained from a 
price collection made for the purpose. This is the way in which the 
official retail price index is in fact computed. But, even when the 
index computed is a weighted average, the equivalent ratio-of­
aggregates form is still there implicitly, supporting the weighted 
average and allowing the index to be interpreted as the changing 
cost of purchasing a fixed budget. 
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1.5 Runs of Index Numbers: Switching and Splicing 

We pass now from the case of index numbers in two years (t =0, 1) 
to the more general case of an indefinite sequence of years t = 0, 1, 
2, 3, .... We start with the simplest case so that the basic problems 
can be seen emerging; in each year we have complete price data p 1 

on n commodity items and we take no account of the corresponding 
quantity data even if known. The price index in any years is taken as 
the unweighted arithmetic mean of price relatives based on a selected 
year r. Generalising (2) and (3) of 1.3 above, we write 

L,p. 
AMrs =-L.- (rands =0, 1, 2, 3, ... ) 

n Pr 

Here r and s are any integers. If r and s are the same, we have 
AMrr = 1 (100 %); if rands are different, there are two index numbers 
according to the direction of the comparison: 

AMr.=!LPs and AMsr=!LPr 
n ~ n ~ 

To illustrate, use the price data of Table 1.1 for six items of dairy 
produce and select two alternative base years, 1968 and 1972. Two 
different series of price index numbers are calculated in Table 1.4. 
As indicated in the table, the first series consists of AM01 for t 
= 1, 2, 3, 4 and here all price relatives are calculated on 1968 as 100. 
The second series has AM21 for t = 0, 1, 3, 4, from price relatives 
based on 1972 as 100. The two series are different; they are differently 
based. To get from one series to the other implies a complete 
recalculation, a rebasing of the index. 

There is an alternative: a purely arithmetic switching of the refer­
ence base from the original year to some other year, a process already 
illustrated (1.1 above). This can be done with any one series, e.g. 
with either one or the other of the two series of Table 1.4. It does not 
change the weighting of the series and the relative magnitudes of the 
successive index numbers remain unaltered. Take, as our example, 
the first series of Table 1.4: 

AM01 fort =0, I, 2, 3, 4 (where AM00 = 1) 

and switch the reference base (the year taken as 100) from year 0 to 
year 2. Divide the series through by AM02 and get the series: 

AM' _ AM01 21 __ _ 

AMo2 
fort =0, 1, 2, 3, 4 (where AM'22 = 1) 
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This is the same series as before (i.e. the same weighting) but re­
scaled to make year 2 (AM' 12) as 100 instead of year 0 (AM00). It is 
to be contrasted with the differently weighted series calculated direct 
on year 2: 

AM2e for t=O, 1, 2, 3, 4 (where AM22 =1) 

These happen to have the same year as 100 but with different 
weighting. It would be useful if we had the property 

AM _AMot .,--­
AMoa 

i.e. AM02 x AM2t =AM0e 

This is a circular or transitive property. As a particular case (t =0): 

AMoa x AM2o =AMoo = 1 or AM02 = 1/ AM20 

which is the reversible property examined in connection with prop­
erty (4) of 1.3 above. For arithmetic means (though not for geo­
metric means) the property is lacking in the transitive form as in the 
particular reversible form. It follows that, starting with the series 
A Mot based on year 0, the series AM' 2, got by switching the reference 
base to year 2 differs from the series AM2, which results from re­
basing on year 2. 

This is made clear by an examination of Table 1.4: 

1968 1971 1972 1973 1974 
A Based on 1968, 1968 = 100 100 121·5 142-9 136·0 179·5 
A' Based on 1968, switched to 1972 = 100 70·0 85·0 100 95-2 125-6 
B Based on 1972, 1972 = 100 71·9 87-6 100 95-9 132-1 
B' Based on 1972, switched to 1968 = 100 100 121·8 139-1 133-4 183-7 

Here, A and A' are the same series, one being a rescaled version of 
the other; A' is got from A by division by 1·429 and A is got from 
A' by division by 0·700. In particular, 1·429 and 0·700 are reciprocal 
to each other (see 1.1 above). Similarly, Band B' are the same, with 
the same relative changes from year to year. But A' and B can be 
directly compared, both having 1972 = 100, and by their definition 
they are different index numbers (differently based). They are also 
seen to be different. Similarly A and B', both with 1968 = I 00, are 
different and are seen to be different. 
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The conclusion is: 

The arithmetical process of switching the reference base of an 
index from one year to another is a matter of convenience only; 
it does not change the index and relative values between any years 
are unaltered. 

The second problem to consider is the splicing together of two 
different series of index numbers, the first on one base and the second 
on another base. The problem arises typically in the situation where 
a price index is required for a fairly long run and where two index 
numbers are available each covering only part of the run. If the two 
different series cover the run between them and if they have at least 
one year in common, then they can be spliced together by equating 
them in a common year. The question is whether this arithmetic 
procedure is valid. 

There is such a problem for any series of magnitudes in which 
ratios are taken to make one year equal to 100, and not only for 
index numbers. The coverage or scope of the series can change over 
the years, producing two or more non-comparable runs which need 
to be spliced together. The arithmetic process of splicing, and the 
assumption which supports it, can be seen by pursuing an actual 
example already used (l.l). We require a continuous series, from 
1965 to 1972, of employment in manufacturing industries in Great 
Britain. We have at each mid-June date: 

Numbers of employees, OOO's Ratios Spliced 
Mid- Pre-1966 1966-9 Post-1969 1965 1966 1969 ratios 
June basis basis basis =100 =100 =100 1965=100 
1965 8,847 100 100 
1966 8,868 8,976 100·2 100 100·2 
1967 8,701 96·9 97-1 
1968 8,613 96·0 96·2 
1969 8,729 8,741 97·2 100 97-4 
1970 8,727 99·8 97-2 
1971 8,432 96·5 94·0 
1972 8,062 92·2 89·8 

From Monthly Digest of Statistics 

The basis of the estimation has been changed by the Department of 
the Employment on two occasions in this run of eight years. To get 
a comparable set of figures, e.g. to estimate employment in 1972 as a 
percentage of that in 1965, each separate series is reduced to employ­
ment in the starting year as 100 and the three series spliced together, 
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in 1966 and in 1969. The 1966 splice is got by multiplying 100·2 in 
1966 by the next series which starts at 100 in 1966. The spliced 1969 
figure is: 

100·2 X 97·2 =97·4 

A second splice is now made by multiplying this 1969 figure by the 
third series starting at 100 in 1969. The spliced 1972 figure is: 

100·2 X 97·2 X 92·2 = 89•8 

The final column of spliced ratios is got in this way. 

9~r------------------------------.90CO 

~ 
8750 

'\ ~ 
8750 

·"' 0 

.!! .... , / ~ 
! 8500 -.../ 8500 ( 
·~ ~ a: i 

~ 
0 

8250 8250 ~ 

8~ \ 8000 

1965 1966 1967 1968 1969 1970 1971 1972 

FIG. 1.1 No. of employees on three bases 

The assumption on which the splicing depends is easily specified. 
Starting with the first (1965-6) series, we assume that it could be 
continued and would then move in parallel with the second (1966-9) 
series in the sense of showing the same percentage changes. Further, 
either of these series is then assumed to continue and move in parallel 
with the third series from 1969. Figure 1.1 illustrates, drawn on ratio 
scales to show parallel percentage movements. The three series are 
each a little higher than the previous one but assumed to be changing 
in parallel. The assumption is a fairly reasonable one. In any case, 
we generally have no alternative. 

The same splicing process is needed for successive runs of annual 
index numbers with overlaps of at least one year. Indeed it is more 
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frequently needed since, for a variety of reasons (1.7 below), a given 
index soon gets out of date and eventually ceases to be computable 
at all. A substitute must then be produced, an index of different 
construction and of different interpretation. Though the splicing is 
more urgently needed, it is not strictly justified. It cannot be assumed 
that the first index could be continued to show parallel movements 
with the second index; it comes to an end simply because it cannot be 
continued at all. 

The justification for splicing runs of index numbers rests on broader 
and less secure grounds. It is that each run, though different in form 
or interpretation (e.g. based on a different budget), is an approximate 
representation of changes in some given and continuing, but non­
observable, magnitude. It is on this basis that the definition of an 
index number rests (1.1). The non-observable magnitude may be left 
as vague as the 'purchasing power of money' or it may be based on a 
theoretical concept of a 'true' index, as with the constant-utility 
index of the theory of value (2.8 below). The implications of the 
splicing of index runs are further examined in Chapter 4. 

Meanwhile, the arithmetic of splicing can be illustrated in an 
example covering a period of only a few years so that the splicing 
of two short runs of index numbers can be compared with runs con­
tinuously available over the whole period. Take the alternative price 
index numbers for dairy produce of Table 1.4. Suppose the first index 
is available only to 1972 and the second index from 1972. The follow­
ing table shows the result of splicing these short runs in comparison 
with the complete series: 

1968 1971 1972 1973 1974 
Spliced series: 

Series based on 1968 100 121·S 142-9 
Series based on 1972 100 9s-9 132-1 
Spliced series 100 121·S 142-9 137·0 188·8 

Complete series: 
Based on 1968 100 121·S 142-9 136·0 179·S 
Based on 1972 and switched 

to 1968=100 100 121·8 139-1 133-4 183-7 

The splicing is done here in a single year common to the two series. 
In practice two runs of annual index numbers may overlap by more 
than one year. There is then a choice: the runs may be spliced to­
gether in any one year or over an average of years in the overlap. 
There is generally no unique result of the application of the splicing 
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technique. The method is empirical and approximate, the more so 
the longer the period the index numbers need to cover. 

1.6 Runs of Aggregativc Index Numbers 

It remains to provide an analysis of the main case: runs of aggre­
gativefweighted average index numbers. For illustration, we take 
index numbers of price and quantity for aggregate consumers' 
expenditure, as for low-income pensioner families in Table 1.3 but 
for a comprehensive set of items and for a whole run of years. On the 
notation of 1.2, computations give a matrix of direct and cross valua­
tions of consumers' expenditure: 

Prices ill Qua11tities i11 )!tar 
year 0 1 2 3 

0 ~~Mo 'E.potJl }:.poflz 'E.potJa 
.. '] 1 ');.plqO };.plql };.plql ~p1q3 ... 

2 'E.pzqo 'E.paq1 'E.p.q. 'E.paqa 
3 'E.p~o 'E.paq1 'E.paqa 'E.p~3 

The key to the reading of this matrix can be described as follows. The 
values down the leading diagonal: 

"J.Poflo ZPtql "J.p2q2 ZPaqa (1) 

make a sequence of actual consumers' expenditures year by year. 
There is no problem of switching; the series can be expressed as a 
sequence of ratios with any year as 100. Nor is there any splicing 
problem unless for some reason the values become non-comparable, 
as with the employment series used above. 

The values down the first column give a sequence which is the 
changing cost of the fixed consumers' budget of the base year (q0) at 
successive years' prices: 

(2) 

Dividing through by the first value, we get the series of Laspeyres 
(base-weighted) price index numbers. In the same way, reading 
across the first row: 

"J.Poflo "J.poql ZPoq2 ZPof/a (3) 

give the series of consumers' expenditure at fixed (base-year) prices 
instead of at current prices ( 1 ). Dividing through by the first term, we 
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get Laspeyres (base-weighted) quantity index numbers. The com­
putation of (2) and (3) cannot be continued indefinitely in practice. 
It involves the matching of prices in one year and quantities in 
another, a process which sooner or later becomes impossible because 
of changes in the complex of commodities on the market. It is here 
that the problems of splicing one series on another arise, to be pur­
sued later (Chapter 4). 

Meanwhile suppose that price and quantity index numbers of 
Laspeyres (base-weighted) form are available for consumers' expendi­
ture over a run of years. There is then a choice of presentation which 
is of considerable practical importance. The price index is got from 
the sequence (2) by division by the constant base value "'i,pof10 ; the 
quantity index is similarly written from (3) by division by the same 
constant value. So, in year t: 

and (4) 

The alternative available is to use the numerators alone: 

and 

as indicators of price and quantity movements. These are aggregate 
money values but differ only from the index numbers (4) by a factor 
which is the same for both and constant over time. In short, to trace 
price movements we can stick to the value series (2), the changing 
cost of a fixed budget, without bothering to convert into index form. 
Equally, we can retain the value series (3), expenditure at constant 
prices, instead of the quantity index as our measure of real expendi­
ture. This is, in fact, what economists often do. 

One practical exercise of this presentational choice is in the 
arranging of matters so that a set of component index numbers can 
be aggregated into an all-item index or the other way around. There 
is no difficulty about values in current prices; for example, con­
sumers' expenditure can be analysed into component expenditures on 
food, on drink and tobacco, on housing, and so on. The question is 
how to show price or quantity index numbers for such components 
'adding up' to an all-items index. If the index, of base-weighted form, 
is shown as a run on year 0 as 100, the method of aggregation or dis­
aggregation is not immediately apparent. The component index 
numbers can be combined only by means of a weighted-average 
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computation, on a method established and illustrated in 3.2 below. 
Where the price or quantity index is left in the form (2) or (3), the 
position is far simpler. The separate sequences for components are 
simply added together, for each year, to give the all-items sequence. 
For example, take real consumption measured by the constant-price 
values (3). Expenditure on food, on drink and tobacco, on housing, 
and so on, each at constant prices, can be added together with no 
more difficulty than current values. This is precisely how the tables 
of the national accounts are set out, as illustrated in 3·8 below. 

There is, however, a problem of changing the base in these 
Laspeyres index numbers. Suppose we wish to have year 1 as the base 
(as 100) instead of year 0. There are then two things, and two 
different things, we can do. Exactly as we found with the equi­
weighted arithmetic mean, we can make an arithmetic switch of 
reference base from year 0 to year l, keeping the weights unchanged, 
or we can rebase the index on year l, adjusting the weights to match. 
It is most important to distinguish clearly between these two opera­
tions. We have two options; we can either keep them open or decide 
on one or the other. 

The options arise because the Laspeyres index is the basic form of 
aggregativefweighted average index and has a double feature built 
into it. Take the price index for illustration. In year t, the Laspeyres 
price index is P01(q0) with fixed (base) weighting. It has fixed weights 
since year 0 is taken as the fixed year in the run t = 0, 1, 2, 3, .... It 
has base weights since year 0 is selected as the reference base. When 
we come to change the base from year 0 to year l, this double 
feature becomes an embarrassment. We can keep one of the features, 
fixed or base weights, but not both. 

The first option is to keep fixed weighting. The change of base is 
then ari arithmetic switch of reference base: 

Pu(qo) =Pot(qo) ="Jd!_tJ~ 
POl(qo) "2,p1qo 

(5) 

So when we divide through by P01(q0) to switch from year 0 to year l, 
we keep the same relative values of the index and we retain the inter­
pretation as the changing cost of the fixed budget q0• We are, in fact, 
still operating within the confines of the first column of the value 
matrix, that with fixed quantities q0• 

The second option is to keep base weighting. As the reference base 
is changed from year 0 to year 1, so the weights must be changed 
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from q0 to q1 to match. The index is rebased: 

2.Ptqt Plt(qt) =---
2.Ptqt 

(6) 

The index is now a new and different one and the relative values are 
changed. We have, in fact, shifted from the first column of the value 
matrix (with fixed quantities q0) to the second column of the matrix 
with different fixed quantities, q1• 

We can keep our options open and call both (5) and (6) index 
numbers of Laspeyres form, We just need to be careful in specifying 
precisely what weights are used, q0 in (5) and q1 in (6). This is clear 
enough in the notation adopted here, with q0 or q1 shown in brackets. 

On the other hand, we may wish to plump for the label Laspeyres 
to be applied to one or other of the two cases. If we opt for (6) as the 
Laspeyres index we are insisting that it is always base-weighted. This 
can be rather trying in practice in that every change in reference base, 
made as a matter of convenience of arithmetic, carries with it a 
change in weights. Hence, faced with the need to decide, we opt here 
for (5) as the Laspeyres index. The feature is that it has fixed weights 
and so permits arithmetic switching of reference base at will: 

The Laspeyres price index for a run t = 0, 1, 2, 3, . . . has fixed 
weights whatever reference base is used. If the weights are the 
fixed quantities % of year 0 and if year 1 is the reference base, the 
Laspeyres index in year t: 

p ( )- "2.Ptqo 
11 qo - "2.Ptqo 

always measures the changing cost of purchasing the fixed budget 
q0• It is a particular case, P0t(q0), when the Laspeyres index is 
base-weighted as well as fixed-weighted. 

Nothing has been said yet about a run of Paasche index numbers 
and this is not accidental. The Laspeyres index is the basic form and 
we need to be quite precise first on what we understand it to be. Only 
then should we pass on to consider the related and derived form, the 
Paasche index. In terms of the matrix of values (aggregate expendi­
tures), the Paasche forms are less easy to obtain than the Laspeyres 
forms. They are, indeed, derived forms and we need to relate the 
three sequences (1), (2) and (3) from the diagonal, first column and 
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first row of the matrix. The Paasche price index in year t in relation 
to year 0 is: 

) LPtqt 
Pot(q, =---

LPoqt 

and it picks out the entry in the current expenditure sequence (l) for 
year t for division by the corresponding member of the fixed-price 
expenditure sequence (3). The Paasche index of quantity makes 
similar use of (l) and (2). 

We shall find that the Paasche index also has a double feature -
though a rather different pair - and that we need to opt between 
keeping the one or the other in changing base, an option which needs 
to be made only after we have staked our claim to a particular 
Laspeyres form. This is a matter we pursue in Chapters 2 and 4. 

1.7 Index Numbers in Practice 

Index numbers are practical constructs, essentially defined and com­
puted to provide solutions to practical problems. One price index, 
for example, may be intended to serve for index-linked wage rates, 
another for the determination of appropriate old-age pensions and 
yet a third for insertion in a system of equations in a short-run 
econometric model of the economy. These and other index numbers 
are especially tricky in construction since, as we have seen, they are 
concerned with some concept, such as a general price level, not 
susceptible to direct measurement. 

Practice must depend on theory. Whatever may be thought to the 
contrary, there can be no 'measurement without theory' in eco­
nomics and the social sciences as in the physical sciences. Much of 
what is vague and ambiguous in index-number practice can be traced 
to a lack of a good theoretical basis. This is the reason for the 
extensive development in the present text of a theoretical framework, 
specifically of the aggregative/weighted average forms of index, first 
for the two-situation case in Chapter 2, then for runs of index 
numbers in Chapter 4, with plenty of illustrations in between, in 
Chapter 3. The development, though put in the convenient shorthand 
algebra of the 2 notation, is not a mathematical one. The formulae 
are all practical ones and all backed up by a description in words of 
what they do. 

Before embarking on this theoretical development, we must 
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attempt to put it in perspective by giving some account of the 
essential practical points to have in mind. The practical distinctions 
and guidance are for the most part those which arise in all applica­
tions of statistical techniques. The statistical practice of index num­
bers does not differ in kind, though in many ways it does in degree, 
from all statistical applications. 

We must first lay down rather precisely what it is our index 
numbers are intended to measure in the particular application con­
sidered. The concept will usually be rather general in formulation and 
related to some theoretical (e.g. economic) model. It will usually call 
for the specification of changes in some level not directly measurable, 
e.g. the general level of prices. The concept needs to be made rather 
specific, with reference perhaps to prices paid by a particular group 
of individuals and hence to a specific money aggregate for the 
expenditure of the group. A typical task then put up for index 
numbers to perform is: to trace the changing cost of a specific budget 
appropriate to the particular group of individuals. 

It is possible, however, to become too specific, to lay down 
specifications in too elaborate and pernickety detail. For example, 
the budget to be priced over time may refer to commodities pinned 
down to very closely defined qualities, grades and specifications. All 
budgets, and indeed the bases of all index numbers, get so out of date 
in the course of time that an index can be continued, first only with 
difficulty, and then not at all. With an overprecise specification, that 
can happen in a few months. So some balance must be struck, 
between a concept not sufficiently precise and one overspecified, so 
that we know what question the index constructed does in fact 
answer and so that we can continue the index for a reasonably long 
period, for years rather than months. It is interesting to compare the 
detailed construction of index numbers of retail prices in the U.S. 
and in the U.K. Both are quite detailed in the specifications of com­
modities priced, but in the U.S. the specification is pushed further 
than in the U.K., probably too far if it is to be followed as closely 
as it should be over any length of time. 

With the concept sufficiently defined, the statistician needs to 
select a measure or estimator of the concept, from the various 
possible alternatives. The term 'measure' is the general one used for a 
translation of the concept into practical evaluation; the term 
'estimator' is a more technically statistical one, with especial refer­
ence to estimation from sample data. We can conveniently keep them 
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both. The selection of our measure/estimator is one of standard 
statistical practice. In the simplest case, for example, we may be 
attempting to get some average of price relatives such as those for 
1973 (1968 = 100) in Table 1.1. It is an average we seek, not the 
average. We have to choose between several available: median, 
arithmetic mean, geometric mean, and others. The averages are 
different. Table 1.1 gives: median =t(131·2 + 131·8) = 131·5; arith­
metic mean= 136·0; geometric mean= 134·5. They have their well­
known advantages and disadvantages. You pays your money and 
takes your pick. 

The choice between such averages is a familiar one. We have given 
reasons, with reference to economic interpretation, to select the 
arithmetic mean generally as the measure/estimator of our index 
number. The choice between equi-weighting and some weighting 
system - and, if the latter, what weighting system - is something yet 
again. Here the selection, e.g. between a Laspeyres (base-weighted) 
and a Paasche (current-weighted) index, may well turn on the precise 
question put up to be answered. Change or revise the question and 
you may alter the selection of measure/estimator. 

With the measure/estimator selected, we are faced with an extra­
ordinary wide range of practical problems on getting actual estimates 
of our measure from data on which we can lay our hands. If we had 
complete and accurate data, we could just use the formula for the 
measure selected and so get its true value in the case considered. Our 
data, however, are neither complete nor accurate. Any estimate we 
make diverges from the true value. It is usual, and indeed most 
important, to distinguish two kinds of errors or divergences of 
estimate from true value: sampling errors arising from the fact that 
the data are a sample of the whole, and other errors originating in a 
range of factors (other than sampling) affecting the data. Sampling 
errors are as relevant to index numbers as to other statistical estima­
tion; it happens that they are not as well ordered, and usually have 
less attention paid to them, in index-number design. Other errors 
again are found in all statistical application; they happen to be 
particularly epidemic in index-number construction. The factors at 
work include: inaccuracies in the data and so the use of approxima­
tions; the lack of some data, the fact of incompleteness; the non­
availability of what is specified as needed and so the use of substi­
tutes. The task of assessing the sampling errors turns on the sampling 
design- or the lack of it- adopted in the index-number construction; 
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the assessment of the other errors is ad hoc, indeed a hit-or-miss 
affair. We can draw up: 

Guidelines to index-number construction and assessment: 

The concept to be measured is first to be defined with sufficient 
precision for the purpose in hand. The measure/estimator is then 
to be selected, as appropriate as possible to the concept defined. 
Thirdly, the sampling aspects of the data used for estimation are to 
be examined with particular reference to getting, if possible, the 
standard error of the estimate. Finally, one or more estimates of 
the measure/estimator are obtained and assessed on the basis of the 
approximations used, of the incompleteness of the data collection 
and of any substitution made in getting the estimates. 

Two illustrations will make the practical problems clear; one is a 
very simple illustration based on Table 1.1, and the other a sketch of 
the position on one of the more complicated index numbers in 
common use. 

In the first illustration, suppose that the six dairy-produce items 
specified in Table 1.1 are those bought by some typical family. 
Define the concept of the index to be constructed as the average 
movement in price of the six items over the specified period. Select 
the measure/estimator: equi-weighted arithmetic mean of price 
relatives (e.g.) in 1973 (1968 = 100). Next, assume that the prices used 
are each an average of a large number of actual price quotations 
selected at random from the population of all quotations. The 
standard error of each price is then obtained, according to the nature 
of the sample, and hence, by well-known formulae in sampling 
theory, the standard error of each price relative and finally of the 
arithmetic mean. Finally, the other errors involved in the price data 
need to be assessed: here any inaccuracies in recording and, more 
particularly, the rounding in Table 1.1 to the nearest ! or !d. The 
errors in this particular case are substantial. For example, the price of 
lard should be written 11! ±!d in 1972 and that of eggs should be 
3! ± id in 1968. The effect of such rounding errors on the price 
relatives, and then on the arithmetic mean, depends on what correla­
tions there are between the errors and roundings of the individual 
prices. Certainly the estimate of 136·0% given for the price index in 
Table 1.1 cannot be accurate to one decimal place. Indeed we should 
be lucky to be able to put the index at 136%. The qualification re· 
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ferred to at the beginning of 1.3 above is needed. 
The second illustration is a brief outline of the position attained 

by the Department of Employment in the design and calculation of 
the official General Index of Retail Prices, with reference to the sub­
group: dairy produce. The concept is the change over a specified 
period in the general level of retail prices (dairy produce) as pur­
chased by the average 'index' family as defined by the Department of 
Employment; see Central Statistical Office (1967). The measure/ 
estimator is the weighted arithmetic mean of the price relatives of 
fourteen items of butter, margarine, lard and other cooking fat, 
cheese, eggs, milk (fresh and canned, dried, etc.) of which six are 
those shown in Table 1.1. The weights used are derived from the 
expenditure of the average 'index' family, as described in Central 
Statistical Office (1967). The estimate of each price relative is based 
on an elaborate price collection made monthly by the Department of 
Employment. Prices are obtained by visits to a sample of outlets (a 
purposiv~ selection designed to give a representative range) in 200 
selected areas (a purposive selection from five groups of towns in 
specified ranges of population). The price relative for each commodity 
is obtained as an arithmetic mean of the separate relatives calculated 
for each outlet, i.e. it is an average of ratios of prices and not (as in 
Table 1.1) the ratio of average prices. From the sampling aspect, the 
position is not such that standard errors can be calculated; the selec­
tions are purposive rather than based on a probability design. 
Certainly there is not as much attention to sampling in the design of 
the index as is desirable from the sampling-theoretic point of view. 
The other errors in the price relatives are of several kinds and some 
may be substantial: approximations in recording prices in the visits 
to outlets, incompleteness as outlets originally selected drop out over 
time, and substitutions as items sold vary over time, one brand being 
replaced by another (e.g. amongst branded margarines). All this is 
difficult to assess but the overall effect in a subgroup such as dairy 
produce is certainly small in view of the close control maintained over 
the price collection by the Department of Employment. 

To link the two illustrations, we can compare the quick estimator 
of the increase in price of dairy produce from January 1968 to 
January 1973, seen in Table 1.1, with the much more elaborate cal­
culation of the official index of retail prices. The published details 
of the official index show two subgroups of dairy produce, and these 
need to be combined. For this purpose, we obtain price relatives on 
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January 1968 as 100 from the published subgroup index numbers 
with January 1962 as 100: 

Subgroup index 
January 1962=100 Relative 

Weights Jan. Jan. 1973 (1968 
1968 1968 1973 =100) Product 
(1) (2) (1) X (2) 

Butter, etc. 12 107 147 137-4 1,648·8 
Milk, cheese, eggs 39 117 165 141·0 5,499·0 
Dairy produce 51 7,147·8 

From Monthly Digest of Statistics 

Even this calculation ignores one of the more sophisticated features 
of the index, the fact that it is a chain index. We find, on this estima­
tion, that dairy-produce prices in January 1973, with January 1968 

as 100, were 7• 1~7 '8 = 140·2. Rounding off, we estimate the price level 

in January 1973 as 140% of January 1968. The simple estimator of 
Table 1.1, as an unweighted mean of only six price relations, gives 
136%. 

This survey of the practical problem is enough to establish that we 
have a good deal to do in accommodating index-number theory to 
practical requirements. The practice of index numbers relates to runs 
over time, or with similar many-situation comparisons, e.g. between 
regions and/or groups. We develop the theory to deal with runs in 
Chapter 4. We then need to take up the practical arithmetic processes 
of switching reference bases and of splicing separate short runs into 
one long run. Other practical problems range from the development 
of the idea of splicing into regular chaining of index numbers, to the 
particular problems (e.g. estimation of seasonal variation) which 
arise when the run of index numbers is more frequent than annual. 

There is finally for consideration, in Chapter 7, a whole range of 
sampling problems. The statistical developments of sampling distribu­
tions, of standard errors and confidence intervals tend, in application 
to index numbers, to break on the rock of tradition. The usual index­
number construction, even in the more elaborate of official index 
numbers, depends heavily on purposive selection, e.g. of commodities 
to be priced and of retail outlets for pricing. Much more could be 
achieved in the way of built-in probability-sampling designs; see 
Allen {1964), pp. 85-6. 

On the other hand, on the sampling aspects of the relation between 
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weights and price relatives in the weighted-average form of a price 
index, the classical results of Bowley (1897, 1912) have stood the test 
of time and remain as practical today as they have ever been. Bowley 
himself summarised the results: 

The effect of errors of weights is small compared with that of 
errors of quantities when there are many quantities whose disper­
sion is small, no preponderant weights, and little correlation 
between weights and quantities. Bowley (1912), p. 84 

The reference here to 'quantities' must be taken as whatever happens 
to be averaged in the index number, e.g. price relatives in a price 
index. It is easy, in general terms, to appreciate the reasons for the 
relative unimportance of errors in weights. See Craig (1969). The 
basic reason is that the weights appear in the numerator and de­
nominator of the index so that only proportional values matter. 
There can be quite extensive changes in the weights with little effect 
on the weighted average. To get any sizeable effect, we would need 
to have either one or two preponderant weights with large changes, 
or the main changes in weights concentrated on price relatives with 
extreme values (e.g. large change in weight of an item with a large 
price increase). 

With all these practical considerations in mind, the wonder is that 
we get anywhere near the measure of our concept with index numbers 
in practice. The practical data analysed in Chapter 3 do show that, 
with the kind of case found in most published index numbers, we can 
get near to the measure of some relevant concept. It may not be 
precisely the concept we start with; we often need to reframe our 
question in the light of the answer our index-number estimator pro­
vides. It may be that we have alternative answers, as with different 
types of average or with Laspeyres and Paasche forms. But, in most 
cases, the answers come close enough for sensible conclusions. At the 
same time, some of the data of Chapter 3 have been selected to 
illustrate that, if we are not careful, and if we try to cut corners, we 
can land ourselves a long way off a sensible answer. 

We come back to the point we made early in this survey of practice. 
Index-number construction has all the problems of the application of 
statistical techniques, but to a higher degree than most. Part of the 
trouble may lie in the fact that index numbers are attempting some­
thing more difficult than usual- the measure of some concept rather 
vaguely defined and not capable of direct observation. Another part 
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of the high degree of difficulty may be because sampling techniques 
are not so applicable, and certainly not as much used as they might 
be, in index-number design. 

1.8 The Irving Fisher Tests 

This general survey is appropriately rounded off by short accounts 
of two theoretical approaches to the problem of index numbers, one 
statistical and one economic. The economic-theoretic view of index 
numbers is taken in the next section and pursued in Chapter 2; it is a 
useful approach but it must not be followed very far. The statistical 
approach now considered briefly is concerned with Irving Fisher's 
search for the 'ideal' index on certain statistical criteria. It is now 
mainly of historical interest but the 'ideal' formula, obvious enough 
when written down, is of considerable practical use. 

We have seen (1.5 above) that the unweighted arithmetic mean, as 
a possible index-number form, does not possess a desirable property, 
that of being transitive. So, for any selected bases, years 0 and 1, and 
for any current year t, we know that: 

AM01 x AMu +A Mot 

For example, with only two years (t =0, 1) the reversal property does 
not hold: 

AM01 x AM10 + 1 

and with three years (t=O, 1, 2) the circular property fails: 

AM01 x AM12 + AM02 

The properties fail for other forms of index numbers. These facts 
suggest an investigation of what properties index numbers should 
have and which form best satisfies them. Such an investigation was 
carried out exhaustively by Irving Fisher early in the inter-war 
period; see Fisher (1922). 

The tests proposed can be conveniently classified under three 
heads. In the first two, the tests are expressed here for a run of years 
and in terms of a price index. They can be applied equally to the 
corresponding quantity index. The third head is concerned with the 
relation between corresponding price and quantity index numbers. 

The first category has three tests which should be passed by any 
reasonably constructed index, and are passed by all the standard 
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unweighted and weighted forms of index P., (s and t =0, 1, 2, ... ): 

(i) Identity Test: Pu = 1 
i.e. when one year is compared with itself, the index shows 'no 
change'. 

(ii) Proportionality Test: P,c =.\when Pt = .\p8 for each item, i.e. when 
all prices move in proportion, so does the index. 

(iii) Change-of-units Test: P.c is invariant under any change in the 
money or physical units in which individual prices are measured. 

The second category concerns the transitive property in its two 
manifestations: 

(iv) Time-reversal Test: P., = l/P1, (u= t, sand t =0, 1, 2, ... ) 
(v) Circular Test: P0, x Ps~ =P01 (s "'= t, s and t = 1, 2, ... ) 

The unweighted arithmetic mean fails both (iv) and (v) as do all the 
weighted arithmetic means (aggregative forms) described as Las­
peyres and Paasehe. All these types of index number make economic 
sense, but they are not transitive. A simple index which does satisfy 
the tests is the unweighted geometric mean. But this makes little or 
no economic sense and, in any case, the tests are again failed if some 
fixed weighting is introduced. Irving Fisher got to his 'ideal' index by 
'crossing' standard forms of index number and by concluding that 
the 'cross', which best measures up to the tests while having economic 
sense, is the geometric mean between the Laspeyres and Paasche 
forms. For two years, 0 and 1, we write: 

Ideal price index: Piot =v {Pot(qo) x Pot(qJ} (1) 

All the above tests are passed with the exception of (v), the circular 
test. If this test is passed, the implication is that the price index over 
a period Pot does not depend on how prices develop over time, in the 
intermediate years (p0 to Pt via Pu pz, ... ). 

This test is a very severe one; indeed, in economic terms, we have 
every reason to expect that the course of prices over time does matter. 
To go to the other extreme, we may assume that an index at timet 
depends on the whole course of prices and quantities over the period 
from 0 to t; we are led to the concept of the 'integral' index and its 
practical realisation as a chain index (Chapter 5). 

The last test is concerned with matching price and quantity index 
numbers. For two years, 0 and 1, suppose P01 and Q01 are matched 
in the sense that one is obtained from the other by interchanging p's 
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and q's in the formula. Suppose that V01 = ~p1q1/~p~0 is the change 
in actual aggregate value from year 0 to year 1. Then: 

(vi) Factor-reversal Test: P01 x Q01 = V01 

i.e. the two index numbers between them account for the value 
change. 

Neither the unweighted arithmetic nor the unweighted geometric 
mean passes this test. For Laspeyres and Paasche forms: 

Pol(q0) = *p1q0 matches Q01 (p0) = ~p~1 (Laspeyres) 
~p~~ ~Poqo 

and P0t(q1) = ~P~~ matches Q01(p1) = ~p1~ (Paasche) 
~poq1 L.,P1Qo 

It is easily checked from the formulae that they fail test (vi): 

Pot(qo) x Qot(Po) * PoMt) x Qol(pt) * Vol 

But equally it is easy to find forms which do satisfy test (vi). It is only 
necessary to 'cross' Laspeyres with Paasche, instead of 'matching' 
them. So: 

(2) 

This is a very important property of Laspeyres and Paasche forms: 

The change in actual value V01 is precisely accounted for either by 
the Laspeyres price index with the Paasche quantity index or by 
the Paasche price index with the Laspeyres quantity index. 

Indeed, as we shall see later in our theoretical development, this is 
one of the double features of the Paasche form. The basic form is 
the Laspeyres; the Paasche form is derivative and dependent on the 
Laspeyres form selected. One property of the Paasche form P01(q1) 

is that it shows the changing cost of the current budget qlt by analogy 
with the Laspeyres P01{q0) as the changing cost of the fixed budget q0• 

The other property of the Paasche price index is that it satisfies (2) so 
that it is to be got by dividing the value change by the Laspeyres 
quantity index: 

Pol(ql) = Vot/Qot(Po) 

Similarly, the Paasche quantity index is the value change deflated by 
the Laspeyres price index: 
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Qol(Pl) = VodPol(qo) 

It follows immediately from (2), and this was decisive in Irving 
Fisher's search for the ideal index, that the form (I) satisfies the 
factor-reversal test. 

Our conclusion is that the ideal index does make economic sense, 
being a cross between the basic aggregative index numbers, and it 
does pass all the tests with the single exception of the one which must 
be regarded as optional in an economic context: the circular test (v). 
The test approach does not have the central theoretical importance 
given to it by Irving Fisher. Rather it is 'a convenient tool for judging 
the comparative merits of various formulae that suggest themselves' 
as is observed by Frisch (1936), p. 7. The ideal form is of some con­
siderable practical use. If we wish to link together a price index 
between two years 0 and 1 (e.g. as part of a larger chain over time), 
and if we have price and quantity data in both years, then the Las­
peyres and Paasche price index numbers can both be computed, and 
their geometric mean by (I) is the 'ideal' link we seek. 

1.9 The Economic-theoretic Approach 

The point has been stressed that index numbers are an economic as 
well as a statistical construct. We have had regard to the point all 
along, in broad and general terms. The question can now be asked: 
can index numbers be defined as an economic-theoretic concept? 
The answer is that this can be done certainly in one branch of econ­
omic theory and for one type of index. This index is a measure of 
price changes to an individual consumer, assumed to be a utility­
maximiser under conditions of an unchanged preference map in the 
theory of consumer choice. In short, an economic-theoretic index can 
be sought as a constant-utility price index defined and specified in the 
context of the theory of value. To the price index, there corresponds a 
quantity index, the deflation of the actual value change by the con­
stant-utility price index. This corresponding quantity index is the 
index of real income or real consumption. 

The theory of consumer choice, and hence the constant-utility price 
index, is strictly to be confined to an individual consumer with a fixed 
preference (indifference) map. To go from these limiting confines to 
wider problems requires an act of faith rather than an application of 
economic theory. For one thing, preference maps will change over 
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time, but this is a familiar kind of problem for index numbers. We 
are used to constructing approximate index numbers on shifting 
sands. What is more critical is that we wish to define, specify and 
apply price index numbers for groups of individuals. To make 
economic-theoretic sense here we need to take on trust the existence 
of a group or average preference map, to permit interpersonal utility 
comparisons. And so we proceed at our own risk to an analysis of 
consumers' expenditure, as one aggregative constituent of the gross 
domestic product (GDP), by means of a consumers' price index and a 
corresponding index of real consumption. We are at even greater 
peril in proceeding to analyse GOP, as a comprehensive aggregate of 
expenditures, in the same way into real GOP by deflation by a price 
index described, in the official national income Blue Book, as 'home 
costs per unit of output'. If we reach this point, we are far from the 
theory of value. 

The definition of a constant-utility price index is clear enough, 
given only the preference map of an individual consumer as a system 
of convex indifference surfaces in n-dimensional commodity space. 
On any one indifference surface, the combinations of quantities of 
commodities consumed leave the consumer with equal utility or satis­
faction. He is indifferent between budgets lying on one indifference 
surface. So, given two price situations Po and p1 and the budget q0 

actually purchased in situation 0, we first specify the indifference 
surface on which q0 lies (selected at price p0) and then go on to 
specify that budget iit which would be purchased at price p1 and keep 
the consumer on the same indifference surface. The definition 
follows: 

C 'I' . . d l ( \ LPlql onstant-ut1 1ty price m ex 01 q01=~ 
£..Poqo 

as the changing cost of remaining on one and the same indifference 
surface (as specified by q0). The notation 101(q0) indicates that the 
price index is a function of the indifference level q0 of the consumer. 
At different levels of real income the price index 101(qo) changes. The 
constant-utility price index depends on the constant utility level 
selected. 

The preference (indifference) map of the individual consumer is 
conceptually an observable phenomenon. In practice, it cannot be 
observed just by use of recorded price/quantity data; we cannot 
know, from such data alone, what is the indifference level of the 
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consumer in each of two situations. We certainly cannot find the 
budget ij1 which is indifferent to the starting budget q0 as the prices 
change fromp0 to p1• Hence the form / 01(q0) is not a practical index­
number formula. What it does is to provide a basis for judging how 
close we are to a 'true' index; it gives the target at which we aim. We 
can hope to approximate to this true index, or at least to get bounds 
between which the true index lies, by use of actual price and quantity 
data. This is a problem to be pursued in 2.8. 

So much has been recognised for some considerable time in the 
development of the theory of value. More recently a parallel has 
been sought in the theory of production. Can real output be obtained 
by deflation with a theoretical price index? The concept here is a 
constant-resources price deflator as analysed in 2.9. 



2 Theory : The Two­
situation Case 

2.1 The Problem 

The given data are sets of observations of prices and quantities for n 

commodities (goods and services). The data relate to specified groups 
(e.g. of buyers or sellers) in defined markets or geographical areas 
and for particular time periods. It is convenient, but not essential, to 
think of a specified group of consumers purchasing the goods and 
services and to describe the set of quantities as a budget for the group 
of consumers. This, at least, serves to keep the economic aspect of 
index numbers clearly in mind. 

The problem is to derive index numbers to show changes in the 
general level of prices and/or quantities between specified and com­
parable situations by means of changes in aggregate values appro­
priate to the group of consumers. Comparable situations are those 
which differ in one material respect with other specifications fixed. 
There are three types of comparable situations, involving comparisons 
of: 

(i) two time periods for a given consumer group in a given area; 
(ii) two areas for a given consumer group in one time period; 
(iii) two consumer groups for a given area in one time period. 

For example, if we are tracing changes in the general level of prices 
and/or consumption of pensioner households, then (i) might be a 
comparison of all pensioner households in England and Wales 
between 1968 and 1972; (ii) might be a comparison of all pensioner 
households in 1972 between England and Wales on the one hand and 
Scotland on the other; (iii) might be a comparison of one-person with 
two-person pensioner households in England and Wales in 1972. 

The theory developed here applies, with no more than routine 
adaptions, to all comparisons, whether over time, over areas or over 
groups. However, as in 1.2 above, we opt to use temporal index 
numbers, the most usual case, for purposes of exposition and, for 
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convenience, we refer to the time periods as years. Hence our two 
situations are year 0 and year 1. 

On the notation of 1.2, we haven commodities and we write prices 
and quantities in year 0 as: Pto and q;0 (i = 1, 2, 3, ... n). For brevity, 
we write the value aggregate: 

n 

L Pt~io = LPoqo 
i=l 

The prices and quantities in year 1 are then written with the appro­
priate change of subscript and there are four value aggregates 
arranged in the value matrix: 

Prices in year 

0 
1 

Quantities in year 
0 1 

The leading diagonal shows actual values; off-diagonal elements are 
computed cross-valuations. The rows are values at fixed prices and 
the columns are valuations of fixed quantities. 

For temporal, as for the other two types of index number, there is 
complete symmetry, just two situations compared one with the other. 
That one situation is written year 0 and the other year 1 is only a 
matter of selecting and attaching labels for identification. Once we 
have the labels, however arbitrarily selected, we can go further, again 
in the interests of exposition. One of the years is earlier and one later. 
Let us agree to the convention that year 0 is the earlier and year 1 the 
later year. But note that comparisons can still be either way and that 
we now have a ready way of distinguishing them. We speak of the 
comparison from year 0 to year 1 as forward, i.e. year 1 in relation to 
year 0. Equally, the backward comparison is from year I to year 0, or 
year 0 in relation to year 1. When we come to write index numbers, 
the order of the subscripts makes the distinction; so P01 and Q01 are 
forward and P10 and Q10 are backwards index numbers of price and 
quantity. 

2.2 Basic Concept: Laspeyres (base-weighted) Index 

In the following development, price and quantity index numbers are 
introduced in parallel. There is, however, only one basic concept and 
the price index can be got from the quantity index, or conversely, 
simply by an interchange of p's and q's. 
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The basic index-number concept and notation, on the aggregative 
approach, are supplied by the definition: 

Pot(q) = ZP!f!_ and Qol(p) = zpql (1) 
ZPoil zpqo 

for the price index with an arbitrary fixed budget q and the quantity 
index with an arbitrary fixed set of prices p. The index numbers (I) 
are the forward forms from year 0 to year I. The corresponding 
backward forms are: 

and 

obtained by simply reversing the subscripts. 
These forms have arbitrary weights. As long as q (or p) remains 

fixed, the forward and backward index numbers are the reciprocals 
of each other. They have, however, little or no further significance: 
they are intended simply to set the stage. When we come to select 
appropriate weights, in the two-situation case, we have just two 
obvious choices: the weights from year 0 or from year I. The selec­
tion for our basic form is the simple one: choose the weights from 
the same year that we use as the starting year of the comparison. The 
basic form of index number is then written with base weights. It 
appears together with three variants: 

Laspeyres (base-weighted) Index Numbers 

Forward Price ~ ( ) ZPtqO (2) ot qo =}:-
Poilo 

Quantity Qot(po) ="'J.,Poflt 
ZPoilo 

(3) 

Backward Price Pto(qt) = 4,Poilt 
ZPtql 

(4) 

Quantity Qto(Pt) = ~ptqo 
L,plql 

(5) 

It must be stressed that there is only one basic form, which we can 
write for prices as (2). Then (4) comes by interchanges ofO and 1 for 
a backward comparison; (3) and (5) come from (2) and (4) respec­
tively by interchange of p's and q's. 
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It must also be stressed that the name Laspeyres is attached as a 
traditional label indicating that the form is base-weighted. To iden­
tify the basic property in each of (2)-(5), observe that the subscript 
attached to the weights in brackets is the same as the first subscript 
attached toP or Q, i.e. 0 in (1) and (2) and 1 in (4) and (5). This 
process of attaching the Laspeyres label, as noted in 1.4 above, is a 
convenient but arbitrary one. It depends on the selection of one of 
the two symmetric situations as a base for weighting. The convention 
here is that we go forward from the earlier year 0 as base, and so 
backward from year l as base in the reverse comparison. In a forward 
index from year 0, the Laspeyres index uses year 0 weights; in a 
backward index from year l, weights from year 1 are taken in the 
Laspeyres form. 

As noted in 1.5 above, the appropriate use of the Laspeyres label 
is not in the symmetric two-situation case, but in a run of index 
numbers. The Laspeyres form is then better regarded as fixed­
weighted. In its turn, this involves the distinction between two types 
of base. The weights base is the year to which the weights, fixed in the 
Laspeyres index, are chosen to relate. The reference base is the year 
selected as the unity in the index, or as the 100 when in percentage 
form. In the two-situation case, the two bases are identical in the 
Laspeyres index; whatever year we start from in the comparison, 
that is the year for the weights. This 'tight' situation is opened up (as 
indicated in't.5) when the theory of runs of index numbers is devel­
oped in Chapter 4. 

2.3 Derived Concept: Paasche (current-weighted) Index 

To each Laspeyres index there corresponds a second index to which 
the label Paasche is attached.lt can be described (as in 1.4) as current­
weighted in the sense that the weights come, not from the year from 
which the comparison starts, but from the other year. This other (or 
non-base) year can be called the current year, as indeed it will be 
when a run of index numbers is taken, and so the index appears as 
current-weighted. There are again four variants according as the 
index is one of price or quantity and as it is forward or backward. 

The derivation of the Paasche index can be done in two ways, 
producing the same result in the two-situation case. It is important 
to be clear on the two derivations since the distinction becomes 
critical in the theory of Chapter 4 on runs of index numbers. The 
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derivations are worked out for the forward price index; the others 
follow as variants as before. 

The first derivation starts from the forward Laspeyres price index 
P01(q0) = 2.Ptq0/2.P~o from the year 0 to the current (and later) year 1. 
Instead of selecting the base weights q0, opt for the other available 
weights, i.e. the current weights q1• Making the substitution, write: 

2.Ptqt 
Pot(ql) = 2.Pcn~ 

as the forward current-weighted index of prices to be given the 
Paasche label. 

The second derivation starts from the recorded change in value 
forward from year 0 to year I : 

v. - 2,plql 
ot-'L.P~o 

and then takes the forward Laspeyres quantity index Q01(p0) = 
2,p~1/2.P~o as the appropriate measure of the change in quantity. 
The corresponding measure of the change in price when multiplied 
by Q01(p0) gives V01• This price index is the deflated value: 

~ _ 2.Ptqt/2.P~t_ 2.Ptqt 
Qot(Po) - 2.P~o 2.P~o- 'L.P~t 

which is the index P01(q1) got by the first derivation. 
Hence, the definition of the derived Paasche index has the two 

equivalent expressions: 

Pot(qt) = 2.Pt!I =~ (1) 
'L.P~t Qot(Po) 

From the first expression, it is properly called a current-weighted 
index. From the second, it is seen to be the price index which 
'matches' the Laspeyres quantity index, in the sense that the two 
between them account for the recorded value: 

Vol =Pot(qt) x Qot(Po) 

The current-weighted version appears together with its three variants: 

Paasche (current-weighted) Index Numbers 

Forward Price P01(q1) ='J.f!~(/__1 
2.P~t 

(2) 
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Quantity ( ) LP1q1 QOl PI=--
LP1q0 

(3) 

Backward Price p ( ) _ LPoqo 
10 qo - 2_p1q0 

(4) 

Quantity QIO(Po) = "j.Poq_!! 
"'L.P~t 

(5) 

All come from one form, (4) from (2) by interchange ofO and 1, the 
other two by interchange of p's and q's. Moreover, they are all to be 
regarded as derived from the corresponding Laspeyres forms. So 
P01(q1) comes from P01(q0) by changing weights from base year to 
current year, and similarly for each variant. Alternatively, P01(q1) 

comes by dividing V01 by Q01{p0); equally Q01{p1) comes by the defla­
tion of the value change V01 by the price index P01(q0). There are 
similar derivations for the backward forms. 

The current-weighted index numbers have Paasche as a traditional 
label. They can again be identified, through their current-weighted 
property, by observing that the subscript to the weights in brackets 
agrees with the second subscript attached toP or Q. This subscript is 
1 for the forward index from comparison base 0 to current year 1 in 
forms (2) and (3). For the backward index numbers, (4) and (5), the 
subscript is 0. 

2.4 Properties of Laspeyres and Paasche Forms 

The index numbers are defined in terms of ratios ofvalue aggregates. 
If the quantities are called a budget, then each of the aggregates is 
immediately interpreted as the cost of, or the expenditure on, a 
certain budget at certain prices. An index, as a ratio of aggregates, is 
then to be interpreted as a changing cost or expenditure between the 
two years, the budget being fixed for a price index, and prices being 
fixed for a quantity index. So the basic Laspeyres forms are inter­
preted: the price index is the changing expenditure on the fixed q0 

budget as prices change; the quantity index is the changing expendi­
ture at fixed p0 prices as the budget changes. The Paasche forms have 
similar interpretations. 

The definitions and interpretations can be summarised in con­
venient tabular form. There are altogether eight different index 
numbers in the two-year comparison, on the 2 x 2 x 2 scheme of 
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Laspeyres/Paasche, Price/Quantity and Forward/Backward. The 
four forward index numbers are: 

FORWARD LASPEYRES AND PAASCHE FORMS 
(year 0=100) 

Index number Weights Formula: 100 x Interpretation 

Price: Laspeyres qo Po1(qo) =~p1qo Changing expenditure 
.LJP~o on qo budget 

Paasche 
P. _ };plql Changing expenditure 

o1(q1) - };p~1 on q1 budget 

Quantity: Laspeyres Po (p };p~l Changing expenditure 
Qol o) =};P~o at Po prices 

};plql Changing expenditure 
Paasche P1 Qol(pl) = };p1q0 at p1 prices 

The four backward index numbers are got by interchanging years 0 
and 1. 

The properties of the Laspeyres and Paasche forms now developed 
are all of relevance to the design and computation of index numbers 
in practice. The first properties follow immediately from the deriva­
tion of the Paasche as shown in (I) of 2.3 above. If the change in 
actual value from year 0 to year 1 is V010 then the Paasche price 
index is V01 divided by the Laspeyres quantity index and the Paasche 
quantity index similarly is V01 deflated by the Laspeyres price index. 
Together there are two alternative splits of the value change into 
price and quantity components: 

PoMo) x Qot(Pl) =Pol(ql) x Qot(Po) =Vol '(I) 

These properties are an immediate consequence of the aggregative­
ratio forms of the various index numbers: 

~plqO X "J.plql = "J.plql X ~P~l = ZPtq~ (2) 
ZP!Ilo ZPtqo ZPoql "J.P~o "J.P~o 

A general expression of the properties has been given in 1.8 and their 
practical uses can now be followed up briefly. 

One use is an example of the familiar statistical exercise in which 
alternative measures are available to serve one general purpose. As 
an average of a distribution, for example, we may use either or both 
of the median and the arithmetic mean; and the extent to which the 
two diverge tells us something about the distribution. So, here (1) 
gives alternative expressions of what part of a recorded change in 
value is due to price changes and what part to real changes. The price 
element is represented by the Laspeyres price index, or alternatively 
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by the Paasche index. The corresponding real change is then shown 
by the Paasche quantity index, or alternatively by the Laspeyres 
index. We have a close approximation to a single estimate of the 
split if the Laspeyres and Paasche forms differ little. In any case we 
would look for some combination or 'cross' between the two forms 
as a good single estimate, a matter pursued in 2.6 below. If the two 
forms of index do diverge considerably, then we would like to know 
why, a question examined in 2.7. 

Another use of (I) and (2) helps in any search for saving on com­
putational work. To get both Laspeyres and Paasche forms of the 
price and/or quantity index requires the computation of two cross­
valuations: 2,p1q0 and 2,pgq1• In many cases, this raises difficult 
problems and it may even be not practical at all. Our result tells us, 
however, that a 'matching' pair of prices and quantity index numbers 
can be got from just one cross-valuation. The equations (2) show how 
the two cross-valuations appear separately. So, if we compute th~ 
base budget at current prices 2,p1q0, then we get, first, the Laspeyres 
price index P01(q0) = 2,p1q0/2,pgq0 by dividing by the base value, and 
then an implied quantity index of Paasche form by deflation of the 
recorded value change: Q01(p1) = V01/P01(q0). On the other hand, if we 
compute only the fixed-price value (at year 0 prices) of the current 
budget q1 (i.e. 2,p0q1), then a different pair of 'matching' index 
numbers follows: first the Laspeyres quantity index and then the 
implied Paasche price index. 

To sum up: 

If the Laspeyres price index P01(q0) is computed from the cross­
valuation 2,p1q0, there is an implied quantity index of Paasche form 
by deflation of the change in value: Q01{p1) = V01/P01(q0). Con­
versely, if 2,p0q1 is computed, the Laspeyres quantity index 
Q01(p0) has an implied Paasche price index: Pol(ql) = Vot/Q01(p0). 

The practical choice, as illustrated in Chapters 3 and 4 below, is 
often for the second of these procedures. The only computations 
made are fixed-price (year 0) valuations of all budgets. The basic 
index is then the Laspeyres quantity index and there is an implied 
price index of Paasche form. 

As a computational guide to the calculation of index numbers 
when both cross-values are used, first compute the four valuations 
(two direct and two cross) and arrange in the value matrix set out in 
2.1 above. The Laspeyres index numbers (weights of year 0) follow 
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from the first column (for prices) and from the first row (for quanti­
ties) by dividing the first entry into the second in each case. For the 
Paasche forms, pick out the second diagonal element (2:p1q1) and 
divide by the entry above it (for prices) and to the left (for quantities). 
The results of the calculation can be arranged conveniently in a 
matrix: 

Index year 1 
(Year 0=100) 

Price 

Quantity 

Lospeyres 

I;p,qo 100 
'f.P~o 

Paasche 
I;p,q, 
I:p~, 100 

I;p~~ 100 I;p,q, 100 
l::P~o l::P1% 

The remaining properties are developed on the basis of the 
alternative method of computing aggregative index numbers by 
weighing price or quantity relative, instead of by computing the 
value matrix. The method is illustrated in 1.4 in the simple case of 
Table 1.2. The algebra is simple and direct for the Laspeyres form: 

and 

2:Potlo'!1 2:wo'!1. 
Qot(po) = LPotlt =--q~ =~ 

2:Potlo LPotlo 2,wo 

(3) 

where the same base values, w0 = pofl0, item by item, are used as 
weights for both prices and quantity index numbers. So: 

The Laspeyres (base-weighted) index of prices or quantity is the 
weighted arithmetic mean of price or quantity relatives, the weights 
being the base values w0 = p0q0, item by item. 

Attempting a similar piece of algebra for the Paasche forms, we have: 

""P q 'i.Poq/1 2,wol'-2 
n ( ) L. 1 1 Po Po ( , 
.rot ql = LPotlt ... LPotlt = 2,wot Wot =Poflu 

"" ql ""w qt 
L,p1q1 L.Ptqoio L. 1oq0 

Qot(pJ=-- = =~ (wto=Ptqo) 
LPtqo LPtqo L..Wto 
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The result is not very useful since the weights are now of 'crossed' 
form and different from the price to the quantity index. A neater 
result is got from the reciprocals: 

"" Po "" Po 
1 LPo'J1 £..Plq]Jl £..w1P1 

Pot(qJ- = 'J.plql = ~P1q1 = ~W1 
(4) 

1 "" q ~plqlqqo ~W1q0 
£..Pt o 1 qt 

Qot(pJ .. 't_plql = l,p1q1 .. "2,w1-

where the current values, w1 = p1q1 item by item, provide the weights 
in both cases. So: 

The reciprocal of the Paasche (current-weighted) index of price 
or quantity is the weighted arithmetic mean of the backward 
price or quantity relatives, the weights being the current values, 
w1 = p1q1 item by item. 

The parallel between (3) and (4) is clear. The weighted mean of the 
Laspeyres form is an average of the forward relatives with base­
value weights. The weighted mean of the reciprocal of the Paasche 
form is an average of the backward relatives with current-value 
weights. The significance of this is brought out in the following 
section. 

2.5 Forward and Backward Index Numbers 

There are two more results which follow immediately from the 
aggregate forms of index numbers. From the way in which the 
Paasche is derived from the basic Laspeyres form: 

Pot(qo) x Pto(qo) =Pot(qJ X Pto(qt) = 1 (1) 

as is seen at once when spelt out: 

~p1qo x l,poqo = ZP1q1 x ZPo'lt = 1 
~poqo ~p1qo ~poq1 l,p1q1 

The result (1) shows that the backward index of one type is the recip­
rocal of the forward index of the other type: 

LPoqo ( \ / j2.Ptqo ~ =Pto qoJ = 1 Pot(qo) = 1 ~ 
L.Ptqo L.Poqo 

(2) 
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and similarly for P10(q1) as the reciprocal of P01(q1). Both (1) and (2) 
can be expressed similarly in terms of quantity index numbers. So: 

The Laspeyres and Paasche index forms are related so that the 
reciprocal of the forward Laspeyres index is the backward Paasche 
index and the reciprocal of the forward Paasche index is the back­
ward Laspeyres index. 

It is this result which accounts for the particular way in which the 
weighted-average version of the Paasche index is set out in (4) of 
2.4. The reciprocal of P01(q1) is first identified as P10(q1) and this in 
its turn is expressed as a weighted average with w1 =p1q1 weights. 

It is to be noticed here that the reciprocal of an index has a simple 
meaning in practical terms. Any price index P 01 shows the change in 
prices from year 0 to year 1 in ratio or percentage terms. Its reciprocal 
expresses the same change taken backwards from year 1 to year 0. 
The reciprocal is no more than an arithmetic switch of the two years 
related in an index of given form. For example, P01 = 1·25 has recip­
rocal 0·80 and this simply states that the particular price movement 
can be expressed alternatively: year-1 prices are 125% of those of 
year 0 and year-0 prices are 80% of those of year 1. A 25% increase 
forward is equivalent to a 20% decrease backward. 

The result (2) can be reinterpreted. The Laspeyres price index 
forward from year 0 is P01(q0). Its reciprocal uses the same fixed 
budget q0 but prices it backward from year 1. By (2) this is the back­
ward Paasche form P 10(q0). The forward Paasche and backward 
Laspeyres forms are similarly related. Hence, a switch of reference 
base is an arithmetic process, that of taking the reciprocal, but by 
(2) it happens to convert a forward Laspeyres into a backward 
Paasche index or conversely. 

This conclusion is of limited use in the two-situation case but it 
comes into its own when extended to apply to runs of index numbers. 
In any particular run we may go backwards as well as forwards from 
a base year and we then find it very convenient to switch at choice 
from one reference base to another. 

2.6 Fisher Ideal Index 

The Laspeyres and Paasche forms of aggregative index numbers can 
be conveniently checked against the Fisherian tests of 1.8. The first 
three tests cause no trouble. Of the other three, the Circular Test 
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refers to more than two situations and does not apply here. The tests 
to consider are the others: the Time-reversal and the Factor-reversal 
Tests. The position is similar on each. The Time-reversal Test requires 
for the Laspeyres and Paasche index numbers of price change from 
year 0 to year I : 

Pot(qo) x P1o(q1) =I 

i.e. Pto(qJ = 1 /POI(qo) 

and 

and 

Po1Cq1) x Plo(qo) =I 

Plo(qo) = l /Po1(q1) 

Neither condition is satisfied. Instead, (I) and (2) of 2.5 show that 
the forms are 'crossed' in the sense that the reversal of a Laspeyres 
index is ofPaasche form and conversely. All this is true equally of the 
quantity index numbers. 

The Factor-reversal Test requires: 

PoMo) x QOI(Po) =Pol(ql) x Qol(Pl) =Vol 

Property (I) of2.4 shows that the price and quantity index numbers 
are not matched in this way. They are again 'crossed'; the Laspeyres 
price index goes with the Paasche quantity index and conversely. 

The fact that the two forms operate in this way suggests that some 
'cross' of them will come up with the desired properties. It turns out 
that the 'cross' to take is the geometric mean, a position reached so 
laboriously by Irving Fisher in I922. The Laspeyres and Paasche 
forms separately fail the tests; together, in their geometric mean, 
they pass. The form so defined is the Fisher Ideal Index, first of price 
and then of quantity: 

Plo1 =v {Pol(qo)Pol(ql)} and Qlol =v {QoiCPo)Qoi(PI)} 

The formal algebraic proofs that they pass the tests are as follows. 
First for the Time-reversal Test: 

P/01 x PI1o =v {Pol(qo)Pol(ql)} x v {Pio(ql)Pto(qo)} 
=v {POI(qo)Pto(qo)} x v {PotCqt)Pto(ql)} =I 

by ( l) of 2.5. The price index therefore satisfies the test. In the same 
way the quantity index is found to pass the test. Again for the Factor­
reversal Test: 

P/01 X Qlol =v{Pol(qo)POl(ql)} xv{QotCPo)QOl(Pl)} 
=v {Pot(qo)Qot(PI)} x v {Pot(ql)Qoi(Po)} 
=vVot xvVol = V01 

by (1) of 2.4 and the test is passed. 
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A limited answer is now provided to a question posed in 2.4. The 
separate Laspeyres and Paasche forms between them lead to alterna­
tive splits of the value change into price and quantity components. If 
a single answer is needed - so much due to price and so much to 
quantity changes- then the Ideal Index is a consistent one to use: 

Pl01 x Ql01 = V01 

This is not to say that the Ideal form is the 'true• index. Even if there 
is such an index, the Ideal form may be no nearer to it than either the 
Laspeyres or the Paasche index is on its own. 

The Fisher Ideal Index is only one possible 'cross' of the Laspeyres 
and Paasche forms. There are others with similar properties and 
Stuval (1957) suggests at least one quite practical alternative. 

2. 7 Statistical Relation between Laspeyres and Paasche Forms 

Start again with the alternative splits of the value change given by 
(I) of 2.4. It follows that the ratio of the Paasche to the Laspeyres 
form is the same for price and for quantity index numbers: 

Pol(ql) Qot(Pl) 
Pot(qo) = Qot(Po) 

(1) 

This is checked at once by substitution of the aggregative formulae 
for the index numbers. Whatever divergence arises between the two 
index forms for prices also appears for the quantity index. The 
problem is to get a measure of the divergence. 

This problem is examined here in statistical terms, using the item­
by-item distributions of, and correlation between, price and quantity 
relatives. The results are due to Bortkiewicz (1922, 1924) in his classic 
papers on the structure of price index numbers. 

All the statistical measures used here are in weighted form with 
base-year values, w0 = pofl0, as weights item by item. All relatives and 
index numbers take year 1 in comparison with year 0. The weighted 
means of relatives are to be identified by (3) of 1.4 as Laspeyres price 
and quantity index numbers: 

and (2) 

The corresponding weighted variances are: 
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u,9 = ~wo{~:-Po1(qo)r;~wo and 

ua8= ~wo{~- Q01(pJ}1/~wo (3) 

Finally, the weighted covariance times ~w0 is: 

~wo{~: -Po1(qJ}{::- Qo1(Po)} 

= ~w/1~ -Po1(qo)~woq1 - Qo1(po)~w/1 +Po1(qo)Qo1(Po)~wo 
P~o qo Po 

= ~w/1q1 -Po1(qo)Qo1(Po)~wo by (2) 
P~o 

Divide through by u,ua~w0 to get the weighted correlation coeffi­
cient r between price and quantities: 

~wf1 q1 
Po qo Po1(qo) Qo1(PJ 

r= -----
u,ua~w0 u, ua 

Use w0 =p~0 and (1) of2.4 to give: 

~w/tqt 
Poqo "L,p1q1 p ( )Q ( , 

~Wo = ~P~o = Vot = 01 qt 01 POJ 

This brings in the Paasche price index. Substituting in (4): 

(4) 

r= Pot(ql) Qot(Po) _ Pot(qo) Qot(Po) = Pot(qJ Qot(Po){Pot(ql) -t} 
u, Ua u, Ua u, ua P01(q0) 

Rearrangement gives the required common ratio (I) of the Paasche 
to the Laspeyres index numbers: 

(5) 

To interpret (5), note that the operative term is the coefficient of 
correlation r between price and quantity relatives, multiplied by two 
coefficients of variation, i.e. the standard deviations from (3) as ratios 
of the means (2). The coefficients of variation are positive so that the 
sign of r is sufficient to fix the direction of the divergence of the 
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Paasche from the Laspeyres index. The Paasche index is the greater 
if r > 0 and the Laspeyres index if r < 0. So: 

The Paasche price index is greater than the Laspeyres if prices 
and quantities tend to move in the same direction between years 0 
and 1; the Laspeyres index is the greater if prices and quantities 
tend to go in opposite directions. 

From (1) it follows that the direction of the divergence of the 
quantity index numbers is the same as that of the price index 
numbers. 

The extent of the divergence, in whichever direction it is, depends 
partly on the strength ofthe correlation rand partly on the dispersion 
of the price and quantity relatives as shown up in the coefficients of 
variation. Something can be said about this. In the classic problem 
of the purchasing power of money, for example, the level of either the 
Laspeyres or the Paasche price index is settled primarily by monetary 
factors while the divergence between the two forms depends more on 
non-monetary influences working on the spread of price relatives 
about the 'norm'. The typical situation is that the two forms drift 
apart over time. The gap between them can grow very quickly in 
periods of great change; see Allen (1963). 

A good deal more can be said about the direction of the divergence. 
Distinguish two situations: 

Case: P01(q1) > P01(q0). The Paasche index of price (and equally of 
quantity) is the greater. The statistical condition is r > 0, movements 
of prices and quantities tending to be in the same direction. The 
economic condition is that the market is dominated by suppliers so 
that the typical reaction to a price rise is an increase in supplies and 
in sales. Examples are exporters selling on a large international 
market and farmers selling on a market comprising both home­
produced and imported foodstuffs; the Paasche index is to be 
expected to exceed the Laspeyres for export prices and for prices 
received by farmers. 

Case: P01(qJ < P01(q0). The Laspeyres index is the greater both for 
prices and for quantities. Here r < 0; prices and quantities tend to 
move in opposite directions. The typical economic case is the 
demand-dominated market where buyers set the pace, buying less as 
prices rise and more as prices fall. The leading example is the market 
for consumer goods; the Laspeyres form of the retail price index, and 
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equally of the index of volume of retail sales, is generally the greater 
of the two forms. 

2.8 Economic Theory: Constant-utility Price Index 

An economic-theoretic support for index-number construction can be 
supplied in one important case: the constant-utility price index and 
the corresponding index of real consumption. The economic basis is 
to be sought in the theory of consumer choice for an individual 
assumed to be a utility-maximiser with an unchanged preference 
map. The subject was introduced in 1.8 and now comes up for more 
extended development. The analysis is given for two situations which 
are typically two points of time. Further, for expository purposes, it 
is expressed in the two-goods case making it possible to use illustra­
tive diagrams in two dimensions. 

Take q1 and q2 as the quantities purchased of the two goods. The 
consumer's preference map, illustrated in Fig. 2.1, comprises two sets 
of intersecting curves in the plane Oq1q2• It is across this map, that 
we trace the changing purchases of the consumer as he maximises 
utility in the face of variations in his income and of movements in 
market prices. Saving is assumed away in the analysis so that income 
and expenditure on the two goods are the same. 

One of the sets of curves is a system of indifference curves, taken 
as non-intersecting and convex to the origin. Combinations of 

F10. 2.1 Consumer's preference map 
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purchases shown by points on one of the curves are indifferent to 
the consumer and correspond to a particular level of utility, i.e. to 
one and the same value of real income/expenditure. Figure 2.1 shows 
a sequence of indifference curves shifting away from the origin as the 
utility level rises: u0, ub u2, •••• The other set of curves cuts across 
the indifference curves and shows how purchases vary as income 
increases at constant market prices. These are Engel curves, one for 
each value of relative market prices, and Fig. 2.1 shows two of 
them: E0 for fixed prices in one of the two situations taken and E1 

for fixed prices in the other situation. 
Behind the preference map there lies an ordinal utility function 

u = u(qb q2) giving the set of indifference curves in the form: u(qb q2) 

=constant. The value of the constant is the utility level of the 
particular indifference curve taken, e.g. u0 for the first curve of Fig. 
2.1. The consumer operates under the constraint of balancing his 
budget, given his income y and the market prices p1 and p 2• So: 
p1q1 + p2q2 = y. This appears in the diagram as a budget line with 
negative slope to Oq1 given by the price ratio p1{p2 and shifting away 
from the origin as income y increases. 

The model of consumer choice is to be written in alternative but 
equivalent forms on the duality approach following Houthakker 
(1952), Hicks (1956) and McKenzie (1957). Given the market price 
p1 and p2, the consumer determines purchases q1 and q1 so that: 

or 

(1) 

(2) 

The equivalence of(1) and (2), a well-known property of problems of 
constrained maxima and minima, is most easily seen in the dia­
grammatic terms of Fig. 2.1. Take the base year 0 when market 
prices are p10 and p 20• Under (1), the budget line is fixed, at AB in 
Fig. 2.1, with slope p10/p20 and position determined by the given 
income y0• The point on AB is sought which reaches as far as possible 
up the system of indifference curves. Under (2), the utility level is 
given, fixing the initial indifference curve u0• As income y increases, 
the budget line with given slope p10/p20 moves parallel to itself away 
from the origin. The point on the indifference curve is sought with 
the smallest y, i.e. on the budget line nearest the origin. In both cases 
the optimal point is Q0 where a budget line touches an indifference 
curve. 
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The optimal purchases q1 and q2 under (1) are given in terms of PI> 
p2 and y, the demand functions. They can be written either in the 
quantities or in the corresponding expenditures: 

Demandbyqua~tity:q1 =qi(pi,Pa.Y) and qz=qz(pi>Pa.Y)} (3) 
byexpendtture:y1 =y1(p~tp2,y) and Ya=Yz(php2,y) 

where y1 = p1q1 and y2 = p2q2• The maximised utility level follows, 
named by Houthakker (1952): 

Indirect utility function: u = u(ph p2, y) (4) 

At the optimal position the arguments q1 and q2 of the utility 
function can be replaced by p1, p2 andy, the arguments of the indirect 
utility function. 

Precisely the same optimal purchases are obtained under (2) but 
the demand functions (3) then involve u instead of y. The advantage 
of this approach lies in the fact that the minimised value of y is given 
in terms of the prices and of u: 

Expenditure function: y = y(p1, p2, u) (5) 

Since the optimum is the same, the functions (4) and (5) are simply 
inverse to each other. 

At given market prices the Engel curve is specified by (3) as y 
varies. With (3) in quantitative form an Engel curve such as E0 is 
given across the preference map of Fig. 2.1. Alternatively, Engel 
curves can be written in the expenditures versions of (3), i.e. y1 and 
Ya as functions of y and subject to the constraint y1 + Ya = y. Such 
Engel curves, with special reference to the linear case, are examined 
by Allen and Bowley (1935). It was Engel (1857) who first found that 
expenditure on food as a proportion of income declined as income 
rose at constant prices. This situation obtains, in the linear case, when 
for (e.g.) the first good y1 > 0 at y =0. This is the case described by 
Allen and Bowley as a necessary as opposed to a luxury good. 
Accounts of Engel curves and of the forms they can assume are pro­
vided by Prais and Houthakker (1955), by Leser (1963) and by Brown 
and Deaton (1972). 

The constant-utility price index follows as in 1.8 as the ratio of two 
expenditures given at optimal positions for different market prices 
but on one and the same utility level. The index appears in alternative 
forms on the duality approach. That based on the model (2) is the 
more immediate since it specifies minimum expenditure at a given 
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utility level. The other and equivalent form from the maximum­
utility model (1) can be pursued subsequently and in diagrammatic 
terms in relation to Laspeyres and Paasche index numbers. 

At the prices p10 and p 20 of the base year 0, the optimal purchases 
give an expenditure p10q10 + P2~2o at the utility level u0• Similarly, at 
the prices of the current year I, the expenditure is p11q11 + p 21q21 at the 
utility level u1• There is one constant-utility price index for each 
utility level to be obtained directly from the expenditure function 
(5). The two index numbers defined at the utility levels of years 0 and 
1 are: 

.1. . . d l ( ) Y(Pth P21o · • · uo)} Constant-utt tty pnce m ex: 01 u0 = ( ) 
Y Pto• P2o• • • • Uo ( 6) 

1 ( ) _y(p," Ps1o. • • u,) 
01 u, -

Y(Pto• P2o• • • • u,) 

where provision is made for the obvious extension to more than two 
goods. The denominator of / 01(u0) is the actual (optimal) expenditure 
of the base year, i.e. p10q10 + p20q20 + ... also extended to more than 
two goods. On the other hand, it is the numerator of / 01(u1) which is 
an actual expenditure, that of the current year. 

Switch now to the maximum-utility model (1) and assume that the 
actual purchases in year 0 are the optimal values given by the point 
Q0 in Fig. 2.1 where the given budget line AB touches the indifference 
curve at the (maximised) utility level u0• For comparison, take the 
prices (but nothing more) from the current year 1 and pick out the 
hypothetical purchases which would be made at these prices and still 
retain the utility level u0 as optimum. These are given by the co­
ordinates q11 and q21 of the point Q1 on the indifference curve u0 

where the tangent has slope p11/p21• The ratio of the expenditure at 
Q1 to the actual expenditure at Q0 is the constant-utility index: 

1 (u ) = 2.Ptiit (?) 
01 o 2.P~o 

where the extension to more than two goods is again made and 
adapted to the usual 2, notation. 

Even apart from the problems arising from aggregation over 
groups of consumers, the hypothetical purchases q1 are not observ­
able and the most that can be expected is to get one or more bounds 
of the true index / 01(u0). An upper bound, but not a lower, can be 
found at once. Since the utility-maximising consumer would select 
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ij1 rather than q0 at prices Pt> the first costs less than the second at 
these prices: 

2.Ptiit < 2,ptqo 

In terms of Fig. 2.1, the tangent at Q1 and the parallel line through 
Q0 are both budget lines at prices p1 and, since the indifference curve 
is convex, the former is nearer the origin than the latter. The income 
attached to the former (2,p1ij1) must be less than that (2,p1q0) of the 
other budget line. So, from (7): 

/ 01(u0) < *p1q0 =P01(q0) Laspeyres (8) 
L.P~o 

The upper bound sought is the Laspeyres index, base-weighted on 
year 0. 

The whole process can be repeated starting from the point Q1 on 
the utility level u1 achieved in year 1 and jobbing back to the prices 
of year 0. The hypothetical point Q0 on the indifference curve u1 

gives optimal purchases at year-0 prices but at the utility level u1• 

Write these purchases ij0 and it follows as before that 'L,p0q0 < 
:2:P~1• The constant-utility price index at the utility level u1 is then: 

l ( ) LPtql LPtql p ( ) p h (9) 
01 u1 =~>~= 01 qt aasc e 

L.Poqo L.P~t 

and a lower bound is obtained, the current-weighted Paasche index. 
The results (8) and (9) provide one bound each for two different 

true index numbers of price. The position can be summarised: 

:2:Ptqt < ( ) ~ lotUt 
L.Poql 

lot(Uo) < *Ptqo (10) 
L.P~o 

Paasche Two different Laspeyres 
index true indexes index 

Neither the indirect utility function nor the expenditure function 
is observable from price/quantity data. The true price index cannot 
be estimated, therefore, either from formula (6) or from the alterna­
tive (7). This is why we seek refuge in the Laspeyres or Paasche 
bound of (10). There is one possible way out. If a specific form can 
be assumed for the utility function, including one or more parameters 
to be estimated from price/quantity data, then the constant-utility 
price index can be derived from (6). It is a matter of straightforward 
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mathematics to get the index, and to get it explicitly as a function 
either of the utility level u or of the consumer's income y, once the 
utility function is specified. Of the many possible forms of the utility 
function, the most popular and certainly the most convenient is that 
developed by Geary (1950) and Stone (1954, 1956). It has the advan­
tage of making demand expenditure (3) a linear function of all prices 
and income. It is the form appropriate to the linear expenditure 
system of Stone (1954) and it is developed for use in a particular 
application later (Chapter 6). 

If we are driven back to the result (10), lacking an explicit utility 
function, what can we do in practice? The development of the theory 
summarised here was spread over a long period of time, from Koniis 
(1924) and Haberler (1927), through Frisch (1936) to Klein and 
Rubin (1948) and later writers. The practical thought was ~lways 
that, though the Laspeyres and Paasche bounds applied in theory to 
separate true index numbers, there should be a strong presumption 
that any one true index could be pinned down between both bounds. 
The two cases of 2.7 can be brought in here. The situation of parti­
cular reference to the constant-utility price index is that of a demand­
oriented market. The Laspeyres index is to be expected to be greater 
than the Paasche form - so leaving room for the true index, at either 
utility level, to fall in between them. 

What we need in practice, broadly speaking, is first to know that 
Laspeyres and Paasche index numbers are not far apart in a two­
period comparison, and then to have a reasonable expectation that 
the true index numbers based on one period and on the other are not 
very different. The first is a matter of observation. The second can be 
a fairly safe guess if the periods compared are neither unusual nor 
far apart. 

The question that remains is whether an index of real consumption 
can be defined to match the constant-utility price index. As long as 
the preference map of the consumer is unchanged, the question can 
be answered by writing the quantity index implied by a specified 
price index. Write the change V01 in total expenditure in alternative 
forms: 

Vo1 = 2_plql = Y(Pu• P21t • • • U1) 

2.P~o y{plO• P2o• • • • Uo) 

The second of these makes use of the extended version of the expendi­
ture function (5). Take the price index / 01(u0) at the constant utility 
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level u0 as a deflator of V01 and use the alternative expressions (6) and 
(7) for the purpose. So: 

Implied index of Vo1 Y(Pw P21o ••• ul) 
real consumption: / 01(u0) y(pw p2b ••• u0) 

(11) 

and = *P1~1 > *p1q1 = Qol(pi) Paasche 
L..Plql L..Plqo 

(12) 

Here, (11) is a direct use of the expenditure function and a straight­
forward comparison of constant-price valuations; it is in line with 
the usual definition of a quantity index. The expenditures are here at 
the fixed prices of the current year 1; they are those required to attain 
first the utility level u0 and then u1• The index is a measure of the 
increase in (ordinal) utility from u0 to u1• The result (12) goes on to 
show that the Laspeyres upper bound of the price index is matched 
by a Paasche lower bound of the implied quantity index. The two 
bounds, P01(q0) and Q01(pJ, themselves multiply to V01• 

The deflation of V01 by the alternative price index, i.e. / 01(u1) at the 
constant-utility level u1, provides another implied index of real con­
sumption. Corresponding results to (11) and (12} show that it com­
pares expenditures at the constant prices of year 0 and that it has the 
Laspeyres upper bound Qol(p0). 

The matching pair of the constant-utility price index / 01(u0) and 
the real-consumption index given by (11) and (12) can be inter­
preted, in the two-goods case, as a couple of steps across the prefer­
ence map of Fig. 2.1. The current purchases of the point Q1 are 
reached from the base purchases of Q0 by going first along the in­
difference curve u0 to (11 and then along the Engel curve E1 to Q1 at 
constant prices of year 1. The first step is the substitution effect; it 
involves the price index / 01(u0) and unchanged real consumption. The 
second step is the income effect, tracing the change in real consump­
tion at constant (current) prices. The other matching pair of index 
numbers comprises the price index at the constant-utility level u1 and 
the real-consumption index at constant (base) prices. They are 
shown by two different steps across the preference map: the first 
from Q0 to Q0 for the income effect at base prices along the Engel 
curve E0, the second from (10 to Q1 for the substitution effect at the 
constant-utility level u1• 

Note that these alternative paths across the preference map merge 
into a unique direction of change as the finite steps of Fig. 2.1 tend to 
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infinitesimal movements from Q0• The elasticity of consumer de­
mand is then the unambiguous sum of income and substitution 
effects, the familiar Slutsky result of value theory; see Hicks (1946). 

In conclusion, it is to be emphasised that the whole development 
is based on the assumption of an unchanged preference map. When 
the tastes of the consumer vary over time, the position and shape of 
the indifference curves change. If the Engel curves are then taken over 
time across the shifting preference map, they may become twisted 
out of all recognition. A treatment of simple versions of the problem 
of changing consumer tastes is left over to Chapter 7. 

2.9 Economic Theory: Constant-resources Price Deflator 

An economic-theoretic analysis of the output or supply side of the 
market can be given on rather similar lines. The following develop­
ment turns on a somewhat conventional representation of the tech­
nology of the whole economy, in which the factors of production are 
assumed to be used always in fixed proportions while outputs are 
produced in continuously variable amounts. The technology of the 
economy can then be expressed as a single relation: 

(1) 

between the outputs (the x's) of then goods produced and the level u 
of usage of the factors in their given proportions. The relation (1) 
is to be regarded as giving the minimum usage of resources for each 
specified bundle of outputs (xl> x2, • •• Xn)· It could equally show the 
maximum bundle of outputs for a given usage of resources. 

It is possible to think of u as the number of composite units of the 
factors employed. Such a composite unit need not be specified 
explicitly, however, and it may be better to take the variable u as an 
ordinal concept, like utility, representing the scale of usage of the 
resources of the economy. 

In the two-outputs case illustrated by Fig. 2.2, assume that (1) 
gives u uniquely in terms of the two outputs: 

(2) 

For a constant value of u, (2) is shown as a curve in output space: 
the production-frontier curve. Given the factor usage, what can be 
got out of the technology in the way of outputs is confined within 
this curve. Hence, the bundles of outputs (x~> x2) given by points on 
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FIG. 2.2 Production-frontier map 

the curve are to be taken as the same real output, the most to be got 
from the given resources. A whole set of such curves is obtained by 
varying the given resources as a parameter: the production-frontier 
map of Fig. 2.2. Each curve of the map represents real output from 
one level of resources; we move outwards across the map as the 
level of resources increases. It is assumed that the curves are non­
intersecting and concave to the origin. 

Given output prices, '17'1 and '"a• and the usage u of resources, the 
determination of outputs x1 and x8 is a problem of the constrained 
maximum of the value of output m: 

max m = 'IT1X1 + '"aXa given u = u(xb xJ 

The optimal outputs are shown by the point where the line ?T1x1 

+ '"aXa = m, with slope given by the prices, touches the production 
frontier u. The maximised output value m is the constant of the line. 

The analysis now proceeds exactly as in 2.8 and it is illustrated in 
Fig. 2.2. Consider two situations, taken as years 0 and 1. When 
output prices are ruling market prices, write them as p's instead of 
'"'s; when outputs are optimal (actual or hypothetical), write q's 
instead of x's. The notation is then in the usual form for index 
numbers. In year 0 with resources u0, a typical price is p0 and the 
corresponding output q0; u1, p1 and q, are the values in year 1. The 
change in value of output from year 0 to year 1 is to be split into 
price and real-output components. The alternatives are: first to 
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determine q1 at prices p1 but on the level of real output u0 ; second to 
find q0 at prices Po but on the level of real output u1• Then: 

~P1ii1> ~p1qo and ~Poiio> ~poq1 (3) 

Both follow in the same way. For example, the first expresses the fact 
that, at prices P~> output q1 is optimal and so greater in value than 
the non-optimal q0• In Fig. 2.2, the line through Q0, parallel to the 
tangent to the production frontier u0 at Q~> lies below this tangent 
because of the concavity of the production frontier. The inequalities 
are in the opposite direction to those of 2.8 simply because the 
production-frontier map is concave as compared with the convex 
curves of the indifference map of the consumer. 

The definitions of alternative constant-resources price deflators 
now follow, as do the implied measures of real output got by deflating 
the value change: 

Vol =~p1q1 
~Poqo 

They can be written: 

Constant-resources price deflator 

at resources level u0: l 01(u0) = ~p1q1 > ~p1q0 Laspeyres (4) 
L.,Poqo .L.Pgqo 

at resources level u1: / 01(u1) = ~P1!1 < ~p1q1 Paasche (5) 
L.,Poqo L.,Poql 

Real-output index 
· · d ( ) Vol ~plql ~p1q1 1mphe by 101 u0 : l-( )=~ <~ Paasche (6) 

01 Uo L.,Plql L.,Plqo 

. . . Vol ~Poiio ~pgql 
1mphed by / 01(u1). l-( )=~ >~ Laspeyres (7) 

01 U1 L.,Poqo L.,Pgqo 

The Laspeyres and Paasche bounds come directly from (3). For the 
price deflator, they can be arranged: 

~plql > ) 
" lol(ul L.,Pgql 

Paasche Two different 
index price deflators 

> 

Laspeyres 
index 

(8) 
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The inequalities here are in the opposite direction to those on the 
demand side, in (10) of 2.8. To have a reasonable expectation that 
both deflators lie between the Laspeyres and Paasche index numbers, 
we need the Paasche index to be greater than the Laspeyres. The 
analysis of2.7 shows that this is to be expected in a supply-dominated 
market. 

The fact that there are alternative splits of the value change from 
year 0 to year 1 is clear in terms of Fig. 2.2; they show up in alterna­
tive routes from point Q0 to point Q1• One route is over Qb a first 
step at constant real output on the deflator / 01(u0) and a second step 
of increasing real output at constant prices Pl· The other route pro­
ceeds through Q0; increasing real output at constant prices p0 is 
followed by a step at constant real output with the aid of the 
deflator / 01(u1). 

Though illustrated in the two-outputs case, the analysis is quite 
general and the results (3) to (8) hold for any number of outputs. 
The production-frontier map comprises a set of surfaces in the n­
dimensions of output space, one surface for each level of resources. 
The curves along which real output expands at fixed prices, shown 
broken in Fig. 2.2, remain as curves across the set of surfaces. 

The deflation of output into real terms is a process essentially 
dependent on the technology of the economy. It follows that techno­
logical changes between years 0 and 1 affect the deflation process. 
There are two choices: either stick to year-0 technology, use the price 
deflator (4) and switch if need be to the Laspeyres index as a lower 
bound; or make comparisons on the basis ofyear-1 technology with 
the aid of a price deflator (5) and its Paasche upper bound. The 
corresponding measures of real output are the Paasche form (6) on 
the first choice and the Laspeyres form (7) on the second. 

The economist is quite used to thinking of real output as valued 
at some constant prices. His natural choice is then the Laspeyres­
type index of real output (7) and the matching deflator is that of 
Paasche form (5). If he makes this choice, then he should remember 
that his Paasche index exaggerates the true price increase in the 
deflation, and hence that he is understating increases in real output. 
There is something to be said for the opposite choice. A Laspeyres 
price deflator understates price rises and so does not fall into the 
trap of understating real output; see Fisher and Shell (1972). 



3 Illustrations 

3.1 Introduction 

The object of this chapter is to analyse either published index 
numbers or data from which index numbers may be computed, and 
so to illustrate the two-situation theory of Chapter 2. At the same 
time the ground is prepared for the later developments of Chapters 
4 and 5 on the theory and practice of runs of index numbers. The 
important problems in practice have to do with runs and the material 
assembled here can be called upon later to illustrate them. 

The data from the official sources used are for the most part set 
out in the appendix to this chapter; the calculations performed on 
the data are shown in the text. All the index numbers, being of 
Laspeyres and Paasche forms, may be computed as ratios of aggre­
gates and/or in the equivalent weighted-average form. The range of 
economic subjects illustrated is quite extensive and the topics, 
though interrelated, can be conveniently put in two blocks. 

The first block of topics is that of retail prices and personal or 
family consumption, an area which has some theoretical backing in 
the theory of value (2.8}. Here, in addition to the much-used index 
of retail prices calculated from market price quotations by the 
Department of Employment (Appendix Tables Al and 2), price 
index numbers of more limited scope are calculated, specifically 
those relating to the consumption by pensioner families (Table A3). 
Quantity index numbers, showing changes in the volume of con­
sumption, are also derived. Among them is an index which may be 
regarded as matching a large chunk of the retail price index: the 
volume of retail sales. 

The second block of data, in Appendix B, deals with the main 
aggregates of the national income accounts: Gross Domestic Product 
(GOP) and its broad constituents. The national accounts are a 
complex double-entry jigsaw in current-value terms. Index numbers 
play their part in reducing money aggregates to real terms and in 
tracing the corresponding price changes. We start with some small 
pieces of the jigsaw: merchandise imports and exports. The same 
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kind of problems are then found to arise in building up to total 
GOP; they are just writ larger. In the end, two broad, and largely 
independent, lines of attack on the measurement of real GOP are 
followed and three different measures result. These correspond to 
the three concepts of the national income: as expenditure, as output 
and as income generated. 

In relating the two topics, we find, for example, that the retail 
price index of the first area is to be compared with the index of 
consumer prices thrown up in the national accounts; and this is one 
of the illustrations of runs of index numbers used later in Chapter 6. 
As the analysis proceeds we bring in additional index numbers to 
supplement our findings. Examples are the official index of retail 
sales and that of wholesale prices. 

In 1.7 we wondered why in using index numbers in practice, we 
got anywhere near answers to the broad questions posed. We do, 
indeed, sometimes get a long way off target. To keep things in 
perspective, however, we do find that the occasional 'flops' are more 
than counterbalanced by success stories. The following analysis will 
illustrate both. It will, indeed, throw up results of some general 
interest; these must be regarded here as by way of a bonus. The 
purpose of the exercise is still to illustrate the design and calculation 
of economic index numbers. 

3.2 Weighted-Average Index: Retail Prices 

A good example of the method of computation of an index as a 
weighted average is the index of retail prices calculated monthly by 
the Department of Employment: it is one of the most familiar of all 
economic indicators. The weighted-average form is adopted since 
the index is designed to use prices and quantities/expenditures 
drawn from different sources. There are no comprehensive data on 
prices and quantities which are good enough matches to multiply 
out to value aggregates. The prices are those actually quoted at 
retail, obtained by the Department in a special price collection each 
month. Comparability over time being essential, each price quotation 
obtained from each source is used to give an individual price relative 
on the base date and these are averaged to provide relatives for each 
commodity item, carefully specified for inclusion in the index. 
Against this, the budget expenditures item by item, averaged over a 
wide group of families specified for the index, come from a separate 
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source, the continuous Family Expenditure Survey conducted by the 
Department. The index then follows by weighting the price relatives 
with the budget expenditures item by item. 

Before 1962 the index was an almost 'straight' example of a 
Laspeyres (base-weighted) index. Since 1962 it has become rather 
more sophisticated, the leading example of a chain index as developed 
in Chapter 5. The weights are budget expenditures averaged over 
three years and brought annually up to date in a year-to-year 
chaining. To accommodate this in the present context, consider the 
index as running monthly for one year at a time, each a Laspeyres 
(base-weighted) form. In the period covered by Appendix Table At, 
there is one index based on January 1971, another based on January 
1972, a third on January 1973. The first, running to January 1972, 
has weights which are expenditures of the 'index' families averaged 
over the three years to June 1970 and repriced at January 1971. The 
lag between the budgets and the base prices is incidental here; we 
regard them as base weights w0• The second index is similarly 
weighted with budget expenditures (averaged over three years to 
June 1971) at January 1972 prices. The third index has weights from 
a budget over three years to June 1972 at January 1973 prices. 

In the following exercises it would be exceedingly tedious to carry 
out the calculations for each of the twelve months for which each 
base-weighted index runs. It is quite enough to illustrate with one 
or two months in each case. The months selected are the three 
January dates (in 1972, 1973 and 1974) each in comparison with the 
preceding January. In addition the intermediate July dates (in 1972 
and 1973) are used to give a different seasonal picture. 

The first exercise is to show how the all-items index is put together 
from the eleven group-index numbers and how a group index is got 
from constituent subgroups. The advantage of the base-weighted 
form is that this build-up is achieved by treating the group (or 
subgroup) index numbers as price relatives, to be weighted with the 
group (or subgroup) weights (see 1.7). The algebraic proof is simply 
a manipulation with the L: notation. It is enough to take two groups: 
A, comprising m commodities (i = 1, 2, ... m) with total weights 

m 
Wa = L:w10 and price index 

i=l 
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and B, comprising n-m commodities (i=m+l, m+2, ... n) with 
total weights wb and index h similarly written. Then the overall 
index /is: 

i.e. 

n 
where w= L: W;0 =wa+wb 

i=l 

as required 

The reconstruction of the all-items index from the groups is 
shown in Table 3.1 and that of the food group from the constituent 
subgroups in Table 3.2. The weights are taken direct from Table AI. 
They are to be applied to price relatives, each expressed on the 
previous January as 100. The published index numbers of Table AI 
are all chained back to January 1962; to yield the required price 
relatives, they have to be 'dechained' by simple division of the index 
numbers at the two dates concerned. The results are entered in 
Tables 3.1 and 3.2. Finally, at the foot of each of these tables, the 
weighting process is set out in detail for each index, giving the sums 
of products of weights and price relatives. The resulting index 
numbers, on division by the sum of the weights, are entered in the 
penultimate row of the main part of each table in comparison with 
the links in the chain from published figures. 

The calculation of the index in January 1972 (Jan. 1971 = 100), 
first for food and then for all-items, illustrates the arithmetical work. 
The sum of products (I) x (4) divided by the sum of weights (I) in 
Table 3.2 gives: 

Food index= 2i;~9 = 111·60 in January 1972 (Jan. 1971 = 100) 

as entered in the penultimate row of the main part of the table. It 
can be checked against the published index numbers appropriately 
dechained from Table A1 and taken to two decimal places: 

163·9 . 
147.0 100=111·50 m January 1972 (Jan. 1971 =100) 

There is agreement within the margin of error arising from rounding 
in the calculations. In the same way, from Table 3.1, 
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. . 108,188·9 
All-Items mdex l,OOO 108·19 

in January 1972 
(Jan. 1971 = 100) (1) 

which checks (to one decimal place) against the published index 
numbers: 

159'0 100=108·16 
147·0 

in January 1972 (Jan. 1971 = 100) (2) 

The results of successive calculations of (1) are entered in the pen­
ultimate row and of (2) in the last row of the main part of Table 3.1. 

It is to be particularly stressed that the weighting process needs to 
be carried out for each dechained index, base-weighted on each 
successive January. It cannot be done on the published index as it 
stands since the weights are changed annually. The dechaining is a 
necessary process; there is no short cut. It is dictated by the chain 
form adopted for the index since 1962. 

Equally it is to be stressed that, once annual index numbers are 
got by the weighting process of Table 3.1 and 3.2, the published 
forms chained back to 1962 are reproduced by the splicing process 
(1.5 above) done regularly every January, i.e. by cumulative multi­
plication. With the present data, start from the published all-items 
index of 147·0 in January 1972 and chain on the subsequent links. 
Within rounding errors, the same chain index is got by use of the 
weighted averages such as (1) or the published links such as (2). 
For January 1972 with January 1962 = 100, the two chainings are: 

From (1): 147·0 x 1·0819 = 159·04 
From (2): 147·0 x 1·0816 = 159·0 as published 

and continuing: 

Date 
1972 Jan. 

July 
1973 Jan. 

July 

1974 Jan. 

All-items index (Jan. 1962=100) 
From weighted averages As published 

147·0xl-0819 =159·04 159·0 
147·0 X 1-0819 X 1-0329 = 164·27 164·2 
147·0 X 1-0819 X 1-0775 =171•36 171-3 
147·0 X 1•0819 X 1·0775 

X 1·0487 = 179•71 179·7 
147·0 X 1·0819 X 1•0775 

X 1-1195 =191•84 191•8 

This exercise is not just a check on the chain form of the official 
index; it serves to show how the pieces of the jigsaw fit together and 
so how to remove one or more of them. The base-weighted form has 
the property that a group or subgroup index can be treated as a 
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price relative, to be multiplied by the group or subgroup weight, 
and this goes for subtraction as well as for addition. 

A further exercise makes use of this fact in a process of stripping 
down a given index to eliminate sections which are not required. 
Two examples illustrate; the first excludes housing from the all-items 
index and the second eliminates fruit and vegetables from the food 
index. The calculation again proceeds with separate base-weighted 
index numbers, each valid for twelve months. There are, in these 
illustrations, three such index numbers and the data and computa­
tions of Table 3.1 and 3.2 are to be rearranged as follows. Reference 
numbers indicate columns of Table 3.1 or 3.2; the all-items index 
numbers are those from published data. 

All food 
excl. 

All excl. fruit 
Index All Hous- hous- All Vege- andvege-

based on: items ing ing food Fruit tables tables 
Jan. 1971 

Weights (1) 1,000 119 881 250 13 25 212 
Products 

(1) X (4) 108,160 12,958 95,202 27,899 1,478 2,678 23,743 

Jan. 1972 
Weights (2) 1,000 121 879 251 13 24 214 
Products 

(2) X (5) 103,270 12,899 90,371 25,889 1,378 2,731 21,780 
(2) X (6) 107,740 13,792 93,948 27,635 1,534 2,702 23,399 

Jan. 1973 
Weights (3) 1,000 126 874 248 14 25 209 
Products 

(3) X (7) 104,900 13,212 91,688 26,702 1,659 2,952 22,091 
(3) X (8) 111,970 13,917 98,053 29,782 1,676 2,978 25,128 

Division of the products by the weights gives the index numbers 
with and without the excluded items: 

All-items index Food index 
Excl.fruit 

Index Date All Excl. Housing All and vegetables 
Jan. 1971 Jan. 1972 108·2 108·1 111·6 112·0 
=100 
Jan. 1972 July 1972 103-3 102-8 10H 101·8 
=100 Jan. 1973 107-7 106·9 110·1 109·3 

Jan. 1973 July 1973 104·9 104·9 107-7 105-7 
=100 Jan. 1974 112·0 112-2 120·1 120·2 
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If such index numbers are required with January 1962 as 100, as 
published, the calculations need to be taken back year by year to 
January 1962 and the resulting index numbers chained together (see 
5.4). Again there is no short cut; the exercise cannot be carried out 
on the published index with its set of weights changed annually. 

The separate (annual) index numbers are usually enough in them­
selves. So, in the present illustrations, it is clear that the exclusion of 
the particular items has sometimes had little effect; at other times 
the increase in retail prices has been lower without them. 

3.3 Retail Sales: Value and Volume 

It is not possible to be very precise on the quantity index which 
corresponds to the index of retail prices. The nearest is an index 
representing the real-consumption levels of all consumers, arising in 
national income accounting, but this is of wider coverage than the 
'index' families of the retail price index. On the other hand, a sub­
stantial part of the index of retail prices, that relating to prices in 
retail shops of all kinds, is covered by the data on retail sales pub­
lished by the Department of Trade and Industry. It is important to 
be clear on the scope of retail sales. They comprise all commodities 
sold through retail shops, valued at market prices, with instalment 
purchases included at the full prices at the time of the transaction. 
They exclude meals out, all housing, fuel and light, all services and 
such sales of drink and tobacco as take place through non-retail 
outlets (e.g. pubs and restaurants). Of total consumers' expenditure 
of£24,000mn in 1966, a little more than£11,000mn is through retail 
shops and rather less than £13,000mn through other channels. 

The Department of Trade regularly obtains returns of retail 
sales by value from a substantial sample of businesses in retail 
trade. No analysis of sales by commodities is asked for, so that 
the Department's figures can be shown by types of retail business 
but cannot be made to match the commodity grouping of the retail 
price index. The Department calculates an index of sales by volume 
by deflation of the value figures for various types of business by 
price index numbers estimated for the purpose, using the commodity 
analysis for the base year given by the Census of Distribution. The 
price index numbers are essentially of Laspeyres form, currently 
with 1971 weighting; the resulting volume index is, therefore, of 
Paasche form. This follows from property (1) of 2.3 above. The 
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alternative Laspeyres volume index requires the calculation of sales 
at 1971 prices, not possible in the absence of commodity details of 
sales year by year. 

In view of this rather rough and ready method, the question can 
be explored whether we cannot do as well by estimating a price 
index for retail sales, as part of the general index of retail prices, 
and using it to deflate the total value of retail sales. The attempt is 
carried out in Table 3.3. The retail price index has eleven groups 
(see Table 3.1); only six are relevant to retail sales and of these, two 

TABLE 3.3 

RETAIL SALES, ESTIMATED PRICE INDEX, 1966-73 

Groups 
Miscel-

Alcoholic laneous Weighted 
Food drink Tobacco Durables Clothing goods average 

Weights• 
1971 48·6 3-2 6·9 11·8 16·9 12-6 100 

Pricest (1971 = 100) 

1966 74-3 79·7 87-2 79·2 83-1 70·7 77·0 
1967 76·2 82·1 87-2 80·5 84·5 71·5 18·5 
1968 79·2 83-2 90·6 83-6 85-8 78·3 81-6 
1969 84·2 89·2 97·8 87-4 89·0 83·2 86-4 
1970 90·0 94·2 98-4 93-1 93-6 89·8 91-7 
1971 100 100 100 100 100 100 100 
1972 108·9 104·1 100·7 103-8 107-3 105·6 106·9 
1973 125-3 107-5 101·9 109·8 117-3 108·5 117·8 

From Monthly Digest of Statistics (based on General Retail Price Index) 

• % distribution of 1971 weights of Retail Price Index; drink weight reduced 
by 75% and tobacco weight by 40%. 

t Group index numbers of Retail Price Index (Jan. 1962 = 100) switched to 
1971 =100. 

(drink and tobacco) are given reduced weights (roughly estimated). 
The group index numbers are used, the published figures (on Jan. 
1962 = 100) being switched by division to average 1971 as 100. The 
weighting of these price relatives into a price index appropriate to 
retail sales is don~ in Table 3.3, and the results transferred to Table 
3.4. Here the official calculation of the volume index, with the 
implicit price index to match, is compared with that obtained by 
deflation of the value series by the price index we have constructed. 
Both price index numbers are (broadly) of Laspeyres form, and both 
those of volume are of Paasche form. 
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The results are not very close. Generally, the reconstructed price 
index runs ahead of that implied in the official calculations. Equally, 
the volume index as got in our calculations runs below the official 
index of volume. The comparison, however, is not too bad in the 

TABLE 3.4 

RETAIL SALES BY VOLUME, 1966-73 

Published Estimated (Table 3.3) 
Value Volume Implied price Price Implied volume 

Index index index index: (1)/(2) index index: (1)/(4) 
(1971=100) (l) (2) (3) (4) (5) 

1966 72·7 92-8 78·3 77·0 94·4 
1967 75-3 94·6 79·6 78·5 95-9 
1968 80·4 97-2 82·7 81-6 98·5 
1969 84·9 97-3 87-3 86·4 98·3 
1970 91-4 99·0 92-3 91·7 99·7 
1971 100 100 100 100 100 
1972 112·0 105-8 105·9 106·9 104-8 
1973 126·9 110·7 114·6 117-8 107·7 

From Trade and Industry and Table 3.3 

sense that the general movements from year to year broadly cor­
respond. The conclusion is that the kind of reconstruction shown in 
Table 3.3 is too rough to give results which are at all precise. If 
there is no alternative, the exercise may be worth while in disclosing 
the general changes from year to year. 

3.4 The Use of Price Quotations 

The price collection made monthly by the Department of Employ­
ment, for the index of retail prices, includes some hundreds of price 
quotations obtained for each food item in the index and from a 
variety of shops in 200 areas of the country. The Department 
publishes monthly in its Gazette the averages of the actual prices 
obtained, in pence per unit, for a list of food items which is extensive 
but not comprehensive. Appendix Table A2 shows these average 
prices for particular food subgroups: dairy produce, fruit and 
vegetables. 

As an exercise in reconstruction, we can calculate a price index 
for each of the subgroups by combining price relatives from Table 
A2 with section weights of the retail price index. The latter are the 
subgroup weights given in Table AI, but in more detail. The results 
can be compared with the published subgroup figures to see hov 
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near we get. It is not an idle exercise since we may be driven to use 
this kind of calculation to supplement the official index numbers as 
published. We may, for example, be able to discover something of 
the make-up of a subgroup index, to see whether this item or that is 
mainly responsible for price movements over a particular period. 

At the outset, we should note two differences between our re­
construction and the actual computation of the retail price index. 
One is the incidence of incomplete data (as examined briefly in 1.7 
above) since the price quotations represent only a partial and a 
somewhat biased coverage of all the food items in the index. The 
other is that we are compelled to use a substitute estimator of price 
relatives. The official price relative for one item (e.g. Danish butter) 
is got first by writing a price relative (ratio of prices) for each indi­
vidual quote obtained and then by averaging over all quotations. In 
our exercise, we get the price relative (e.g. for Danish butter) by 
taking the ratio of average prices at two dates. The difference is 
between the average of price ratios and the ratio of price averages. 
There is a case to be made out for the ratio of averages (see 7.1) 
but it happens not to be the estimator used in the official index. 

Subject to these limitations, we proceed to the first stage in the 
exercise, the estimation of price relatives written from the average 
prices of Appendix Table A2. This is shown in Table 3.5. The means 
are taken for the items which fall in the various sections of the 
official index, i.e. two kinds of butter, two kinds of margarine, one 
lard quote, and so on. These means are transferred to Table 3.6, in 
which are also entered the published section weights of the official 
index. The weighting of the price relatives is carried through to 
produce estimates of the subgroup index numbers. 

For example, in January 1972 on January 1971 as 100, the sub­
group index numbers for butter, etc. and for milk, cheese, eggs are 
got from sums of products divided by sums of weights: 

1,512·2 137 5 M"lk h 4,012·7 Butter, etc. --= · ; 1 , c eese, eggs ---= 108·5 
11 37 

These calculated index numbers are inserted in the relevant sub­
group rows of Table 3.6. Other subgroup index numbers are obtained 
similarly, as are the index numbers for dairy produce and for fruit 
and vegetables, each the amalgamation of two subgroups. 

The results of the exercise are displayed below in comparison 
with the published index numbers. The latter come from Table 3.2, 
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with subgroup index numbers also combined in pairs by use of the 
relevant weights. 

Milk, All All 
Butter, cheese, dairy Veget- fruit and 

Index Date etc. eggs produce Fruit abies vegetables 
From price quotations 
Jan. 1971 
=100 Jan. 1972 137·5 108·5 115-1 120·1 105·9 110·7 
Jan. 1972 July 1972 90·2 91-3 91·0 109·1 123-9 118·7 
=100 Jan. 1973 82·6 101·3 96·4 130·3 115·0 120·4 
Jan. 1973 July 1973 99·6 107·1 105·5 117-7 118·7 118·4 
=100 Jan. 1974 116·0 121·8 120·5 102-6 120·6 114-1 

As published 
Jan. 1971 
=100 Jan. 1972 138·3 114·9 120·2 113·'7 107-1 109·4 
Jan. 1972 July 1972 91·0 92-6 92·2 106·0 113-8 11H 
=100 Jan. 1973 8H 101·9 96·9 118·0 112·6 114·5 
Jan. 1973 July 1973 100·7 106·7 105-4 118·5 118-1 118·2 
=100 Jan. 1974 114·3 122-4 120·6 119·7 119-1 119·3 

The comparison shows up one success and one complete 'flop'. 
The index for butter, etc. is closely reproduced, with differences 
little more than 1 % at their greatest; the price quotations appear to 
provide adequate coverage. The index for milk, cheese, eggs does 
equally well after January 1972, due in no small part to the stability in 
the price of milk, but is far too low in January 1972. The same holds 
for the combined dairy-produce index. On the other hand, the attempt 
to reconstruct the published index for fruit and vegetables from the 
price quotations, available and selected for the purpose, is a failure. The 
coverage of price quotations is inadequate, omitting such diverse items 
as most seasonal vegetables and all canned or dried fruit and vegetables. 

The exercise is just good enough to disclose the influence of some 
particular items within the broad movements of prices of subgroups. 
A dominating factor is clearly the rise and fall of butter prices in the 
period. Another factor is the opposed movement of prices of tom­
atoes, low in July when most vegetables are dear. In any case, the 
dispersion of the price relatives of vegetables in the summer (July) 
is so great that the price index for vegetables must be regarded as 
uncertain if not unstable then. 

3.5 Aggregative Index Numbers: Some Practical Problems 

No calculations have yet been made of price and/or quantity index 
numbers as ratios of value aggregates. For this, matching price and 
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quantity data are needed, or at least matching quantity and ex· 
penditure figures. An attempt is now made to make use of such data 
for retail prices and consumption. At the same time the effects of 
imperfections in the data are shown up: specifically, incomplete data 
from a single source, and non-comparable material drawn from 
different sources. 

The data used are again for the food subgroups considered in 3.4. 
The main source is the National Food Survey (NFS) based on an 
annual sample of some 8,000 households making weekly returns on 
food consumption and expenditure. The results are published in 
annual reports by the National Food Survey Committee for the 
Ministry of Agriculture. To limit the scope ofl the calculations, and 
to show results for a smaller group than so far examined, a group 
of low-income pensioner households, distinguished in the survey, 
is selected for the exercise. These are, in fact, the main group ex­
cluded by the lower cut-off point of the 'index' families for the retail 
price index. Other groups are picked up in 3.6. 

The period of the comparison needs close specification. The 
returns of the NFS each relate to one week but they are spread 
throughout the year. It is possible to average the returns to obtain 
results, not only for years, but for shorter periods, taken in the 
NFS down to quarters. The comparisons here are over the period 
from 1968 to 1972 and 1973, and data for the first quarter of each 
year are used. 

As supplementary data, the average price quotations published by 
the Department of Employment are available for use, as in 3.4, 
but taken over the longer period from 1968. It is convenient to 
continue to take prices in January, in each of the years 1968, 1972 and 
1973. This is not a precise matching of data but it is not unreason­
able to relate consumption in the first quarter to January prices. 

The source data used are given in Appendix Table A2 for price 
quotations and Table A3 for NFS material. 

The calculations of aggregative index numbers of price and 
quantity should be based on comparable data taken from one source 
only, the NFS data. The difficulty is that the data are incomplete 
since they lack any information on actual prices paid by the families 
making returns. Indeed it would not be a practicable proposition to 
attempt to get prices quoted and paid, in all their variety, in a 
household survey. The problem is not an unusual one and a further 
example of it is examined in 3. 7. 
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One way out of the difficulty is to use a substitute estimator for 
prices: unit values obtained for each item by dividing expenditure 
by quantity bought or consumed. These are shown in Table 3.8 for 
the NFS data. The money expenditure does correspond to the 
quantity, being obtained from a single set of returns, and the ratio 
is a surrogate for average price and in the same units (e.g. pence 
per lb ). But changes in unit values are imperfect and often biased 
estimators of price changes. This is because unit values change, not 
only when the consumer has to pay a different price, but also when 
he switches his purchases between the various grades, brands or 
qualities available to him on the market. So the unit value of con­
sumption of margarine, in pence per lb, even when calculated for 
only one family, reflects two things. One is the price as stamped on 
a particular brand of margarine; the other is the way in which the 
family distributes its purchases between different brands. All price 
quotations could remain unchanged and yet unit value can increase 
as a consequence of a switch of purchases from cheaper to more 
expensive brands of (presumably) better quality. Unit values are to 
be used for prices with due caution, and index numbers calculated 
from them are to be carefully labelled as such. 

A second way out of the difficulty of the lack of prices in the NFS 
data is to import price quotations (Table A2) to match as far as 
possible the quantities consumed as given in the NFS material. This 
is done in Table 3.9. A new difficulty now arises, that the prices are 
those paid by consumers generally and not specifically by low­
income pensioners. There is, moreover, the practical difficulty that 
the NFS data are given in a rather coarse classification of com­
modities (e.g. all fruit) so that we need to get round our general 
ban on averaging heterogeneous prices. The limited departure from 
rectitude forced upon us is to take the means of price quotations in 
some 'mixed bags' of commodities in the NFS groupings. It is 
clearly a pretty rough job. 

As a check on these two attempts at a solution of the problem, 
and as a fall-back in case both fail, we revert to the equivalent 
weighted-average form of index. In effect here we give up the 
quantities, provided by the NFS data on consumption of low-income 
pensioners, as impossible to match with prices. Instead we use the 
NFS to provide only the expenditures of these households, the basic 
weights of our index number to be applied to price relatives showing 
changes in prices over time as given by the supplementary data on 
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price quotations. This is an example of a commonly used practice of 
calculating a price and/or quantity index by getting relatives from a 
special collection of prices and/or quantities and by weighting them 
with expenditures picked up from another source. This procedure, 
followed in the retail price index as in other official index numbers, 
is much less influenced by the coarse classification of expenditures 
by commodities as long as the prices and/or quantities come in fine 
and accurate detail for the calculation of the relatives. This is so if 
only because of Bowley's result on errors in weights (1.7). 

The weighted-average calculations are carried out in Table 3.10. 
The work, however, is set out in such a way that the various (direct 
and cross) value aggregates are estimated for comparison with the 
corresponding aggregates of Tables 3.8 and 3.9. It is only a matter 
of keeping separate the numerators and denominators of the weighted 
averages. 

In tabulating the calculations of the index numbers, adopt a 
convenient algebraic notation for prices and quantities and hence for 
value aggregates. The periods used in the exercise are the first 
quarter (in NFS data) or January (price quotations) of each of three 
years indicated by a subscript: 

1968: subscript 0; 1972: subscript 1; 1973: subscript 2 

So p0, Pt> p 2 are the prices of an item, and q0, qt> q2 the quantities 
consumed, at the three dates. Value aggregates are then written in 
the usual notation; for example, "'i.p2q0 is the aggregate of the 1968 
quantities at 1973 prices. 

The first task is to assemble the material on price quotations in 
the form needed for Tables 3.9. and 3.10. This involves taking the 
means of prices (in d per unit) for multiplication by NFS quantities 
(Table 3.9) and for writing price relatives (% of January 1968) 
to which NFS expenditure weights are applied (Table 3.10). One 
small but troublesome difficulty is to be noticed. In NFS data, the 
subgroup butter, etc. is shown in some detail in the quantities 
consumed but only in total in expenditure (except in 1973). Hence 
Table 3.9, in which only quantities are taken from the NFS, is in 
more detail than the other two. To match this, the means of prices 
are to be shown in detail for butter, etc., but the price relatives only 
for the subgroup. The calculations are given in Table 3.7. 

The three separate exercises in estimating value aggregates, from 
which index numbers can later be derived, are now set out in sue-
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cessive tables. The first is Table 3.8 making use only of NFS data on 
an entirely comparable basis. Here the classification is necessarily 
coarse, and unit values need to be used as substitutes for prices. For 
both reasons the index numbers of price and quantity to be got 
from the calculations are less accurate than we would like them to be. 

The second exercise is done in Table 3.9 in which the price means 
are lifted from Table 3. 7 and applied to NFS quantities on con­
sumption. The data are in more detail in the butter, etc. subgroup 
and the NFS quantities are converted to different units in order to 
match the prices. The weakness of the calculation lies mainly in the 
non-comparable data used and also in the fact that price means 
need to be taken for 'mixed bags' of commodities. 

The last exercise is a weighted-average caiculation, NFS ex­
penditure weights being applied to price relatives from Table 3.7. 
It is laid out in Table 3.10 in such a way that estimates of value 
aggregates are obtained rather than their ratios as weighted averages 
The actual index numbers are derived later when the results of all 
three exercises are assembled. Meanwhile, it is important to be clear 
how the aggregates ofTable 3.10are to be interpreted in the weighted­
average context. Consider the base-weighted price index in 1972: 

~WP1 
'L.Ptq0 °/i;, sum of col. (1) x (4) 
L.P~o = L,w0 = sum of col. (1) 

and the corresponding current-weighted form };p1q1/2.p0q1 as the 
reciprocal of: 

""wPo "" /P1 
};p~1 L. 1i;, L.wl p0 sum of col. (2)/(4) 

l.P1q1 = 2.w1 = '2.w1 = sum of col. (2) 

The four aggregates in these two ratios are shown separately in 
Table 3.10. They serve equally to give the quantity index numbers 
to match the price forms. It is to be noticed that one cross-valuation, 
'L,p1q0, is estimated simply by applying the price relatives of col. (4) 
to the weights of col. (1). The other cross-valuation could be esti­
mated equally simply by writing a new column of price relatives 
p0/p1 as the reciprocals of the relatives of col. (4) and applying them 
to the weights of col. (2). It saves time and space to achieve the same 
result by dividing the weights of col. (2) each by the price relative 
P1/Po already written in col. (4). 

The results of the three exercises are assembled in the value 
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matrices of Table 3.11. There is one matrix for the subgroup dairy 
produce and another for the subgroup fruit and vegetables, and 
each pair is estimated by each of the three methods of Tables 3.8, 
3.9 and 3.10. The matrices are of order 3 x 3 since three dates are 
compared. 

TABLH3.12 

INDEX NUMBERS, LOW-INCOME PENSIONER HOUSEHOLDS, 
1968 AND 1972-3 

Unit value or 
First quarter index Price index Quantity index 

Cases: (First quarter Base- Current- Base- Current-
table 1968=100) weighted weighted weighted weighted 

Dairy 3-8 1972 139·4 139·6 97·8 97·9 
Produce 1973 130·8 131·1 101-4 101·7 

J.9 1972 137-9 137·2 95·1 95-3 
1973 131·7 132·2 100·3 100·6 

3·10 1972 136·1 135-8 100·5 100·2 
1973 132-7 132·3 100·6 100·2 

Fruit and 3-8 1972 119·3 119·5 103-2 103-4 
Vegetables 1973 129·7 129·3 107·4 107-1 

3-9 1972 118·5 118-4 102·7 102-6 
1973 135·7 135-6 108·1 108·0 

3·10 1972 117·2 117·0 105-4 105·2 
1973 139·1 139·1 99·9 99·9 

From Tables 3.8, 3.9, 3.10 

The computational procedure of 2.4 is applied to each value 
matrix to give index numbers of price and quantity in Laspeyres and 
Paasche forms for the first quarter of 1972 and 1973 with the first 
quarter of 1968 as 100. One numerical example serves to illustrate 
the procedure. The whole complex of index numbers is shown in 
Table 3.12. As the example, take index numbers for dairy produce 
on the method of Table 3.8, got from the top left-hand matrix of 
Table 3.11. The two base-weighted (Laspeyres) index numbers come 
by division of entries in the first column of the matrix for unit value 
and in the first row for quantity: 

Laspeyres index (first quarter 1968 = 100) 
First quarter: 

1972 

1973 

Unit value 

lSJ-66 100 = 139·4 
110·26 

144·18 
110·26 100=130·8 

Quantity 
107-79 
110·26 100 = 97-8 

111-84 
110·26 100=101-4 
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The corresponding current-weighted (Paasche) forms come from the 
division of a diagonal entry in the matrix by the matching entry in 
the first row for unit value and in the first column for quantity. 

Paasche index (first quarter 1968 = 100) 
First quarter: 

1972 

1973 

Unit value 

150·43 100 = 139-6 
101-79 

146·65 100 = 131-1 
111·84 

Quantity 
150·43 
153-66 100= 97-9 

146·65 
144·18 100=101·7 

One incidental point can be noticed. If the object is to get index 
numbers all on one base date as 100, as in the numerical example 
above, then the whole of the 3 x 3 value matrix is not used. The 
entries in the middle of the last row and column are the cross­
valuations 2,p2q1 and 2,p1q2, neither being needed. These entries may 
be left blank as in the matrices on the last two methods in Table 3.11. 
To illustrate the fact that the entries can be computed if needed, 
they are obtained in Table 3.8 and included in the matrices on the 
first method in Table 3.11. It is from these entries that index numbers 
relating the first quarter of 1973 to that of 1972 are to be derived. 
They are not given explicitly here since they are incidental in the 
present exercise. 

Table 3.12 is intended to illustrate different methods of getting 
approximate estimates of index numbers from data which are im­
perfect in some respect or other. Any choice between the methods 
depends a good deal on whether or not unit values are acceptable 
as surrogates for prices. If a group of commodities varies little in 
composition and quality over the time period considered, then unit 
values change in much the same way as prices and there is no 
problem. The difficulties arise when there are considerable shifts in 
the make-up of a commodity group. To fix ideas, suppose that 
prices and quantities are measured in a physical unit such as lbs, 
that both are increasing over time and that there is also an improve­
ment in the average quality, in that purchases include an increasing 
proportion of items of higher quality (e.g. more of the better brands 
of margarine costing more per lb). A 'pure' price index, based on 
price quotations with given weighting, must then go with a quantity 
index which uses not only the physical units (lbs) but also reflects 
the quality improvement. On the other hand, a unit-value index, 
which matches a quantity index based on physical units (lbs), will 
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reflect quality changes as well as 'pure' price movements. The 
question is: which index, that of price or that of quantity, should 
reflect the fact of improvement in quality? 

So, if it is acceptable for us to group quality changes in with price 
movements, then the first method of Table 3.8 is to be preferred 
with its advantage of using matching data from one source. But it 
may well be that it is the quantity movements which should include 
quality changes (e.g. in assessing the standard of living). Then the 
NFS data need to be supplemented by the (strictly) non-comparable 
price data to permit the second or third method to be used in esti­
mating a price index as opposed to one of unit values. 

For fruit and vegetables there is little choice. An earlier analysis 
(3.4) discloses that the particular price quotation.s available for the 
present exercise are quite inadequate for the purpose. It is a matter 
of accepting the unit-value method or nothing. For dairy produce, 
there is an effective choice since the price quotations are reasonably 
adequate for the job. Of the two price index numbers, there is little 
doubt that the weighted-average method of Table 3.10 produces a 
more reliable index with these coarsely classified data. There is a lot 
to be said for the standard practice of averaging price relatives with 
expenditure weights; it avoids the problem of trying to match 
quantities and actual prices averaged over a 'mixed bag' of items. 
From 1968 to 1972 the index numbers appear to tell a consistent 
story: an increase of about 36% in 'pure' prices, and a larger increase 
in excess of 39% in unit values with a considerable quality improve­
ment swept in. Unfortunately the results for the comparison of 1968 
with 1973 do not follow this pattern; either we must accept that there 
has been a quality deterioration after 1972, or errors in the data 
are clouding the issue. 

Though substantive results cannot be expected from this exercise, 
some comments are in order on what the index numbers show. One 
observation is clear enough; in this material over a five-year period 
all the base-weighted (Laspeyres) forms are quite close to the current­
weighted (Paasche) forms. While this cannot be relied upon com­
pletely, even in the short period, it does illustrate the fact that close 
agreement between the two forms is often found. We must not 
exaggerate the difference between the Laspeyres and the Paasche 
index. We need quite a large shift in weights (relative expenditures) 
to get a significant difference. It can happen, but not often, in the 
short run; it must be expected to arise as time goes on. Further, 
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with the two forms close together, the expected bias (here that the 
Laspeyres form exceeds the Paasche) will also be small and swallowed 
up in the imperfections of, and errors in, the data. So it is here; 
Table 3.12 shows sometimes the Laspeyres form and sometimes the 
Paasche as the larger. 

Another consequence of the closeness of the Laspeyres and 
Paasche forms is that there is close agreement between the alternative 
split of the change in expenditure into price and quantity com­
ponents by property (1) of 2.4 above. One illustration is enough: 
changes between 1968 and 1972 in dairy-produce expenditure by 
these pensioner families. Expenditure increases by 36·4% from 
110·26 (d per head per week) in 1968 to 150·43 in 1972, as shown in 
Table 3.11. The alternative splits of the expenditure change from 
Table 3.12 (price effect first): 

1·364 = 1·361 x 1·002 = 1·358 x 1·005 by the price method 
(Table 3.10) 

and 1·364 = 1·394 x 0·979 = 1·396 x 0·978 by the unit-value method 
(Table 3.8) 

Hence by rounding off percentage increases, we get the same 
results from the alternative splits. We can say without ambiguity 
that low-income pensioners increased their expenditure on dairy 
produce by 36!% from 1968 to 1972, almost all (36 %) being due to a 
price increase, leaving very little (not more than t %) for an increase 
in real consumption including a quality improvement. If we throw 
the quality change with that in prices in the unit-value index, then 
the two together account for more than the expenditure change and 
real consumption excluding quality improvement has shown a 
slight decline. 

3.6 Retail Price Index: Pensioner Households 

Following recommendations by the Cost of Living Advisory Com­
mittee (1968), the Department of Employment has calculated 
separate index numbers of retail prices since 1969 both for one­
person and for two-person pensioner households. These households 
have three-quarters or more of their income from pensions and, as 
such, are excluded from the group of 'index' families for the general 
index of retail prices. The new index numbers are designed to match 
the general index; they are published quarterly (not monthly) and 
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they are again chain-based on January 1962 as 100 with weights 
estimated from average expenditures of the relevant families, as 
obtained from the Family Expenditure Survey. They differ only in 
one main particular: the housing group of prices is excluded. This 
is because rents of pensioner households are commonly paid as a 
supplement to their pensions .. The index numbers have a direct 
application in an assessment of the level of pensions. 

A quick comparison is made here between the published index 
numbers for pensioners and the general retail price index. For this 
purpose, housing is excluded from the general index on the method 
displayed at the end of 3.2: 

RETAIL PRICE INDEX IN FIRST QUARTER 

January 1962 = 100 1972 1973 
1971 1972 1973 (1971 =100) (1972=100) 

Pensioner households: 
One-person 148·5 162·5 175-3 109·4 107·9 
Two-person 148·4 161·8 175-2 109·0 108·3 

General index: 
All items 147-9 159·7 172-4 108·0 108·0 
All except housing 146·0 157-4 168·7 107-8 107-2 

The year-to-year changes shown are obtained by division of the 
index numbers on January 1962; they are between first quarters in 
the respective years. The two pensioner index numbers are quite 
close to each other but over time they have diverged upwards from 
the general index (excluding housing). This is mainly because 
pensioners lay out their budgets in different proportions, with 
different weighting in the index numbers calculated for them. It is 
also partly because they pay different prices and face different price 
movements over time. 

Each official pensioner index is published in disaggregated form 
only to the group level and, even then, only once a year. The weights 
of the index numbers are, however, given in more detail, and ·some 
light - although not enough - can be thrown on the influence of the 
factors making for differences between pensioner and general index 
numbers. If we assume away differential price movements (though 
not differential price levels) i.e. if we assume that prices paid by 
pensioners move on average as prices generally, we may apply the 
different sets of weights to the general subgroup index numbers of 
retail prices (Table 3.2). The calculations are for two-person pen­
sioners and general families, and for the block of four subgroups 
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making up dairy produce, fruit and vegetables, as shown in Table 3.13. 
Look first at the effect of the differential weighting within this 

food block on the price index, i.e. the influence of the fact that 
pensioners devote more of their budget to purchases of dairy produce 
than of fruit and vegetables. Calculate a price index for the four 
subgroups taken together as, for example, the pensioner index in 
January 1972 (Jan. 1971 = 100): 

17,936 =116·5 
154 

Putting all such index numbers together, we have: 

PRICE INDEX: 
DAIRY PRODUCE, FRUIT AND VEGETABLES 

Index Date Two-person pensioners General index 
Jan. 1971 
=100 Jan. 1972 116·5 115·5 
Jan. 1972 July 1972 99·1 99·9 
=100 Jan. 1973 103-2 104·2 
Jan. 1973 July 1973 11M 111·3 
=100 Jan. 1974 120·0 120·0 

The main effect is that arising from the larger relative weight for 
dairy produce in pensioner budgets. It happens that the prices of 
dairy produce, notably butter and cheese, rose rapidly to early 1972 
and then either fell or tapered off. The pensioner index was pushed 
up above the general index in January 1972 and then fell rather 
more rapidly than the general movement in 1972 and 1973. 

The second effect to look for arises because this block of food 
purchases looms much larger (by more than 50%) in the pensioner 
budget as a whole. The result is that a high price index (as in January 
1972) for these foods carries through and pushes the pensioner all­
items index above that for the general 'index' families. Indeed, the 
price index for all items (except housing) rose from January 1971 to 
January 1972 by 9% for pensioners and by a little below 8% for 
general families. (These figures are given above for a comparison 
from first quarter to first quarter; they are about the same from 
January to January.) We can pursue a little further on observing 
that, with total weights set at 1,000, each all-items index can be 
analysed into subgroups a, b, c, .... 

L~E!=2:~Pl+2:~Pl+L~Pl+ ... 
1,000 Po 1,000 Po 1,000 Po 1,000 Po 

a 
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The sums on the right, for subgroups, are given by the figures (all 
divided by 1,000) in the 'products' columns of Table 3.13 if carried 
all the way down to the all-items total. We may, therefore, pick out 
the contribution to the all-item (excluding housing) index of par­
ticular subgroups by taking the relevant sum of products (divided 
by 1,000). In January 1972 (Jan. 1971 = 100), the pensioner index of 
109 has a contribution from dairy produce, fruit and vegetables of 
17,936/1,000 = 17·9. The corresponding contribution in the general 
index is 11,260/1,000 = 11·3 to an all-items figure of under 108. These 
foods more than account for the difference between the pensioner 
and the general index. In terms of price movements, all the other 
groups and subgroups must balance out, with a little in favour of 
the pensioners. 

The published index numbers for pensioners are temporal indices, 
i.e. they show price changes over time for each group of pensioners 
separately. In first quarter 1972, for example, the price rises from 
January 1962 for all items (except housing) are 62·5% for one­
person pensioner households, 61·8% for households of two pen­
sioners and only 57·4% for the general run of 'index' families. What 
is important here is that such figures say nothing about the level of 
prices paid by pensioners in comparison with other families. We 
know that prices are rising faster for pensioners but not whether 
they are higher or lower than prices paid by others. The index 
numbers are not inter-group indices; they do not show- whether or 
not pensioners are paying higher prices than other households. 

It remains to examine here the way in which non-temporal index 
numbers are constructed. The illustration below relates to inter­
group indices; it continues and completes the analysis above by 
comparing the level of prices paid by one group of households with 
those paid by other groups. Of even more interest are inter-regional 
indices comparing price levels between one region or area and 
another. The Retail Prices Index Advisory Committee (1971) has 
made some specific proposals in this direction. There is, first, a quite 
conventional proposal that temporal index numbers should be 
constructed region by region. They would show, for example, 
whether London prices are rising faster than Scottish. The second 
and more experimental proposal is that inter-regional index numbers 
should be designed and computed to compare the level of prices, at 
one and the same date, in one region in comparison with another. 
It is such an index which would show (e.g.) whether and by how 
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much London prices are higher than those in Scotland. 
These proposals are not yet implemented. Meanwhile the nature 

of the problem of the construction of non-temporal index numbers 
can be illustrated quite well in the inter-group case. 

The data used in the illustration are quantities and unit values 
from NFS material, analysed exactly as in Table 3.8 but limited (for 
convenience only) to dairy produce. The difference is that consump­
tion and prices paid (unit values) are compared, not for three dates, 
but for three income-groups of families. Low-income pensioners are 
again taken and for comparison, two higher-income groups. These 
are specified in Table 3.14 which sets out the calculations for the 
first quarter of 1972 and then, as a repeat exercise, for the first 
quarter of 1973. All prices are now in new pence. 

The base year of a temporal index is selected mainly on grounds 
of convenience. There is even less to guide the selection for an 
inter-group index; it is quite immaterial which of the three groups 
A, Band C of Table 3.14 is the 'base' of the index and which are 
left to be treated as 'current' situations. One group is to be compared 
with another as regards the level of prices paid and in all possible 
combinations. Since some selection must be made, the groups B and 
C are taken here in comparison with the pensioner group A as 
reference base. 

It is by no means evident in general terms in which direction 
prices paid vary from low-income to high-income families. Pen­
sioners and other low-income groups may pay lower prices since 
they need to economise, but equally they may pay higher prices in 
view of the small quantities they purchase. The answer to the 
question of how the balance is struck, at least for prices of dairy 
produce, is to be sought in data such as those of Table 3.14. 

All possible aggregates, both direct valuations such as "i.Paqa and 
cross-valuations such as "i.Paqb, are calculated and arranged in two 
value matrices of order 3 x 3, one for each of the two dates taken: 

VALUE MATRICES, p PER HEAD PER WEEK 

Dairy produce 
Unit values paid 

by group: 
A 
B 
c 

First quarter 1972 
Quantities consumed by: 

A B C 

62-68 
60·50 
65·10 

59·75 
57-66 
62·04 

64·75 
61·31 
65-89 

First quarter 1973 
Qua11tities consumed by: 

A B C 

61-10 
60·06 
63-14 

55-43 
54· 50 
57-33 

56·85 
55·86 
58·75 
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The comparison which might seem the most rewarding, and the 
one pursued here by way of illustration, is that between the high­
income group C and the pensioner group A. In fact, the middle­
income group B may be more interesting since a close reading of 
the value matrices (as done later in 4.7) shows that this is the group 
paying the lowest prices and with the smallest consumption per head. 
But to proceed with the illustration, write price and quantity index 
numbers from the value matrices: 

INDEX NUMBERS, HIGH-INCOME GROUP C, 
PENSIONER GROUP A=100 

First quarter 1972 
Weights of group 

First quarter 1973 
Weights of group 

Dairy produce A C A C 

Unit values (prices) 
Consumption (quantities) 

103-9 101·8 103-3 103-3 
103-3 101·2 93·0 93·0 

The price index which can be described as of Laspeyres form is that 
with group A quantities as weights: 

P ( )=~pcqalOO= 65'10100=103·9' 1972 
ac qa LPaqa 62·68 m 

and = 63 '14100=103·3 in 1973 
61-10 

while the corresponding Paasche form has group C weights: 

"i.P cq c 65·89 . 
Pac(qc) = "i.Paq}OO = 64.75100 = 101·8 m 1972 

58·75 . 
and =--100 = 103·3 m 1973 

56·85 

There is a fair spread between the Laspeyres and Paasche forms in 
1972 but they are so close in 1973 that they agree within one decimal 
place. 

What is clear in each of the two periods is that the high-income 
families tend to pay higher prices for butter, margarine and other 
dairy produce than do the pensioners. The difference is quantified; 
it is of the order of 3 %. It is less clear what can be concluded about 
relative levels of real consumption per head. High-income families 
are generally larger than those of pensioners; though they spend 
more per family, this is not necessarily so per head. The difference 
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between money expenditures per head is shown by the ratios: 

Vac = ~~:::100 = :~:::100 = 105·1 in 1972 

58·75 . 
and= 61-10100=96·2 m 1973 

The high-income families appear, perhaps only by the accident of 
the particular data collections, to spend more on dairy produce per 
head in one period and less in the other, than do pensioners. The 
differences are carried through to the quantity index numbers 
measuring real consumption per head: about 3% one way in 1972 
and 7% the other way in 1973. There is no evidence here of a 
continuing difference in spending per head on dairy produce. 

3.7 Aggregative Index Numbers: External Trade 

The block of data in Appendix B relates to the Gross Domestic 
Product (GDP) and its components as given for the U.K. in the 
annual publication on National Income and Expenditure (Central 
Statistical Office) usually described for short as the Blue Book. In 
addition, runs of quarterly data are published in Economic Trends 
and particularly long runs are shown in each October issue of this 
monthly journal. 

The most convenient starting point in the analysis of GDP is by 
categories of expenditure at current prices (Appendix Table B2). 
Such broad aggregates are built up from a mass of data; they are 
the end-product of estimation in very fine detail. To illustrate, take 
two of the entries written in Table B2 as the difference: exports less 
imports of goods and services. The underlying data on external 
trade in merchandise - the goods as opposed to the services in the 
aggregate - are the definitive estimates published in the Annual 
Statement of the Overseas Trade of the U.K. It is enough to illustrate 
with one particular section of trade, and Table Bl relates to imports 
and exports of fuels in Section 3 of the Standard International Trade 
Classification. British practice is now to collect (through H.M. 
Customs and Excise) and to publish (by the Department of Trade) 
all overseas trade statistics on the general system of recording in 
which imports comprise all goods brought in, whether for home usc 
or for re-export, and exports similarly include re-exported mer­
chandise. There is a certain lack of precision in dating the figures of 
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imports and exports arising from the administrative drill adopted 
by Customs, and some of the trade recorded in one month may well 
have been in ships arriving or departing in earlier or later months. 
These 'rough edges' to the data are much less troublesome in annual 
as opposed to monthly data. As Table Bl shows, each item of trade 
is given by quantity in specified units and in a valuation which is c.i.f. 
(cost, insurance, freight) for imports and f.o.b. (free on board) for 
exports. Quantities are not available, and only values recorded, for 
some of the more heterogeneous items. It happens that Section 3 of 
S.I.T.C. is free of such items: where they arise it is necessary to make 
the adjustments described in Allen (1953). 

Since overseas trade statistics are recorded only by quantity and 
value, they provide a leading example of the use of unit values as 
substitutes for prices. Unit values for imports and exports are subject 
to exactly the same limitations as in the National Food Survey data 
of Table 3.8; they reflect not only movements in prices but also 
changes in the mix of trade in the various groups of commodities 
comprised within one item. Table 3.15 shows the recorded quantities 
alongside the unit values got by division of values by quantities 
item by item. For example, the unit value of imports of motor 
spirit is £90,689,000 divided by the tonnage of 7,531,000, or £12·042 
per ton in 1970; unit values in the two later years are similarly 
obtained. The increase to £13·561 in 1971 and to £14·218 in 1972 
must reflect some price increases but also shifts in the proportions 
of the various grades and octane ratings of motor spirit imported. 
There is one case where such shifts affect the figures badly: imports 
of coal and coke. Sometimes (as in 1970) only special grades at high 
prices are imported; at other times (as in 1971 and 1972) a good deal 
of more ordinary coal is brought in for special reasons and the unit 
value falls. In 1970 the unit value was above £12 per ton, falling to 
around £10 per ton in the following two years. The occasional 
appearance of such freak figures is one of the penalties for using unit 
values as surrogates for prices. 

Index numbers of unit value (price) and of volume (quantity) are 
derived in both Laspeyres and Paasche forms from the data of 
Table 3.15 by means of the calculations of Table 3.16, as sum­
marised in the 3 x 3 value matrices of Table 3.17. The direct valua­
tions such as ZPrllo appear in the leading diagonals of the matrices 
and simply reproduce the recorded values. The cross-valuations such 
as ZPrllt are in the off-diagonal slots in the matrices and these are 
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computed for index-number purposes. Imports of fuels are domin­
ated by one large item subject to unusual price/quantity changes. 
Imports of the item, crude petroleum, increased in 1971 despite 
sharp price rises and then fell back in 1972. Similarly, though re­
exports of crude petroleum are not large, they were increasing and 

TABLE 3.17 
VALUE MATRICES, EXTERNAL TRADE IN FUELS, 1970-2 

Values (£mn) 
at unit values of· 

Total trade 1970 
1971 
1972 

Total excl. 1970 
crude petroleum 1971 

1972 

Imports 
Quantities of· 

1970 1971 1972 
944-8 1033-7 1031·0 

1157-6 1246·6 1236·4 
1162·4 1255·1 1241-6 

257·9 
284·8 
279·5 

302·0 
316·9 
314·7 

319·9 
332·8 
327·6 

Exports 
Quantities of· 

1970 1971 1972 
206·8 210·1 211-6 
231·5 236·3 236·7 
234·3 238·9 238·6 

198·8 199·7 190·4 
224·0 226·4 216·7 
226·6 228·7 218·0 

From Table 3.16 

at fluctuating prices between 1970 and 1972. Subsequent years show 
even more erratic changes following the oil crisis of 1973. For these 
reasons the value matrices are given in Table 3.17 with and without 
crude petroleum. 

Table 3.18 sets out the index numbers derived from the value 
matrices, again with and without crude petroleum. The inter­
pretation proceeds more easily with crude excluded. Take exports, 

TABLE 3.18 
INDEX NUMBERS, EXTERNAL TRADE IN FUELS, 1970-72 

Unit-value (price) index Volume index 
Index Numbers Base- Current- Base- Current-

(1970=100) weighted weighted weighted weighted 
Total imports 1971 122·5 120·6 109·4 107-7 

1972 123·0 120·4 109·1 106·8 

Total imports excl. 1971 110·4 104-9 117-1 111·3 
crude petroleum 1972 108·4 102-4 124·0 117·2 

Total exports 1971 111·9 112-5 101·6 102-1 
1972 113-3 112-8 102-3 101·8 

Total exports excl. 1971 112·7 113-4 100·5 10H 
crude petroleum 1972 114·0 114·5 95-8 96·2 

From Table 3.17 
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first, as showing Laspeyres and Paasche index numbers so close that 
a definite split of the value change into price and volume components 
can be written. The value of exports increased from £198·8 mn in 
1970 by 13·9% to £226·4 mn in 1971 but only by 9·7% to £218·0 mn 
in 1972. The index numbers of Table 3.18 show how the value 
increase in 1971 breaks into price and volume components: 1-14= 
1 ·13 x 1 ·0 1 , as ratios to two decimal places. The 14 % increase in 
value is almost all due to price increases, with only a small residual 
increase of 1% in volume. Similarly, in 1972, the value increase of 
9!% from 1970 is more than accounted for by prices (14!% increase) 
and volume fell off by 4%. 

The small rise of 1% in real exports from 1970 to 1971 and the 
subsequent fall by about 5% from 1971 to 1972 are measured by 
index numbers appropriately weighted by the distribution of exports 
by value. The data also give, by addition over the items, the total 
tonnage of exports of fuels (including gas and excluding only electric 
energy). A different picture emerges: 

1970: 22·7 mn tons; 1971: 21·6 mn tons; 1972: 21·4 mn tons 

These figures answer a different question: what are the changes in 
the tonnage shipped from year to year? And the answers are numeric­
ally different: a fall of 5% in shipping tonnage from 1970 to 1971 
when exports in real terms increased and an almost unchanged 
tonnage while real exports fell by some 5% from 1971 to 1972. 
Clearly the proportion of bulky items amongst exports of fuels was 
changing over the period. 

Finally for imports of fuels, excluding crude petroleum, there are 
considerable shifts in the pattern of trade, and in the prices obtaining, 
with the result that the Laspeyres and Paasche index numbers are 
not at all close. It is the Laspeyres index which is the greater, in line 
with the analysis of 2.7 and confirming the tendency of importers to 
switch purchases away from items which rise most in price. It 
follows that it is not possible to give a split of the value change 
which is at all precise. Only broad indications can be offered for 
movements in real imports and in import prices. It is clear, however, 
that there was a sharp increase in prices from 1970 to 1971 and a 
modest fall subsequently to 1972. Equally clear is the substantial 
rise in real imports of fuels (excluding crude), by some 15% from 
1970 to 1971 and by another 5% in the following year. This is a 
convenient summary of the position as it was before the interruption 
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of oil supplies and the large increases in prices which followed the 
Arab-Israeli war in October 1973. 

In the national accounts of the U.K., it is the practice to compute 
only one of the two sets of cross-valuations of the kind carried out 
in Table 3.16. It is the set of valuations of current trade at constant 
(base-year) prices which is obtained, giving a volume index in 
Laspeyres (base-weighted) form. The price index is then got by 
dividing the value change by the Laspeyres volume index, i.e. it is 
an implied index of Paasche form. As a result the 'heat' is taken off 
the use of unit values as substitutes for prices, and the constructions 
- though strictly involving unit values rather than price quotations -
are officially described as 'price indices' as in the 1973 Blue Book, 
Table 16. 

The results of Tables 3.17 and 3.18 can be rearranged to conform 
with official practice. Take exports as an illustration: 

EXPORTS OF FUELS 

1970 

(1) Value: at current prices 206·8 
(2) at constant (1970) prices 206·8 

(3) Volume: Laspeyres index 100 
(4) Price: implied Paasche index 100 

1971 
£mn 

236·3 
210·1 

1970=100 
101·6 
112·5 

1972 

238·6 
211·6 

102-3 
112-8 

Row (1) is the leading diagonal and row (2) is the first row of the 
relevant value matrix (fable 3.17). Row (3) scales row (2) to 1970 
as 100. Row (4) is the implied index got by dividing corresponding 
entries in rows (1) and (2). This is the standard layout followed 
below in presenting the components of real GDP. 

The aggregates written for fuels as one commodity group can be 
extended to all merchandise, the so-called 'visible' trade. They are 
on an overseas trade statistics basis, exactly as recorded by Customs 
on the traditional c.i.f./f.o.b. valuations. To bring them into line 
with the economic concepts of national income accounting, we need 
to convert them to a balance of payments basis by reduction of 
imports to the same (f.o.b.) values as exports and by making a range 
of coverage adjustments. Each month the Department of Trade 
converts the current-value aggregates of imports and exports from 
an overseas trade statistics to a balance of payments basis and 
proceeds to compute volume and unit-value index numbers on both 
bases. The volume index numbers are still of Laspeyres form, 
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giving an implied (Paasche) index for unit values. In addition, the 
Department computes a Laspeyres version of the unit-value index, 
using a selection of fairly homogeneous commodity items weighted 
with the base-year pattern of trade. The official description says that 
'as far as possible only those headings which cover a sufficiently 
homogeneous group of commodities for their unit values to move in 
much the same way as true prices are used in the calculation' 
(Monthly Digest of Statistics, Supplement, January 1974). Of the 
total value of trade (in 1961) this unit-value index covers 78% of 
imports and 62% of exports (Economic Trends, September 1963). 

The index numbers of Table 3.19 are of Laspeyres form both for 
volume and for unit values, base-weighted in each case on the 1961 
pattern of trade. Those on a balance of payments basis are available 
only from 1969 but they can be compared with the older runs on the 
overseas trade statistics basis over the four years 1969-72. The runs 
are much the same for unit values but the volume index is rather 
lower on the balance of payments basis. Table 3.19 also shows 

TABLE 3.19 
LASPEYRES INDEX NUMBERS, 

EXTERNAL TRADE IN MERCHANDISE, 1969-72 

Index Numbers 
(1961 == 1 00) 

Imports 1969 

Exports 

1970 
1971 
1972 

1969 
1970 
1971 
1972 

Overseas trade 
statistics basis 

Unit value Volume 
126 149 
132 156 
136 162 
143 177 

127 
136 
147 
157 

150 
155 
164 
166 

Balance of payments basis 
Value Unit value Volume 
178 126 146 
195 131 155 
210 134 160 
243 143 177 

182 
203 
226 
235 

127 
136 
148 
157 

149 
154 
160 
159 

From Monthly Digest of Statistics 

current-value aggregates (in percentage of 1961) as given in the Blue 
Books on the balance of payments basis. The two Laspeyres forms, 
one for unit values and one for volume, do not match in splitting 
value changes into price and quantity components. Indeed their 
product overstates the value change by a wide margin. The matching 
Paasche price index, implied by the Laspeyres volume index on the 
balance of payments basis, is got by dividing this volume index 
into the value change. It is shown below in comparison with the 
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unit value index of Table 3.19, i.e. the Laspeyres form calculated 
from the selection of items. 

PRICE (UNIT-VALUE) INDEX NUMBERS, 
BALANCE OF PAYMENTS BASIS 

Implied Paasche index Selective Laspeyres index 
1961 Terms Terms 
=100 Imports Exports of trade• Imports Exports of trade• 
1969 122 122 100 126 127 101 
1970 126 132 105 131 136 104 
1971 131 141 108 134 148 110 
1972 137 148 108 143 157 110 

• Ratio of export to import prices (1961 = 100). 

A Laspeyres index may well run higher than a corresponding Paasche 
form, at least for prices paid for imports, but the differences here are 
quite large. There is a suspicion that the selective index is biased, 
with the prices represented in the index and those excluded having 
rather different movements. Certainly, as seen in 3.4, a selective index 
cannot be relied upon. Hence, for prices of imports and exports 
separately, the selective index runs give no more than a broad 
indication of movements. But, as often happens with biased series, 
the ratio between them performs better. The table above shows two 
runs of the terms of trade, the ratio of export to import prices, and 
their movements are seen to be quite close. The period saw a par­
ticularly 'favourable' change in the terms of merchandise trading; 
export prices increased faster than import prices, by some 8 to 10%. 
It was, in fact, a period sandwiched between two declines in the 
terms of trade, one after the 1967 devaluation of sterling and the 
other at the time of the downward float of the£ in 1972 and 1973. 

A further adjustment is needed before imports and exports can be 
incorporated in the national accounts: the extension to goods and 
services by the addition of the 'invisibles'. A variety of sources is 
used to get trade in services at current and at constant prices, sources 
which can give less systematic and less accurate estimates than those 
for merchandise. As broad aggregates, however, the valuations are 
reasonably good; see Central Statistical Office (1968), pp. 468-70. 
They are shown in Table 3.20 in the standard layout already specified. 
The data are from the 1973 Blue Book, the first to take 1970 as the 
base for constant-price valuations. The last row of the table shows 
the terms of trade, now for goods and services together and ex­
pressed on 1970 as 100. On this wider coverage, the terms of trade 
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still show a 'favourable' movement around 1970-71, but it is by no 
means as definite as for merchandise alone. 

TABLE 3.20 
IMPORTS AND EXPORTS OF GOODS AND SERVICES, 1963-72 

1963 1970 1971 1972 
Imports £mn 
(1) Value: at current prices 5,946 10,872 11,857 13,440 
(2) at constant (1970) prices 7,761 10,872 11,398 12,556 

1970==100 
(3) Volume: Laspeyres index 71-4 100 104·8 115·5 
(4} Price: implied Paasche index 76·6 100 104·0 107·0 

Exports £mn 
(I} Value: at current prices 5,809 11,255 12,632 13,331 
(2} at constant (1970) prices 7,649 11,255 12,057 12,432 

1970=100 
(3) Volume: Laspeyres index 68·0 100 107-1 110·5 
(4) Price: implied Paasche index 75-9 100 104·8 107-2 

Terms of trade in goods and services 
Ratio of export to import prices 99-1 100 100·7 100·2 

From Appendix Tables B2 and B3 

Rows (1) and (2) of Table 3.20 are straight from the Blue Book; 
they measure changes in total trade in money and in real terms. 
Hence, to trace real imports or exports over time, it is enough to use 
row (2) as it stands. There is no need, except for convenience, to go 
to the volume index of row (3). Rows (2) and (3) contain precisely 
the same information; it is a matter of choice whether to have real 
changes in 1970 values, as in row (2), or in percentage of 1970 as in 
row (3). The increase in real exports from 1971 to 1972, for example, 
is shown equally well by a rise from £12,057 mn to £12,432 mn in 
1970£'s as by a movement in the volume index from 107·1 to 110·5% 
of 1970. The increase is one of some 3% in each case. The Blue Book 
is content for the most part to leave components of real GOP in the 
form of constant-price aggregates. 

Though the main object of the calculation is to get national income 
in real terms, the implied price index drops out at once for use (e.g.) 
is estimating changes in the terms of trade. This price index is most 
quickly written by dividing the entry in row (1) by the corresponding 
entry in row (2). It is then seen to be a ratio of value aggregates from 
current trade, i.e. of current-weighted (Paasche) form. Alternatively, 
it comes by first expressing the entries in row (l) as percentages of 
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the 1970 figure and then dividing each by the corresponding volume 
index of row (3). The emphasis here is on the basic property of the 
implied index; together with the volume index it accounts, exactly 
and by definition, for changes in recorded values. 

3.8 Aggregative Index Numbers: Gross Domestic Product 

As an economic-theoretic concept, the aggregate of GOP at current 
prices is reached by three routes with an equivalent end-result; by 
summing incomes, expenditures and outputs respectively. This is 
clear from the circular flow of income: from income earned to 
income spent (demand), activating output (supply) and so, to 
complete the circle, generating income paid to the factors of pro­
duction. In the ex post terms of the national accounts, here are 
three aggregates quite different in their make-up: incomes by 
various types; expenditures in various categories; net outputs in 
various industrial sectors. But, when added up, the totals are 
identically equal in concept and differing statistically only by reason 
of residual errors in estimation; see Beckerman (1968). 

Of the three methods of independent estimation of GOP possible 
in practice, the Blue Book uses only two separate (and largely 
independent) valuations for the U.K. One is based on a great range 
of data on expenditures; the other uses statistics of incomes and 
earnings derived for the most part from the tax-gathering activities 
oflnland Revenue. Each valuation is subject to errors and omissions, 
never to be completely avoided in practice. The Blue Book opts to 
show only one residual-error term and to throw it into the income 
rather than the expenditure aggregate; see Central Statistical Office 
(1968). 

Appendix Table B2 gives summary figures of the valuation 
of GDP by categories of expenditure. The value aggregates are 
appropriately in current market prices inclusive of indirect taxes and 
net of subsidies. It is a simple matter to deduct indirect taxes (net of 
subsidies) to obtain GOP at factor cost and this is done in Table B2. 
The other approach provides a two-way split of GDP by various 
categories of income (wages, salaries, and so on) and by net output 
in the different industries. This is made possible by the fact that, in 
Inland Revenue data, incomes are classified both by type of earner 
and by industry in which generated. Summation of incomes and of 
net outputs necessarily gives the same aggregate GDP since only 
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one block of data is used. This aggregate is, however, different from 
that built up from expenditures and the difference is shown in the 
Blue Books by a single residual error,· see Table B2. British practice 
is to take GDP based on expenditure as the main estimate and to 
add a residual-error term to the alternative estimate based on 
incomes and net outputs to give the same GDP aggregate. 

The expenditure aggregation is pursued here and the alternative 
approach in the next section. The Blue Book shows GDP at market 
prices disaggregated into quite considerable detail on expenditures 
but lumped together in Table B2 in four main categories: consumers' 
expenditure, current expenditure of public authorities, gross domestic 
capital formation and the external trade balance. The estimates are 
generally on a transactions basis (accruals rather than cash flows) 
and come commodity by commodity from many sources. For 
consumers' expenditure, for example, the sources are classified by 
the Central Statistical Office (1968) on the basis of 1966 data: 16% 
information on supplies; 34% figures of sales; 26% from such surveys 
as the NFS; and 24% miscellaneous. 

In computing expenditures at constant market prices, the 1973 
Blue Book uses 1970 prices, and valuations from 1971 onwards are 
a mixture of quantities revalued item by item at 1970 prices and of 
deflation of current values by price index numbers for various 
groups of items. As suggested in 3.5, the intention here is to in­
corporate quality changes into real GDP, i.e. into the volume rather 
than the price index. The deflation of values is often the safer method 
since attention can be concentrated on getting pure price quotations 
for the deflator index. The two methods are used about equally in 
accounting for upwards of 80% of real consumers' expenditure and 
most of the balance consists of the use of a quantity index in pro­
jecting base (1970) values. The constant-price valuations of other 
expenditure categories depend heavily on deflation by some type of 
price index. 

Such constant-price valuations are not accurate for more than a 
few years. It becomes first difficult and then impossible to match 
this year's quantities with prices from a year in the past or to obtain 
running price quotations on a fixed specification for a price deflator. 
The base needs to be changed every few years, to rebase real GDP 
on a new set of weights. British practice is to change base at about 
five-yearly intervals, and data on three successive bases (1958, 
1963, 1970) are shown in Table B3. 
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The question is raised: at the change of base (e.g.) in the 1973 
Blue Book from 1963 to 1970, is it useful to carry back the new 
constant-price valuations to the previous base year or earlier and, 
if so, how? If this is done, then backward and forward index numbers 
of Laspeyres and Paasche forms can be calculated and compared. 
The official computations do, in fact, carry the new constant-price 
aggregates back to the previous base year on a reasonably accurate 
method. The old GOP series in real terms are disaggregated into 
fairly fine components and reweighted with the new weights. The 
matter is examined further in Chapter 4. 

GOP based on expenditures at current and constant market 
prices, and consumers' expenditure separately as the main com­
ponent, are shown in standard layout in Table 3.21 on three suc­
cessive bases. Similar tables for other GOP components can be 
constructed from Tables B2 and B3 and in more detail from the 
original tabulations in the Blue Books. 

Real expenditure is to be traced by following the constant-price 
valuations of row (2), or alternatively the index numbers of row (3), 
with a jump back and forth at each change of base. One advantage, 
mentioned in 1.6, of the constant-price valuations over the index 
numbers is that the components of real expenditure simply add to 
total real GOP in the same way as money expenditures do. Table B3 
is arranged in this way. As a result, row {2) for consumers' ex­
penditure in Table 3.21 is a proper part of row (2) for total GOP. 
So, it is possible to write consumers' expenditure directly as a 
proportion of total GOP both in money and in real terms: 

CONSUMERS' EXPENDITURE IN 
%OF TOTAL GOP 

1963 1970 1971 1972 
In money (current prices) 66·3 62·4 62-1 63-7 
In real terms (1970 prices) 65-4 62-4 62·5 64·7 

Consumers took a smaller proportion of the total cake in 1970-71 
than they did in 1963. The proportion increased in 1972 in money 
terms and rather faster in real terms, consumer prices rising less than 
other prices. To get such results from the volume index of row (3) 
requires the weighting process carried out (e.g.) in 3.2. 

The fact that consumer prices increased more slowly than prices 
generally can be checked from row (4) of Table 3.21. For consumers' 
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expenditure this row gives the consumer price index,* computed in 
Paasche form for the whole range of consumers' goods and services 
and obtainable in great detail from the Blue Books. It is the perfect 
match to the Laspeyres volume index representing changes in real 
consumption and given by row (3) of Table 3.21. We have now 
stacked up an interesting comparison between this Paasche price 
index, with its wide coverage and matching volume index, and the 
retail price index discussed at the beginning of this chapter, with its 
narrower coverage and its chain Laspeyres form. The story is taken 
up in Chapter 6. 

The index numbers of Table 3.21 serve to illustrate the results of 
2.5 on backward and forward forms. Adapt the shorthand .L 
notation in obvious ways to write index numbers based on 1970 
and use the rows of Table 3.21 for GDPorany one of its components: 

. LP7oqt year t entry, row (2) 
Year t: Laspeyres volume mdex L = 1970 (2--)-p70q70 year entry, row 

Paasche price index 
LPtqt year t entry, row (I) 
LP7~t =year t entry, row (2) 

which multiply to the value change, _Lp,q, divided by 'L,p70q70 
These·· forms can be run backwards (t < 70) as well as forwards 
(t > 70), and they can be varied by changes of subscript to other base 
years. So: 

VOLUME INDEX (REAL CONSUMPTION) 

Index form 

(a) Forward Laspeyres 

(b) Backward Laspeyres 

and reciprocal: 

Forward Paasche 

Comparison 1958-63 

1963 

~Pasq88 =119·6% of 1958 
~p6Bq68 

1958 

~Paal/as=84·5% of 1963 
~Peal/sa 

1963 

~Peal/sa= 118·3% of 1958 
~Peal/as 

Comparison 1963-70 

1970 

~Paal/70 =116·3% of 1963 
~Paal/sa 

1963 

~p1gq" =87-3% of 1970 
I;p7gq70 

1970 

I:p7gq70 = 114·5% of 1963 
I;p7gq88 

Here, at (b), the Laspeyres index of Table 3.21 is run back from the 
new to the old base year and its reciprocal is recognised as the 

• Renamed the consumers' expenditure deflator by the Central Statistical 
Office in 1974; see Press Release on 'The Internal Purchasing Power of the 
Pound' (April 1974). The index is more easily recognised by its original name 
and this will continue to be used in the present text. 
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forward Paasche index from the old to the new base year. The 
forward Paasche is then directly comparable with the forward 
Laspeyres form (a). The Laspeyres index exceeds the Paasche, as 
expected from 2.7; a small excess in the period 1958-63 and a 
larger one in 1963-70. Similar results are obtained for the consumer 
price index of Table 3.21. This jobbing back and forth between 
successive bases is a very useful device (e.g.) for the development of 
the splicing techniques of Chapter 4. 

3.9 Three Measures of Real GDP 

Aggregate GDP based on expenditure is given so far in terms of 
market prices. The other two GDP aggregates; summing incomes 
and net outputs respectively, are obtained from different data (from 
Inland Revenue) and are essentially at factor cost. To bring the 
aggregates into their conceptual equivalence, adjust the expenditure 
aggregate from market prices to factor cost by deduction of net 
indirect taxes, and add the residual-error term to the income/net 
output estimates. 

So much for the aggregates at current prices. To compute the 
constant-price aggregates which correspond is a threefold exercise. 
Real GDP as expenditure has already been tackled (3.8). Two more 
stages remain, to get real GDP from the income side first and then to 
work with output data. British practice is to deal with real GDP as 
income, not by taking each separate item of income in turn, but by a 
short-cut method from the estimates already made of real GDP as 
expenditure. The method is displayed in Table 3.22 with 1972 data. 
Column (1) is simply the adjustment of current values already 
described. Column (2) shows, first, the adjustment of real GDP as 
expenditure at constant (1970) prices (Table 3.21) to factor cost. The 
implied price index at factor cost then emerges by division of the 
figures in columns (1) and (2). In 1972 it is 120·6% of 1970 as com­
pared with 116·8% for market prices. It is the basic price index of 
the national accounts and described officially as home costs per unit 
of output. Note that, despite its label, it is got from expenditure data 
(though at factor cost). Next, real GDP based on income is defined 
by deflating money GDP as income by the basic price index (home 
costs per unit of output) on the assumption that this index applies 
equally to total income as to total expenditure. So the calculation is 
completed in Table 3.22 for 1972. It is clear that, by definition, the 



132 INDEX NUMBERS IN THEORY AND PRACTICE 

TABLE 3.22 
GDP AT FACfOR COST, 

BASED ON EXPENDITURE AND ON INCOME, 1972 

Implied Price 
GDP 1972 (£mn) Index 1972 

At current prices At 1970 prices (1970=100) 
(1) (2) (1)/(2) 

GDP based on expenditure 
at market prices 61,630 52,747 116·8 

less Indirect taxes (net) -8,146 -8,403 96·9 

GDP based on expenditure 
at factor cost 53,484 44,344 120·6 

Residual error 345 286* 120·6 

GDP based on income 
at factor cost 53,139 44,058* 120·6 

From Appendix Tables B2 and B3 

• Calculated on assumption that the implied price index is the same as for 
GDP based on expenditure, i.e. col. (1) divided by 1·206. 

difference between real GDP as expenditure and as income is just 
the residual error deflated by the basic price index. This is very 
rough and ready, as admitted when the official description says that 
real GDP as income is 'obtained by deflating the income estimate of 
GDP at current prices by the price index implied by the current and 
constant-price estimates based on expenditure data' (1973 Blue 
Book, p. 96). 

Table 3.23 sets out the two versions of real GDP now defined in 
standard layout and for selected years on three successive bases. 
Each version appears as constant-price valuations in row (2) and as 
index numbers in row (3). There is, by definition, only one price 
index, that of home costs per unit of output in row (4). The main 
conclusion is that, because of a fluctuating residual error, the 
income version of real GDP is sometimes higher (1963, 1970) and 
sometimes lower (1971, 1972) than real GDP as expenditure. 

The remaining stage, the estimation of real GDP as output, is a 
quite separate exercise. A process of reducing net output, item by 
item and industry by industry, to constant-price terms proves in 
practice to be too difficult and uncertain. A different attack on the 
problem is needed and it is ready to hand: to use an equivalent 
base-weighted index of volume instead of a constant-price aggregate. 
The index is an average of quantity relatives obtained from the 
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variation over time of quantitative estimates of net output industry 
by industry, weighted by the distribution of net output by value 
over the different industries in the base year (1970 in the 1973 Blue 
Book). There is no difficulty whatever about the weights; they are 
the components of GDP as output at current prices. The whole 
problem is to specify and then to obtain running estimates of the 
quantity relatives, a problem to which there is no tidy solution. 
British practice is summarised here with reference to the condensed 
version of the Blue Book data given in Appendix Table B4. 

A prime difficulty is that, if duplication is to be avoided, all 
quantities should be net outputs, whereas such quantitative data are 
rarely available in practice. The solution to the practical problem 
turns on success in designing an industrial/commodity classification 
in sufficiently fine detail to provide acceptable substitute indicators 
for net output changes. The problem has been much discussed by 
(among others) Carter, Reddaway and Stone (1948), Reddaway 
(1950) and Central Statistical Office (1968). 

The core of the computation is the official index of industrial 
production which measures changes in real output in an important 
segment of industry: mining, manufacturing, construction and 
utilities. The index is published monthly in its own right. It is a base­
weighted index of quantity relatives obtained from substitute 
indicators, generally either gross output by quantity or output by 
value deflated by an appropriate price index. The index before the 
change to 1970 as base is described in Central Statistical Office 
(1970), and some illustrations of successive changes of base are 
given in Chapter 6. 

The 1970 weight of the index of real GOP as output is distributed 
as to 44% to the segment of the industrial production index and 56% 
to the remaining segment of agriculture, transport, distribution and 
the range of services. The substitute indicators used in this second 
segment are many and various. The best is that used for agriculture; 
it is net output on the 'double deflation' method of estimating the 
difference between gross output and input each at (separate) constant 
prices. Other indicators are similar to those used in the industrial 
production index and still others are just inputs of materials (or 
even employment) as second-best attempts. As long as the poorer 
indicators remain, and they are being progressively discarded at 
successive rebasings of the index, total GDP as real output will fail 
to reflect all changes in productivity. 



ILLUSTRATIONS 135 

Table B4 separates off the components of the industrial production 
index, given to one decimal place, from the remaining sectors where 
the indices are rounded to the nearest whole percentage point to 
represent the fact that they are less accurate. The table, however, 
combines four groups of services separately shown in the basic data, 
and combined indices here are given to one decimal place. 

There are two particular points to note. One is that the index of 
real GDP has one item with a negative weight, a feature which is 
certainly not ruled out by the weighted-average formula but which 
is rare in practice. It arises because net interest paid to companies 
providing financial services appears both in the net outputs of the 
industries using the services and in the net output of the services 
sector. The item with negative weighting removes this duplication. 
The other point is that, being an index rather than a constant-price 
aggregate, real GDP as output in total is not the sum of the con­
stituent parts. To combine several constituents or to remove one or 
more from the total requires the weighting process already illustrated 
in 3.2. As an example, obtain the output index in 1972 (1970 = 100) 
for all industry except public administration and services, and by 
two routes. One is by adding the appropriate groups and the other 
by subtraction from the total. Use the group index numbers of 
Table B4: 

OUTPUT INDEX, 1972 (1970=100) 

1970 
Groups weight Index Product 

Industrial production 439 101·8 44690 
Agriculture 30 108 3240 
Transport, etc. 84 lOS 8820 
Distribution 104 106 11024 
Financial services -31 116 -3596 

Sum 626 64178 

Total GDP as output 1000 103-9 103900 
less 
Public administration 67 102 6834 
Services 307 106·9 32818 

Difference 626 64248 

Divide the sum and the difference each by the net weight of 626, and 
both calculations give the 1972 index of all output, except public 
administration and services, as 1 02!% of 1970. This is to be compared 
with the 1972 all-items index of 104%. 
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The three measures of real GDP are brought together in Table 
3.24. They are all Laspeyres index numbers and on three successive 
bases (1958, 1963 and 1970). The output measure is calculated 

TABLE 3.24 

THREE MEASURES OF REAL GDP, 1958-72 

Real GDP based on: Average 
ltrdex Numbers Expenditure Income Output estimate 

1958=100 1958 100 100 100 100 
1963 118·5 120·3 117-4 118·7 

1963 =100 1958 84-8 83-4 85-2 84·5 
1963 100 100 100 100 
1970 120·9 121-1 121·8 121-3 
1971 122·4 121·4 123-9 122·6 

1970=100 1963 82·9 82-7 82-1 82·6 
1970 100 100 100 100 
1971 102-1 100·6 101-4 101-4 
1972 103-6 102-8 103-9 103-4 

From Table 3.23 for expenditure and 
income measures; Appendix 
Table B4 supplemented by 
Blue Book, 1968 and 1972 for 
output measure 

directly as a base-weighted index. The other two measures are 
essentially the comparisons of constant-price aggregates; they are 
also to be regarded as the sums of expenditures or incomes in 
money (current-price) terms but deflated by one and the same price 
index: home costs per unit of output. These two measures differ only 
because of fluctuation in the residual-error term. 

No one measure of real GDP ever diverges seriously from the 
others. Equally, they are seldom so close together that the change in 
real GDP can be given an unambiguous (if rounded) figure. An 
average of the three measures is used officially as a composite 
estimate. The average shown in Table 3.24 is the simple arithmetic 
mean. 
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TABLE A3 
FOOD CONSUMPTION AND EXPENDITURE: 

LOW-INCOME PENSIONER FAMILIES 

Consumption, • Expenditure, • 
first quarter first quarter 

(Units per head (dper head 
Subgroup Item Unit per week) per week) 

1968 1972 1973 1968 1972 1973 
Butter, etc. Butter oz 7·21 5-79 6·23 NA NA 20·98 

Margarine .. 3·09 4·10 3·76 NA NA 7·56 
Lard, etc. .. 2·74 2-98 2·66 NA NA 3-65 

Total, Butter, etc. .. 13-04 12-87 12-65 2HO 40·85 32·29 

Milk, cheese, Milk pint 5-31 5·11 5-41 53·55 10·85 71·64 
eggs Cheese oz 3-71 3-86 3-98 10·75 17-83 20·28 

Eggs each 4·62 4-49 4-62 18·86 20·90 22-44 

Fruit Fresh oz 16·64 16·85 16·16 16·51 19·54 22-39 
Other .. 4·92 5-93 5·16 7·00 10·18 9-65 

Vegetables Potatoes 43-99 42-49 48·08 10·71 10·39 14·78 
Other 34·72 35-62 39·32 28·67 37·51 40·63 

From Monthly Digest of Statistics (based on 
National Food Survey). Pensioner families 
with weekly income below £11·50 (1968), 
£17 (1972), £19·50 (1973) 

• Consumption: purchase, free foods and net withdrawal from store (certain 
home-produced foods). Expenditure: purchases only; converted from new pence 
(1972 and 1973). 
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TABLI!B4 

REAL GDP BASED ON OUTPUT 

At constant (1970) Weights Index numbers (1970=100) 
factor cost 1970 1963 1970 1971 1972 

l11dustrial production: 
Mining 16 126·7 100 99·7 84·0 
Manufacturing 327 77-9 100 99·7 101·2 
Construction 64 82·6 100 102-8 105·2 
Gas, water, electricity 32 71·3 100 103-9 11H 

Total industrial production 439 79·7 100 100·5 101·8 
Other output: 

Agriculture 30 86 100 106 108 
Transport and communication 84 78 100 100 lOS 
Distribution 104 87 100 101 106 
Public administration 67 96 100 101 102 
Services• 307 80·8 100 lOH 106·9 

Adjustment for financial servicest -31 71 100 108 116 
GDP at factor cost 1,000 82·1 100 101-4 103-9 

From Blue Book, 1973 

• Insurance, banking, professional and scientific services, ownership of 
dwellings and miscellaneous; four series combined into one with relevant 
weights. 

t See Blue Book, p. 98. 



4 Runs of Index Numbers 

4.1 Introduction 

The term 'run• suggests something taking place over time. Runs of 
index numbers are indeed almost always temporal comparisons, the 
case considered here. The analysis applies, however, to spatial or 
inter-group comparisons with only minor modifications. Take a run 
of index numbers at annual intervals, prices or quantities in a current 
year t being compared with those in some reference-base year 0. 
When the run is given more frequently, e.g. monthly or quarterly, 
the additional problem of seasonal variations arises and this is con­
sidered later (4.8). The index can in general run backwards as well 
as forwards and the current year is to be written: t = ..• -2, -1, 
0, 1, 2, .... In a special but quite usual case, the run commences 
with the base year and comparisons are forward from year 0 to year 
t where t =0, 1, 2, .... 

The range of possibilities is more extensive than in Chapter 2. The 
simplest case has an index of one of the standard types in a run of 
separate binary comparisons between each year t and the base year 0. 
This usually means a run of a Laspeyres or a Paasche index but 
others are possible, e.g. a run of Fisher Ideal index numbers. The 
case is not only the simplest but also the natural procedure when a 
particular index is to be computed and published regularly over time. 
Apart from routine revisions, an index once published remains un­
changed, and all that normally happens is that the next index (for the 
following month, quarter or year) is computed and added to the run. 
It is difficult to see what other system could be adopted by a statis­
tical agency in a programme of regular publication of series of index 
numbers. 

There are, however, serious limitations from an economic point of 
view. In a run of binary comparisons the index for year t depends 
only on prices/quantities of year t (and the fixed base year); the 
course of prices/quantities between years 0 and t is completely 
ignored. Yet economic common sense would suggest that (e.g.) a 
consumer price index in year t would be influenced by prices before 
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year t as well as those achieved in that year. Further, from the 
statistical angle, the run of binary comparisons is inefficient in that it 
does not make full use of all the data as they unfold over time. The 
question of using back data on a continuing basis is taken up in 
Chapter 5 and the analysis there leads to more efficient runs, to the 
Divisia Integral Index and its practical realisation as a chain index. 

The simple binary system can be contrasted with a system at the 
other end of the spectrum. The question put is: given price/quantity 
data in each year in a closed period t =0, 1, 2, ... k, what price and 
quantity index runs over the whole period are the 'best fit' in some 
specified sense? The answer is not just a chain index. The index in 
year t in a best-fitting run depends on all the data from year 0 to 
year k, i.e. on prices/quantities in years before t, in year t and in 
years after t. The run does not evolve year by year; it is fitted at one 
swoop and each index is influenced by later as much as by earlier 
years. Such a run has no place in the regular publishing programme 
of a statistical agency. Where it comes into its own is in econometric 
studies of macro-economic behaviour in specified periods. The 
problem is taken up in Chapter 7. 

A final note here: the need for binary comparisons does not arise 
for a run of spatial or inter-group index numbers. Such a run is 
computed at one and the same time and there is no reason why it is 
not got as a 'fit' to the whole complex of price/quantity data. Even so, 
it is often sensible to adopt a sequential approach. A price index over 
a spectrum of countries, for example, may be best obtained by 
running through a selected series of 'neighbourly' countries from 
(say) Sweden to Germany and Austria and so on before finishing with 
India or Japan. 

4.1 Runs of Laspeyres Index Numbers 

There is little difficulty in writing the formula for a run of a Laspeyres 
index on the basis of the analysis of 1.6 and 2.2. A set of weights is 
selected and kept fixed as the weights base of the run. If a change is 
made to different weights, then a different run is defined; the Las­
peyres index has been rebased and reweighted. On the other hand, 
the reference base as the year written as 100 in the run is completely 
at choice. A Laspeyres run is just as easily read backwards as for­
wards and presents no obstacle to a switch of reference base from 
one year to an earlier or to a later one. The run can be written on 
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year t = ... -2, -1, 0, 1, 2, ... with year 0 as the weights base, and 
the reference base can then be switched from year 0 in either direc­
tion. It is, therefore, convenient to start with what is a special case, 
i.e. a run of the Laspeyres price index in which year 0 is both the 
weights and the reference base: 

P01(q0)=*ptqo fort= ..• -2, -1, 0, l, 2, ... 
£..P~o 

(l) 

and the corresponding quantity run by interchange of the p's and q's. 
The Laspeyres price run (1) measures the changing cost of the 

fixed budget q0 taken from the weights base (year 0) as the prices 
change from the reference base (also year 0) to the current year t. 
The run may be forward (t>O) or backward (t<O) through time. 
This 'changing-cost' property remains valid under any switch of 
reference base. Switch the reference base from year 0 to year l: 

P11(q0) = *ptqo for t = ... -2, -1, 0, 1, 2, ... 
£..Plqo 

(2) 

which is no more than a rescaling of (1) on division through by the 
index for year 1 : 

P11(q0)=Pot((qo)) fort= ... -2, -1,0, 1,2, ... 
Pol qo 

(3) 

It is easily checked that (I), (2) and (3) are algebraically consistent. 
With weights base fixed at year 0, the original run (1) on year 0 as 
reference base is rescaled in (3) to year 1 as reference base and the 
'changing-cost' property (2) still holds. 

The general expression for the Laspeyres run of index numbers 
with weights base at year 0 gives a comparison between any two 
years r and s: 

P (qo) = "j.p.qo = Po~(CJ_o) 
ra LPrqo Por(qo) 

From this it follows that interchange of r and s implies taking the 
reciprocal: 

P,.(qo) = 1/Prs(qo) 

This is the result that a comparison backwards from years to year r 
is the reciprocal of the comparison forwards from year r to year s. 
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The weighted-average form of the Laspeyres run is: 

1 "" Pt P0t(q0)=~ ..::,Wo- where Wo=Poqo 
L.Wo Po 

(4) 

in the special case where the weights and reference bases coincide. 
More generally, when the reference base differs from the weights 
base: 

1 "" Pt Pu(q0)=-~ ..::,W1- where w1 =ptq0 
L,Wt Pt 

(5) 

It is only in the special case (4) that the weights are the actual values 
of the selected budget. More generally, in (5), the weights are the 
values of the fixed budget (q0) repriced at the prices of the reference 
base (p1). To summarise: 

The run of a Laspeyres price index with fixed weights base at year 
0 measures the changing cost of the fixed budget (q0) over time. 
The reference base can be any year and switched from one year to 
another by re-scaling the run. Each index in the run is a weighted 
average of price relatives on the reference base, weights being 
given by the cost of % at the prices of the reference base. 

An exactly similar summary can be written for a Laspeyres quantity 
index. 

The simplicity of the Laspeyres run, both in its properties and in 
ease of computation, makes it the most popular case in practice. 
Numerous examples can be quoted from official index numbers but 
one suffices for illustration: the Laspeyres run of real consumption 
at constant market prices. The construction of the index has already 
been displayed in Table 3.21, and Table 4.1 now sets out three runs 
on successive weights bases (1958, 1963, 1970). To illustrate the ease 
of switch of reference base, take the run from 1958 to 1968 on weights 
base 1963 and switch the reference base first backwards to 1958 and 
then forward to 1968: 

INDEX OF REAL CONSUMPTION, 
1963 WEIGHTS BASE 

Reference base 1958 1959 1960 1961 1962 1963 
Original: 1963 84·5 88·2 91-6 93-8 95·8 100 
Switched: 1958 100 104-4 108-4 111·0 113-4 118·3 

1968 75·0 78·3 81·3 83·2 85·0 88·7 
Re!ere11ce base 1964 1965 1966 1967 1968 
Original: 1963 103·5 105·3 107-4 109·9 112·7 
Switched: 1958 122·5 124·6 127-1 130·1 133-4 

1968 91·8 93-4 95·3 97·5 100 
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TABLE4.1 
CONSUMERS' EXPENDITURE AT MARKET PRICES, 

1948, 1953 AND 1958-72 

Consumption Real consumption Consumer price index 
at current Laspeyres index implied Paasche 

prices* of volume indext 
Year £m 1958 1958 1963 1970 1958 1963 1970 

=100 =100 =100 =100 =100 =100 =100 
1948 8,552 55-9 81-6 68·5 
1953 11,402 74·5 87·6 85-1 
1958 15,296 100 100 84·5 100 90·0 
1959 16,117 105-4 104·7 88·2 100·7 90·9 
1960 16,933 110·7 108·9 91-6 101-6 91·9 
1961 17,835 116·6 111·5 93-8 104-6 94·5 
1962 18,923 123-7 114·0 95-8 108·5 98·2 
1963 20,118 131·5 119-6 100 87-3 110·0 100 73-4 
1964 21,488 140·5 124·2 103·5 90·0 113-1 103·2 76·0 
1965 22,878 149-6 126·4 105-3 91-4 118·3 108·0 79·7 
1966 24,251 158·5 129·0 ION 93-2 122·9 112·2 82·9 
1967 25,455 166·4 131·6 109·9 95·0 126·5 115-2 85·3 
1968 27,335 178·7 112·7 97-3 120·6 89·5 
1969 28,968 189·4 113-3 97-6 127-1 94·5 
1970 31,404 205·3 ]]6·3 100 134·2 100 
1971 34,838 227-8 119·4 102-6 145-1 108·2 
1972 39,263 256·7 108·6 115-1 

From Bl11e Book, 1968, 1972 and 1973 

* Comparable run of values from 1973 Blue Book. 
t Given run of values divided by each run of Laspeyres index numbers of 

volume; these adjusted runs are slightly different from those published (on 1958 
and on 1963} in the Blue Book, 1968 and 1972. 

The first switch is made by dividing through by the original 1958 
index (84·5) and the second by division by the original 1968 index 
(112·7). That these eleven-year runs are simply rescaled versions of 
each other is evident in Fig. 4.1, drawn on ratio scales; the three 
graphs are exactly parallel, indicating the same percentage move­
ments whatever reference base is taken. 

Table 4.2 shows for later use the similar Laspeyres runs for real 
GDP based on expenditure, both at constant market prices and at 
constant factor cost. A shorter time span and only two successive 
weights bases (1963, 1970) are taken here. 

Tables 4.1 and 4.2 illuminate a small piece of recent economic 
history: the changes in real consumption in comparison with real 
GDP in total. The first of these aggregates is a component of the 
second but differential movements are to be expected. The increases 
in the two runs are almost identical from 1958 to 1963 but then real 
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F1o. 4.1 Index of real consumption 

consumption rises more slowly than the rest of real GDP, i.e. 
personal consumption becomes a smaller slice of the whole real 
GDP cake. What is perhaps less expected is that the increase in real 
GDP is different, though only slightly so, when measured at market 

TABLE 4.2 
GDP BASED ON EXPENDITURE, 1958 AND 1963-72 

Real GDP as Expenditure All Prices in GDP 
Laspeyres Volume Index Numbers Implied Paasche Index Numbers 

At market At factor Market Factor 
prices cost prices cost• 

1963 1970 1963 1970 1963 1970 1963 1970 
Year =100 =100 =100 =100 =100 =100 =100 =100 
1958 84·6 84-8 87-9 88·6 
1963 100 83-3 100 82-9 100 72-4 100 75-8 
1964 105-6 88·0 105-4 87-7 103·0 74·7 102-6 78·8 
1965 108·0 89·9 108-1 89·9 108·1 78·5 106·8 81·0 
1966 110·4 91·7 110·4 91·7 112-8 82-1 110·4 84·3 
1967 112·8 93-8 112-7 93-8 116·3 84·7 114-4 86·8 
1968 116·8 9H 116·4 97-3 120·8 88·3 117·7 89·5 
1969 118·9 98·2 118·6 98·5 127·0 93-3 121·8 92-9 
1970 121·6 100 120·9 100 136·0 100 13H 100 
1971 123·5 102-4 122-4 102·1 148·1 108·2 145-1 110·3 
1972 104·7 103·6 116·8 120·6 

From Blue Book, 1972 and 1973 

• The Blue Books described these price index numbers at factor cost as 'home 
costs per unit of output'. 
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prices than at factor cost. This is because the weighting of the 
quantity index is dependent on whether the value weights are at the 
market prices or at the factor costs of the base year. 

4.3 Runs of Paascbe Index Numbers 

The development of 1.6 and 2.3 establishes the Paasche index as a 
derivative form and one which requires careful handling. Corres­
ponding price and quantity index numbers generally need to be con­
sidered together. For expository purposes here a Paasche price index 
is taken in relation to a Laspeyres quantity index but all results are 
easily adapted to the case where the matching index numbers are 
Paasche for quantity and Laspeyres for price. 

A Paasche price index has two very convenient features in the two­
situation case: it is current-weighted with the budget of the current 
situation and it is the implied price index to match the Laspeyres 
index of quantity in accounting for value changes. Difficulties arise 
in any attempt to write a run of Paasche index numbers. The two 
features can in fact be retained only if the reference base is kept fixed 
and only for comparisons between the current year and the reference 
base. If the Paasche run is to have, as it should, the facility of a 
reference base which can be switched at will, then one or other of the 
two features must be sacrificed. Which should it be? The balance of 
advantage is found to lie in the discard of the current-weighted 
property and the retention of the implied index feature. All this 
needs to be established formally. 

Start again with the special case where year 0 is the combined 
weights and reference base for the quantity index of Laspeyres form: 

( ) ZPoqt fi Qot Po =~ or t= ... -2, -I, 0, I, 2, ... 
L.Poqo 

(I) 

and the corresponding Paasche price index: 

ZPtql 
P01(q1) = "-- for t = ... -2, -I, 0, I, 2, ... 

L.Poqt 
(2) 

Here (I) and (2) multiply to the value change and (2) can be written: 

Vot zp,q, 
P0,(q,)=-Q ( ) where V0,=~ 

ot Po .L.Prllo 
(3) 
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As long as the combined base year 0 is retained, P01(q1) is a Paasche 
run with the double feature represented by (2) and (3). 

The retention of the fixed reference base is a serious limitation. 
Each comparison P01(q1) of year t with year 0 stands on its own; 
there can be neither a direct nor an indirect comparison between two 
years 11 and 18 where 11 .P. 18 .P. 0. This is because the index has quanti· 
ties of year 11 as weights when t = 11 and different weights, quantities 
from year 12, when t = 12• It is an easy matter to devise examples 
where all prices rise from one year to another and yet the index 
P01(q1) does not show a rise. 

To see what happens when the reference base is shifted from year 0 
to year 1, with weights base unchanged, first write (1): 

Qu(Po) = .~Poqt = Qo,(Po~ (4) 
~P~x Qol(po) 

as in 4.2. Next keep the current-weighted property (2) of the Paasche 
form and write: 

) ~p,q, 
Pu(q, = "'­£..Plqt 

(5) 

Finally, as a different switch, keep the deflated-value property (3): 

P' u( q,) = _Vx!_ = ~p,q, x ""J_poql (6) 
Qu(po) ~P~t "'2.P1q1 

Forms (5) and (6) are not equal, except by accident, and a choice has 
to be made between them in selecting the rule for switching reference 
base. The switch (5) loses contact altogether with the weights base 
year 0; indeed the corresponding quantity index has ceased to be the 
run Q11(p0) and has become the quite different run Q11(p1). On the 
other hand, if (6) is the switching rule, there is a matching pair: 

Qu(Po) = Qot(Po) and P' u(q,) = Pot(q,) (7) 
Qox(Po) Pox(qx) 

The quantity index run of (7) is just (4); the price index run comes 
from (2) and the switching rule (6). 

The results (7) are so useful that they must decide the issue; they 
state that the runs Q11(po) and P' 11(q,) on year 1 as reference base are 
simply rescalings of the original runs Q01(p0) and P 01(q1) on year 0 as 
reference (and weights) base. The choice of the switching rule for the 
Paasche run settles on P' u(q,); it has the deflated-value property (6) 
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and the rescaling facility (7). What is lost is the current-weighted 
interpretation (5) and hence any simple expression of the Paasche 
index in weighted-average form. This is not such a great loss since, 
even in the two-situation case of 2.4, the weighted-average form is 
very awkward for the Paasche index. To summarise: 

The run of a Paasche price index, to correspond to a Laspeyres 
quantity index fixed-weighted on year 0, is got by deflating the 
value change by the Laspeyres quantity index year by year. The 
reference base can be any year and switched by rescaling the run. 
The Paasche price index measures the changing cost of the current 
budget if and only if the reference base is year 0. 

Exactly similar results obtain for matching runs of Paasche quantity 
and Laspeyres price index numbers. 

Tables 4.1 and 4.2 show the Paasche price index runs implied by 
the Laspeyres runs for real consumption and real GDP. The runs are 
on successive weights bases which are also the reference bases. The 
consumer price index of Table 4.1 is given in three runs on weights 
bases in 1958, 1963 and 1970; in each run the index measures the 
changing cost of the current budget. For example, the 1972 index at 
115·1% of 1970 shows that the 1972 consumer budget cost 15·1% 
more in that year than it would have done in 1970. Reference bases 
can be changed, by rescaling the runs to other years as 100, but the 
'changing-cost' interpretation is then lost. The 1972 index on (e.g.) 
1963 as 100 is 115·1/73·4 or 156·8% of 1963. This does not imply that 
the cost of the 1972 budget was 56·8% more in 1972 than it would 
have been in 1963; this is a calculation not performed in the computa­
tion of the index run. What always holds, however the reference base 
is changed, is the relation between the Paasche consumer price index 
and the Laspeyres volume index of real consumption; they multiply 
to the change in consumers' expenditure at current prices. 

Table 4.2 gives similar index runs for total GDP based on expendi­
ture, and in two disguises: at factor costs and at market prices. Of the 
two runs of price index numbers in implied (Paasche) form, that at 
factor costs is described officially as home costs per unit of output. The 
relation of this run to the other index run, at market prices, reflects 
the changing incidence of indirect taxes net of subsidies. The market­
prices index generally rose faster than the index of factor costs in the 
1960s, a result of increasing indirect taxation. The position was 
reversed in 1970-1. 
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In the long run the consumer price index tends to conform fairly 
closely to the market-prices index for all GOP. There can be con­
siderable divergences, however, over short periods. Tables 4.1 and 
4.2 show that, more often than not in the 1960s and early 1970s, con­
sumer prices rose more slowly than prices generally. 

4.4 Runs Read Backwards and Forwards 

Runs of index numbers, both of Laspeyres and of Paasche form, are 
defined here so that comparisons can be made between any years, 
backwards as well as forwards, and on any reference base. For 
example, a run may be given in the original computations backwards 
from a combined weights and reference base, as in Tables 4.1 and 
4.2. The same run can be read forwards by simply shifting the refer­
ence base back to an earlier year. Similarly a shift of reference base 
ahead permits an index originally running forwards to be read back­
wards. 

The basic result for a binary comparison is established in 2.5: the 
reciprocal of the forward Laspeyres index from year 0 to year 1 is the 
backward Paasche index from year 1 to year 0, and conversely. An 
illustration was given at the end of 3.8. The result is now developed 
for expository purposes in terms of a Laspeyres run base-weighted 
on year 0 and given for years t =. . . - 2, - 1, 0, I, 2, ... All results 
apply equally to a Paasche run defined with the switching rule of 
4.3. 

There is a serious limitation on the application of the basic result 
to runs of index numbers. One of the two years compared must be 
the weights base of the index and the other year, once selected, must 
be used as the year to which the reference base is switched in order to 
reverse the comparison. So, given a weights base and a selected refer­
ence base, the backward/forward comparison involving an index and 
its reciprocal is frozen on just these two years. The result never applies 
to a comparison not involving the weights base and it only applies to 
a year different from that first selected by starting afresh and shifting 
to the newly selected year as reference base; see Fowler (1974). 

Look forward in a given Laspeyres run from the base year 0 to a 
year t (t>O). Then take the reciprocal and interpret as a Paasche 
index back from year t as a reference base to year 0. It is in this way 
that the forward Laspeyres run provides a sequence of backward 
comparisons, each a one-off Paasche index on its own reference base. 
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A sequence of one-off forward Paasche comparisons arises in the 
same way from a backward Laspeyres run. 

Ample illustration is found in the runs of Laspeyres index numbers 
of real consumption and real GDP of Tables 4.1 and 4.2. For 
example, a run base-weighted on 1963 can be read back to 1958 or 
ahead to 1970; appropriate shifts backwards or forwards can then be 
made in the reference base to reverse the direction of comparison. So, 
shifting the base forward to 1968 gives: 

Index 
(i) Forward Laspeyres 1968 (1963 = 100) 
(ii) Reciprocal 1963 (1968 = 100) 

Real 
consump­

tion 
112-7 
88·7 

Rea/GDP 
Market Factor 
prices cost 
116·8 116·4 
85·6 85-9 

Row (i) is straight from Tables 4.1 and 4.2. Each of (ii) is then inter­
preted as a one-off Paasche index backwards from the new reference 
base of 1968 to the weights base of 1963. A whole sequence of such 
backward Paasche index numbers can be written, from each year 
after 1963 back to 1963. The forward Laspeyres index numbers (e.g. 
of real consumption) are all comparable one with another; from 1963 
to 1964, then to 1965, and so on. The reciprocals are one-off index 
numbers (of real consumption) of Paasche form from 1964 back to 
1963, then separately from 1965 to 1963, and so on. They all run back 
to 1963 and to no other year. To get a Paasche index back to (say) 
1964 from a later year is an impossible exercise given only a 1963-
based Laspeyres run; it requires a Laspeyres run based on 1964. 

The parallel Laspeyres runs of quantity index numbers base­
weighted first on 1963 and then on 1970 yield a comparison of the 
Laspeyres and Paasche forms of the index in 1970 (1963 = 100) by a 
use of the reciprocal result already illustrated in 3.8. Here: 

Real Real GDP 
con sump- Market Factor 

Index lion prices cost 
(i) Backward Laspeyres 1963 (1970=100) 87-3 83-3 82·9 
(ii) Reciprocal: 

Forward Paasche 1970 (1963 = 100) 114·5 120·0 120·6 
(iii) Forward Laspeyres 1970 (1963 = 100) 116·3 121·6 120·9 

Here (i) and (iii) come from runs base-weighted on 1963 and on 1970 
in Tables 4.1 and 4.2; each entry in (ii) is the reciprocal of the corres­
ponding entry in (i). The result used is that the 1970-based column of 
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Laspeyres index numbers in Table 4.1 or 4.2 provides in reciprocal a 
sequence of one-off Paasche index numbers from 1963, then from 
1964, and so on, each to the weights-base year 1970. The one index 
that happens to link with the 1963-based column, and the only one 
to do so, is that from 1963 to 1970. Hence, rows (ii) and (iii) are 
precisely comparable and, as expected from the analysis of 2.7, the 
Laspeyres form exceeds the Paasche in each case. 

The exercise can be repeated for the matching index numbers of 
prices to round off the story and to show the basic result on recipro­
cals in its application to Paasche runs: 

Index 
(i) Backward Paasche 1963 (1970 = 100) 

(ii) Reciprocal: 
Forward Laspeyres 1970 (1963 = 100) 

(iii) Forward Paasche 1970 (1963 =100) 

Co11sumer 
price 
illdex 
73-4 

136·2 
134-2 

All GDP prices 
Market Factor 
prices cost 

72·4 75-8 

138·1 131·9 
136·0 131-1 

Though the results add little to what has already been obtained, these 
implied (Paasche) index numbers are interesting, each a deftator of 
the value change giving the Laspeyres index numbers of quantity of 
the previous tabulation. Again, as must be, the Laspeyres forms given 
in this price index table are all greater than the Paasche forms which 
correspond. 

4.5 Splicing in Practice 

The calculations made on the index numbers of Table 4.1 have an 
immediate use in the process of splicing runs of index numbers on 
successive bases, here 1958, 1963 and 1970. Each run is carried back 
to the base year of the previous run, an overlap more than ample for 
splicing. The problem is illustrated by alternative splicings of the 
Laspeyres runs of real consumption shown in Table 4.3 and by 
alternative splicings of the matching Paasche runs of consumer prices 
shown in Table 4.4. It is considered from three angles; first, the need 
for splicing; second, the cost in terms of the various techniques of 
splicing used; finally, the price to be paid in the compromises and 
approximations involved in splicing. 

As seen in 1.5, the need for splicing arises simply from the fact that 
any index run constructed on what must be a rigid formula gets more 
difficult and eventually quite impossible to realise in practice as time 



TABLE 4.3 

REAL CONSUMPTION AT MARKET PRICES, 1948, 1953 AND 1958-72 

Rlllf obtained by splicing on: Fisher 
1958 ideal 

series 1963 series 1970 series links 
1958 1963 Switched to 1970 Switched to 1958 

Year =100 =100 1958=100 =100 1958=100 := 100 
(1) (2) (3) (4) (5) (6) 

1948 81·6 69·0 81-6 60·2 81-6 81-6 
1953 87-6 74·0 87-6 64·6 87·6 87-6 
1958 100 84·5 100 73-8 100 100 
1959 104·7 88·2 104-4 77-0 104-4 104-6 
1960 108·9 91·6 108-4 80·0 108-4 108·6 
1961 111·5 93-8 111·0 81·9 111·0 llH 
1962 114·0 95-8 113-4 83-6 113-4 113-6 
1963 119·6 100 118·3 87-3 118·3 119·0 
1964 123-8 103·5 122·5 90·0 122·0 122·9 
1965 125-9 105-3 124·6 91-4 123-8 124·9 
1966 128·5 ION 12H 93·2 126·3 127-3 
1967 131·4 109·9 130·1 95·0 128·7 130·1 
1968 134·8 112-7 133-4 97·3 131·8 133-3 
1969 135·5 113-3 134·1 97·6 132·2 134·0 
1970 139-1 116·3 137-6 100 135·5 137-3 
1971 142-7 119·3 141·2 102-6 139·0 140·9 
1972 ISH 126·3 149·5 108·6 147·2 149·1 

From Table 4.1 

TABLE 4.4 

CONSUMER PRICE INDEX, 1948, 1953 AND 1958-72 

Run obtained by splicing on: Fisher 
1958 Ideal 

series 1963 series 1970 series links 
1958 1963 Switched to 1970 Switched to 1958 

Year =100 =100 1958=100 =100 1958=100 =100 
(1) (2) (3) (4) (5) (6) 

1948 68·5 61·65 68·5 45·25 68·5 68·5 
1953 8H 76·6 8H 56·2 8H 8H 
1958 100 90·0 100 66·1 100 100 
1959 100·7 90·9 101·0 66·7 101·0 100·7 
1960 101-6 91·9 102·1 67-45 102·1 101·7 
1961 104-6 94·5 105·0 69-4 105·0 104·9 
1962 108·5 98·2 109·1 7H 109-1 109·0 
1963 110·0 100 llH 73-4 11H 110·55 
1964 113·5 103-2 114·7 76·0 115·0 114·2 
1965 118·8 108·0 120·0 79·7 120·6 119-6 
1966 123-4 112·2 124·7 82-9 125·5 124-4 
1967 126·7 115·2 128·0 85-3 129·1 127-8 
1968 132·7 120·6 134·0 89·5 135·5 134·0 
1969 139·8 127·1 141·2 94·5 143·1 141-4 
1970 147-6 134·2 149·1 100 151·4 149·5 
1971 159·7 145·2 161·3 108·2 163-8 161·7 
1972 169·9 154·5 171·7 115·1 174·2 172·0 

From Table 4.1 
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goes on. The usual type of formula includes a cross-valuation of 
quantities of one year at prices of another, requiring completely 
comparable data on prices and quantities over the span of years. 
Every item in the index must have a quantity and a matching price 
quotation on a specification which is detailed, explicit and un­
changing. All this must be defeated sooner or later by the operation 
of economic change in demand or supply and by innovation and 
technical progress. Goods and services change in many ways; old 
items disappear and new items take their place. The cross-valuation 
on which an index depends soon becomes approximate and finally 
has to be given up. 

As an illustration, consider the Laspeyres index measuring real 
consumption and dependent on the valuation of current goods and 
services at the fixed prices of some base year. Among the items so to 
be valued are durable goods of all shapes and sizes. It is not possible 
precisely, and difficult approximately, to name a base-year price for 
(e.g.) this year's TV set. Model changes are frequent: one model is 
not easily compared with the next either technically or in terms of 
consumer preferences. The cross-valuation can be kept going as a 
reasonable approximation for some time but eventually something 
happens to make it collapse, as when a really new product such as 
colour TV hits the market. It is perhaps less clear that much the 
same thing can happen to many consumables; breakfast cereals and 
women's shoes are just two of many items liable to technical innova­
tion or changing fashion. It is hardly possible to name a single item 
which remains unchanged over decades, still less centuries; even our 
daily bread would be unrecognisable to the Victorians, let alone to 
the Tudors. 

A first reaction is to give up any attempt to calculate index num­
bers of real consumption or consumer prices valid for more than a 
few years. Indeed most fixed-weighted forms are primarily regarded 
by their constructors as short-run indicators. Yet the question which 
an index is required to answer is valid, useful and meaningful not 
only for this year as compared with last but also over scores or 
indeed hundreds of years. What is the standard of living, or the value 
of money, in 1974 in comparison with 1964, or with 1914, or with 
1850? This is a sensible question and it calls for a sensible answer in 
terms of an index of real consumption or of consumer prices. There 
is even some sense in asking the question for a comparison with 1066 
or 1485. So what sensible answer is there? There can be no question 
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of valuing present purchases of breakfast cereals, TV sets and so 
forth at prices of remote years in the past. Something might be done 
by sticking to a few staples such as flour and bread, but only a very 
rough indicator of general price/quantity changes would emerge. 
Clearly the best that can be done is to have successive runs of index 
numbers, each computed on a strict formula as long as possible and 
given up before it splutters out. Long-run comparisons are then to be 
made by splicing methods. 

The justification for splicing in purely statistical or economic­
theoretic terms is seen (in 1.5) to be far from convincing. Yet the 
need is so pressing that splicing must be accepted as a rough and 
ready job and on its own terms. Each index run in a succession of 
runs must be viewed as an approximation to changes in a non­
measurable concept, such as the general price level, remaining valid 
over long periods. A sequence of Laspeyres runs of real consumption 
may be strictly interpreted as changing expenditure at (say) 1958 
prices for the first run, at 1963 prices for the second, and so on. But 
then each run dies in its tracks and splicing has no meaning. The 
splicing process only makes sense if each run can be taken as some 
approximation to changes in the broad and non-measurable concept 
of a standard of living. 

Once this position is accepted, it follows that the splicing job can 
be done in more than one way. It is necessary to make statistical 
estimations and to choose between statistical estimators. Alternative 
splicings become available to the extent that successive runs overlap; 
the question is which run provides the splice in the overlap. The 
three 'straight' splicings in Table 4.3 or 4.4 differ according to which 
run is taken in the overlaps of 1958-63 and 1963-70. There is another 
possibility: to use a compromise index formula in an overlap and the 
compromise which suggests itself is the Fisher Ideal form, as used in 
the last splicings in Tables 4.3 and 4.4. The following detailed 
account of splicing techniques refers to columns as numbered in 
these tables. The figures quoted are for real consumption (Table 
4.3); explanations apply equally to the consumer price index (Table 
4.4). 

The three 'straight' splicings are respectively on the 1958 run, on 
the 1963 run and on the 1970 run, the selected run being given the 
longest period of validity in the splicing. Column (l) splices on the 
1958 run, allowed to continue as long as convenient: this is up to 
1963 when its value is 1 I 9·6% of 1958. The 1963 run with each entry 
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multiplied by 1·196 continues to 1970 when the index is H 96 
x 116·3 = 139·1% of 1958. The final leg is the 1970 run. each entry 
being multiplied by 1· 391. In other words, the method of generating 
the splicing on 1958 is to proceed down the 1958 run of Table 4.1 
until119·6 is reached in 1963. to continue with the rescaled 1963 run 
(each times 1-196) until139·1 is reached in 1970, and finally to com­
plete with the rescaled 1970 run (each times 1·391). 

The same kind of splicing is carried out with the 1963 run as the 
base one, and with 1963 as 100, in column (2). The 1963 run is taken 
as spanning the period from 1958 to 1970. Rescaled versions of the 
1958 run and of the 1970 run are used before 1958 and after 1970; the 
rescaling factors are respectively 0·845 and 1·163, from the 1963-
based index in 1958 and in 1970. Column (3) switches the run for 
convenience to the reference base 1958. A third splicing is shown in 
column (4) on the 1970 base and switched to 1958 in column (5). The 
basic run here is that of 1970, taken back as far as 1963 before the 
1963 run is spliced on back to 1958 and the 1958 run before that date. 

A more elaborate calculation is required for the Fisher Ideal 
splicing of column (6). The main elements are the Fisherian links, 
first for the period 1958-63 and then for 1963-70, as calculated from 
the data of Table 4.1: 

Index 

Forward Laspeyrcs (1) 
Backward Laspeyres 

Forward Paasche (2) 
Fisher Ideal: GM of (1) and (2) 

Link: 1958-63 
1958 1963 

100 119·6 
84·5 100 

100 118·35 
100 119·0 

Link: 1963-70 
1963 1970 

100 116·3 
87-3 100 

100 114·55 
100 115-4 

The two links are finally spliced together to give the three basing 
points in the Fisher Ideal splicing. 

1958: 1()(); 1963: 119·0 1970: 1-19 X 115·4 = 137·3 

The completion of the spliced run of column (6) is a matter of inter­
polation between the basing points and of extrapolation outside them. 
The latter raises no problems; extrapolation before 1958 uses the 
1958 run and that after 1970 uses the 1970 run. There is, however, a 
choice .)n the method of interpolation. For the 1958-63 period, this 
can be by means either of the 1958 run or of the 1963 run, both avail­
able over the whole period. On a fairly standard practice, interpola­
tion is by the base series, i.e. the 1958 run from 1958 to 1963 and 
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similarly the 1963 run for 1963-70. So, in year t between 1958 and 
1963, let the increase from 1958 be x% on the 1958 run and write: 

19·0 
100 + 19.6x % of 1958 

as the interpolated index. This is just the arithmetic process of 
reducing the index figure of 119·6 achieved in 1963 on the 1958 run 
to the required basing point of 119·0 of the Fisher Ideal link. 

The spliced runs of Table 4.3, and equally of Table 4.4, only differ 
between the basing points of 1958 and 1970. The 1958 run is the only 
one available before 1958, and only the 1970 run after 1970, and 
each of the spliced runs faithfully reproduces them. Between 1958 
and 1970 on the spliced runs for real consumption (Table 4.3, with 
1958 as 100), the 1958 splicing is consistently highest and the 1970 
splicing the lowest. The Fisherian splicing fulfils expectations by 
falling neatly in the middle. The positions on the spliced runs for the 
consumer price index (fable 4.4) are the mirror image and this is to 
be expected. The price index is of implied Paasche form; the 1958 
splicing runs lowest, the 1970 splicing highest and the Fisherian 
splicing again falls into place in between. There is enough consis­
tency in the whole set of spliced runs to provide the broad conclusion: 
the standard of living (real consumption) rose by 49% and the con­
sumer price level by 72% between 1958 and 1972. 

The price to be paid for splicing is considerable but under most 
conditions it is acceptable. It can be specified under two heads. The 
first price is the loss of the familiar properties of an aggregative index 
in passing from a single to a spliced run. A single Laspeyres run of 
real consumption, for example, is to be interpreted as expenditure at 
constant prices; a spliced run cannot be so interpreted and indeed 
involves valuations at several sets of prices in succession. What may 
be more serious is that, whereas a Paasche run of price index numbers 
is implied by the corresponding Laspeyres run of quantity index 
numbers, this is no longer true of spliced runs. Matching pairs of 
spliced runs fail to multiply to the value change. The discrepancy 
should not, however, be exaggerated; it is usually quite small in 
practice, as is found in the illustration on p. 162. The spliced price 
and quantity runs here may not multiply exactly to the value change 
but they do so approximately and quite closely. 

The second price to be paid for the facility of splicing is that the 
components of an aggregate, each got by a separate splicing, no 
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Runs spliced on: 
Fisher 

1958 1963 1970 Ideal 
Index (1958 = 100) series series series links 

1968 Value: 178·7% of 1958 
Real consumption 134·8 133-4 131-8 133-3 
Consumer prices 132-7 134·0 135-S 134·0 
Product 178·9 178·8 178·6 178·6 

1970 Value: 205-3% of 1958 
Real consumption 139-1 137-6 l3S·S 137-3 
Consumer prices 147-6 149-1 151-4 149·5 
Product 205-3 205-2 205-1 205-3 

1972 Value: 256·7% of 1958 
Real consumption ISH 149·5 147·2 149·1 
Consumer prices 169·9 171·7 174·2 172·0 
Product 256·1 256·1 256·4 2S6·S 

From Tables 4.3 and 4.4 

longer add to the total aggregate obtained by splicing. Addition here 
means either straight summation of constant-price (or constant­
quantity) valuations or the equivalent weighted combination of com­
ponent index numbers. As an illustration which makes direct use of 
Blue Book data, take real consumption as one component of real 
GDP as expenditure, and add the other components as specified in 
Chapter 3, Appendix Tables B2 and B3. The 1970-based run of real 
consumption is shown in Table 4.1 back only to 1963, and similarly 
the 1963-based run goes back only to 1958. This omission is not 
because the Blue Books stop short in this way in their published 
backward runs. It is rather because the earlier entries are calculated 
on such a different basis that they are not comparable with the later 
ones. The run of real consumption based on 1970 is computed in full 
detail of repricing at 1970 prices after 1970 and in a reasonably 
approximate form back to 1963 (see 3.8). No attempt is made, how­
ever, to revalue at 1970 prices in years before 1963; instead, the 
previous 1963-run is spliced on in precisely the way described here. 
The splicing is done separately for each component and for total 
GDP. Consequently, in the years before 1963, total GDP is not the 
sum of its components, all estimated (by splicing) at 1970 prices. 
The following data taken from the 1973 Blue Book illustrate this 
result for the years 1956, 1958 and 1960, in comparison with 1963 as 
the first year of repricing directly with 1970 prices: 
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Real GDP Estimated by Valued at 
£mn at 1970 market prices splicing on the 1963 run• 1970prices 

1956 1958 1960 1963 
Current expenditure: 

Consumers 22,122 23,178 25,136 27,416 
Public authorities 7,327 7,046 7,352 7,984 

Gross domestic capital 4,916 5,050 6,518 6,648 
formation 

Exports less imports 422 263 -385 -112 
Discrepancy -93 -55 +41 

GOP at 1970 market prices 34,694 35,482 38,662 41,936 

• Run of constant (1963) price valuations spliced in 1963 onto run of direct 
valuations at 1970 prices. 

There is a difference between total GDP and the sum of its com­
ponents as long as the constant-price valuations are obtained by the 
splicing method. There is no difference (by definition) in the run of 
direct valuations at 1970 prices from 1963 onwards. The discrepancy 
arising from splicing is fairly substantial and it can be in either 
direction. It is a feature of the splicing process which cannot be 
ignored though it must be accepted. 

4.6 The Value Matrix 

The matrix of direct and cross-valuations, from which all aggregative 
index numbers are computed, is written in 1.6 in the conventional 
form with prices constant across rows and quantities constant down 
columns. In shorthand, write: 

for r, s=O, 1, 2, 3, ... 

in the case where all runs start from year 0 and continue indefinitely. 
The general entry shown in the square brackets in the matrix is the 
valuation of year s quantities at year r prices. 

There is a vast amount of information stored in V. The complete 
matrix, even when it is stopped after a given period of years, is 
calculated in practice only for special purposes, e.g. in an econo­
metric study of a specific period or in such experimental work as 
Fowler (1970) on the index of retail prices. The leading diagonal is 
the run of actual recorded values and from it is derived: 

value change from year r to year s 
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As a regular and continuing matter, however, off-diagonal entries are 
computed only as needed in the runs of index numbers to be obtained. 

The analysis of 1.6 can be recapitulated and developed. Index runs 
base-weighted on year 0 need only the entries in the first column (for 
prices) and in the first row (for quantities) of V, all divided by the 
first entry in the leading diagonal. In year t: 

First-column entry: 

and 

First-row entry: 

and 

Laspeyres price index: P01(q0) = *p,qo 
L.P~o 

Laspeyres quantity index: Q01(p0) = ~poqt 
L.P~o 

The corresponding Paasche runs are derivative and use the leading 
diagonal entry for year taswell as entries in the first row or column: 

Paasche price index: 

As long as year 0 remains the weights base, the index runs can be 
switched to any reference base and the cross-valuations still come 
only from the first row or column of V. For example, the Laspeyres 
price run on year r as reference base is: 

P~,(qo) = Poe(qo) = LPtqo 
Por(qo) LPrqo 

r given and t =0, 1, 2, 3, ... 

Other rows or columns of V are needed only when the index runs are 
rebased on the selection of (say) years as a new weights base (s * 0). 
These runs are different and derived from entries in the (s + 1)th row 
and the (s + 1 )th column of V in place of the first row and column. 

The computational consequence is simple. To get both price and 
quantity index runs in both Laspeyres and Paasche forms, entries 
need be added to V year by year only in the leading diagonal plus the 
(s + 1 )th row and column, where year s is the weights base. Even less 
is needed if only one matching pair of runs is computed. If the pair is 
the Laspeyres run for quantity and the Paasche run for price, as in the 
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British national accounts, then continuing entries in V are needed 
only in the leading diagonal plus the (s + 1)th row. 

This economical way of getting year by year a single split of value 
changes into price and quantity components is illustrated by the 
value matrix of Table 4.5 for consumers' expenditure in the years 

TABLE 4.5 
CONSUMERS' EXPENDITURE AT MARKET PRICES: 

Prices 
in year: 

1958 
1963 
1970 
1971 
1972 

VALUE MATRIX (£ billions) 

1958 
15-4 
17·0 
NA 
NA 
NA 

Quantities ill year 
1963 1970 1971 
18·4 
20·1 
27-4 
NA 
NA 

NA 
23-4 
31·4 
NA 
NA 

NA 
24·0 
32·2 
34·8 
NA 

1972 
NA 
NA 
34·1 
NA 
39·3 

From Chapter 3 Appendix Tables B2 and 3 

1958, 1963 and 1970-2. The current runs of index numbers of real 
consumption and consumer prices are based on 1970 and the matrix 
is extended year by year by adding entries only in the leading 
diagonal and in the 1970 row. More is needed only when a change is 
made in the weights base and the required entries then drop from one 
row to another. Changes in weights base were made in 1958, 1963 and 
1970 so that the matrix of Table 4.5 has extra entries for these years, 
making it possible for both pairs of matching index numbers (and 
not just the regular single pair) to be calculated between them. 

4. 7 Relation between Laspeyres and Paasche Runs 

The statistical-theoretic result (5) of 2.7 relates the Paasche to the 
Laspeyres form in any one year. It can be illustrated in its application 
to index runs and the way prepared for a consideration of the ques­
tion of the 'drift' of an index of Laspeyres or Paasche form away from 
the true index as time goes on. 

The evidence so far is that the Laspeyres and Paasche forms differ 
little in the short run but that where significant differences occur, 
not overlaid by observational errors, they tend to conform to expecta­
tions as analysed in 2.7. Tables 3.12 and 3.18 provide illustrations. 
In a demand-dominated market such as that for imports and for 
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consumer goods, the Laspeyres price index is generally the larger of 
the two. In the less usual situation of markets dominated by suppliers, 
the Paasche index tends to be the higher, e.g. for export prices as in 
Table 3.18. The same Paasche/Laspeyres relation holds for the 
quantity index as for the corresponding price index. 

Comparisons between Laspeyres and Paasche forms can be made 
in Table 4.1 for real consumption and consumer prices, if only for 
years which are successive weights bases. The two forms are quite 
close and the Laspeyres is the greater of the two both from 1958 to 
1963 and again from 1963 to 1970. The Fisherian links are here found 
to be convenient figures falling in the narrow range set by the 
Laspeyres and Paasche forms. The question remains whether the gap 
between the two forms tends to open up by a gradual drift apart as 
the time span of the comparison increases. If so, the further question 
is whether the Fisher Ideal index is a closer approximation to the true 
index than either the Laspeyres or the Paasche index by itself. A 
little light is thrown on these questions by the longer runs of Tables 
4.3 and 4.4. The three original runs of real consumption, here spliced 
together, are of base-weighted (Laspeyres) form. It makes sense that 
the 1958-splicing runs the highest of the three in Table 4.3 over the 
period from 1958 to 1970 and that the 1970-splicing should be the 
lowest. For the splicing which makes most use of the 1958 original 
run is more heavily 'base-weighted' than the splicing which empha­
sises the original run based on 1970. 

A possible compromise here is to take the intermediate splicing 
mainly dependent on the Laspeyres run of real consumption based on 
1963. Before 1963 this splicing is of backward Laspeyres, and so of 
forward Paasche, type and so runs low. After 1963 it is of forward 
Laspeyres type and so runs high. The compromise is of a 'blow-hot­
blow-cold' nature and there is little to be said for it. As Fowler 
(1974) notes, it is no help to have an index which first diverges in one 
direction and then in the other. 

A better job at a compromise is likely to be the spliced run of real 
consumption constructed from Fisher Ideal links. At least the links 
split the difference between the Laspeyres and the Paasche forms at 
each successive basing year. The same is true of the spliced runs of 
the index of consumer prices (Table 4.4). The relation between the 
runs is in the opposite direction, since the original runs are ofPaasche 
form, but the splicing constructed from Fisher Ideal links again splits 
the difference between them. 
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In the usual notation for Laspeyres and Paasche runs base­
weighted on year 0, the result (5) of 2.7 can be written: 

!':_ot(q,) = Qot(Pt) = 1 +Pot 
Pot(qo) Qot(Po) 

Up Uq 
where the discrepancy Pot= r -- --~ 

Pot(qo) Qot(Po) 
(I) 

The expression for Pot involves the weighted correlation coefficient 
and variances of price/quantity relatives in year ton year 0 as base. 
It is an economical procedure to supplement a given Laspeyres run 
by calculating the discrepancy p01 each year from the basic data. The 
entry for year t in a Paasche run is then (1 +Pot) times the Laspeyres 
index of year t. So, given Pot and Q0t as the Laspeyres price and 
quantity runs respectively on the base year 0: 

Year 1 2 
Discrepancy Pot Poa Pol 
Price index run: 

Laspeyres Pot Poa Pol 
Paasche Po1(1 +Pot) Poa(l + Poa) Pol(l +Pol) 

Quantity index run: 
Laspeyres Qol Qoa QOI 
Paasche Qol(l +Pot) Qoa(l + Poa) Qol(l +Pol) 

Change in value: 
Vol Pol Qol(I + Pol) PoaQoa(l + Poa) Po,Qol(l + Pot) 

The economical nature of this formulation is seen in the fact that the 
row for Vot automatically includes both splits of the value change: 

Pot x Qot(1 +Pot) and 

Laspeyres Paasche Paasche Laspeyres 

The formulation concentrates attention on the discrepancy Pot given 
by (1), with sign determined by the correlation coefficient r and 
magnitude jointly by this coefficient and the spread of price and 
quantity relatives. Usually: r<O and so: Pot<O. From the long-run 
point of view, however, the questions are whether Pot keeps the 
same sign and whether it starts small and then grows more or less 
slowly. 

Once the weights base is fixed at year 0, the value matrix V can be 
divided through by tbe leading element (2,p0q0) and expressed in 
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terms of Laspeyres index runs together with p01: 

D = [ 1 Qot Qoa · · '] 
Pot PotQotO +Pot) · · · · · · 
Pos • • • PoaQoz(l + PoJ • • • . . . . . . . . . . .. 

(2) 

where the only entries written explicitly are in the leading diagonal 
(value changes) and in the first row and column (Laspeyres index 
runs). The other off-diagonal entries are cross-valuations usually not 
computed. If the weights base is changed from year 0 to year r, then 
the row and column needed in (2) shift to the (r + 1)th. The simplest 
procedure is to move this row and column up into the first slot in D 
and so keep the form (2). 

To illustrate, take the consumption of dairy produce by three 
income groups as given in Table 3.14. This example demonstrates 
that an index run need not be a run through time. Unlike the 
temporal case, there is here no fixed order and the groups are arranged 
in Table 3.14 for convenience only: A, low-income pensioners; B, 
middle-income families; C, high-income families. The analysis of 
3.6 suggests a different order from the point of view of consumption 
of dairy produce per head: B, C, A. The value matrices in the two 
quarters considered are shown below with the groups arranged in this 
new order and with entries in p per head per week (expenditure on 
dairy produce). 

Unit values: 
Group B 

c 
A 

First quarter 1972 
Quantities consumed by: 

B C A 

57-66 
62·04 
59·75 

61·31 
65-89 
64·75 

60·50 
65-10 
62·68 

With group Bas base, the matrices Dare: 

First quarter 1973 
Quantities consumed by: 

B C A 

54· 50 
57·33 
55-43 

55-86 
58·75 
56·85 

60·06 
63-14 
61-10 

First Quarter 1972 First Quarter 1973 

[ 
1 1·063 1·049] [ 1 1·025 1-102] 

1·076 1-143 . . . 1·052 1·078 ... 
1·036 .. . 1·087 1·017 .. . 1-121 

Here the discrepancies are not significantly different from zero; for 
example, in the first quarter, 1972: 

Vbo 1-143 · 1 
l + P&o = PbcQbc 1,076 x 1,063 1·000 to three decimal p aces 
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It follows that the Laspeyres and Paasche forms are approximately 
equal and their common values can be read off the matrices D: 

Group 
c 
A 

INDEX NUMBERS, GROUP B = 100 

First 
quarter 

1972 
1973 
1972 
1973 

Price 
Unit values 

107-6 
105-2 
103-6 
101-7 

Quantity 
Real consumption 

106·3 
102-5 
104-9 
110·2 

So, both low-income pensioners (A) and high-income families (C) 
pay higher prices and have a higher real consumption of dairy 
produce per head than middle-income families (B). This is not sur­
prising since middle-income families tend to be larger and, in particu­
lar, to have more children. It is more surprising that the difference is 
so large, of the order of 5% for real consumption per head. 

4.8 Monthly or Quarterly Runs: Seasonal Variation 

There is no difficulty in accommodating the analysis to monthly or 
quarterly instead of annual runs of index numbers. Several examples 
have already been cited. The index of retail prices of Table 3.1 is a 
monthly run, as are the index numbers of unit values and volume of 
merchandise trade quoted (as annual averages) in Table 3.19. The 
retail price index for pensioners and any index based on the National 
Food Survey are quarterly runs, as are all aggregates or index 
numbers obtained from the national income accounts published at 
quarterly intervals in Economic Trends. The October issue each year 
of this monthly journal gives long runs of quarterly figures for all the 
main components of GDP. Nevertheless it is worth pursuing briefly 
the particular features of an index run as a time series at more 
frequent intervals than annually and to consider especially the ques­
tion of estimating and eliminating seasonal variation. 

A monthly quantity series, whether in physical units, in constant 
price values, or in index form, has a time dimension in that it depends 
on the number of days in the month. The same is true of a quarterly 
series even if it is obtained as an average over the months of the 
quarter. Seasonal factors also operate from the demand and from 
the supply side: weather, fashion and holidays to name only a few. 
It is important to isolate at least the regular seasonal influences. 
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The position is simpler for monthly or quarterly price series since 
the time dimension is lacking. A price quotation or a unit value is 
either a spot figure or an average over a period. The index of retail 
prices, for example, uses prices collected at a spot date, the Tuesday 
nearest the fifteenth of each month. Import and export prices are 
unit values averaged over the month of the statistical return. There is 
also less scope for the operation of seasonal factors ; for example, 
holidays have little effect on prices. Apart from some special cases, 
e.g. prices of fruits and vegetables, there is unlikely to be any reason 
to adjust a price series for seasonal factors. 

Various models of time series, whether or not in index-number 
form, can be constructed and applied to the estimation of seasonal 
factors. The quarterly case can be used for illustration: the series X, 
for quarters t =0. 1, 2, 3, .... An additional subscript is needed to 
indicate which quarter of the year t happens to be: i = 1, 2, 3, 4. A 
model then splits X, into three components: trend T,, seasonal 
factors Stt depending on i as well as t, and finally a random or 
residual term e,. In the short-run problem of seasonality, the trend 
sweeps in variations which turn out to be cyclical in the longer run. 
A simple form may be adopted for the seasonal element: 

S., = ot.tTt + f3, 

where ot.1 and f31 represent each a set of four constants taken over the 
quarters of the year. On this formulation, seasonal variation has a 
constant amplitude (/31) over time, or an amplitude (ot.1T,) which is 
proportional to trend, or a combination of the two. Hence: 

X,=(l +ot.1)T,+f31 +e, (1) 

is a rather general model with two particular cases: 

X,=Tt+f3t+Et 

and Xc=(l +ot.t)T, +Et 

(2) 

(3) 

where (2) with ot.1 =0 can be called an additive model and (3) with 
f31 =0 a multiplicative model from the way in which the seasonal 
factors enter. In (2), the spread of the seasonal factors over the four 
quarters is constant fl'om year to year; in (3), it grows or declines as a 
fixed proportion of the trend. In the first case, the data are to give 
estimates of f3to f32, /33, f3, for the seasonal pattern; in the other case it 
is the fixed percentages lOOot.to 100ot.8, 100ot.3, 100ot.4 which are to be 
estimated. 
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There are three stages in the estimation of seasonal adjustment: 
estimation of trend T1; estimation of ex, and/or fJ, in the model (I); 
elimination of seasonal factors to give: 

Xt- {Ji 
fort =0, I, 2, 3, ... and i=I, 2, 3, 4 

I +ex1 

as the seasonally adjusted series. This can be quite complicated in 
practice, e.g. when trend is found on a two-stage process of estima-
tion and when ex1 and fJ, are estimated by regression techniques; see 
Brown, Cowley and Durbin (1971), Durbin and Murphy (1975). 

TABLE 4.6 
CONSUMERS' EXPENDITURE AT MARKET PRICES: 

ALCOHOLIC DRINK, QUARTERLY 1967-73 

Beer Wines, spirits, etc. 
lmn at 1970 prices lmn at 1970 prices 

lmnat Implied Season- Season-
current price Un- ally Un- ally 

Year Quarter prices index• adjusted adjusted adjusted adjusted 
(1) (2) (3) (4) (5) (6) 

1967 3 287 85-4 336 304 195 210 
4 253 85-2 297 295 313 212 

1968 1 231 85·9 269 309 164 242 
2 269 86·2 312 308 180 202 
3 292 86·4 338 305 199 212 
4 215 87·0 316 313 341 228 

1969 I 251 90·9 276 318 144 212 
2 294 90·7 324 322 179 203 
3 339 91-4 371 335 195 211 
4 317 93-8 338 334 331 223 

1970 1 280 98·9 283 326 148 222 
2 334 99·4 336 335 199 225 
3 380 99·7 381 344 229 262 
4 361 101·7 355 350 380 247 

1971 1 325 105·5 308 355 167 248 
2 385 108·1 356 354 228 260 
3 422 108·2 390 352 251 270 
4 394 107-9 365 358 407 275 

1972 1 350 110·4 317 365 201 298 
2 419 112-9 371 369 269 302 
3 447 114·3 391 353 284 302 
4 434 115-7 375 367 453 305 

1973 1 365 115-9 315 363 239 353 
2 446 116·1 384 382 350 393 

From Economic Trends, October, 1973 

• AU columns from source except (2) which is derived from (1) divided by (3) 
and has 1970=100. 
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Take a simple case for illustration: model (2) with trend found 
either as a four-quarter centred moving average or by linear regres­
sion. Two particular components of consumers' expenditure (beer; 
wines, spirits, etc.) are used, each with a marked seasonal pattern. 
Table 4.6 gives a run of data over six years by quarters in real terms 
at constant (1970) prices. In addition, to provide a check on possible 
seasonal factors in prices, Table 4.6 gives a run of prices of beer. 
These are unit values but beer is a group homogeneous enough to make 
them good approximations to prices. The official series for real con­
sumption (but not prices) are given in the table both unadjusted and 
adjusted for seasonal factors; the seasonal adjustment is by the 
sophisticated methods described in Central Statistical Office (1968), 
pp. 53-7. A comparison can be made here with the results obtained 
from the simple additive model. 

The quantity and price runs for beer have trends sufficiently close 
to straight lines to make it possible to estimate the seasonal variation 
by a linear-trend method. All that is required of the linear trend is its 
slope, i.e. the average increase in the series per quarter. Once this is 
estimated, the correction for trend can be left until the end. Apart 
from the trend, model (2) has only the pair of terms ({Ji + E1} and {Ji 
can be estimated by taking each quarter of the year ({Ji constant) in 
turn and by eliminating the random Et by averaging over the years. 
The estimates here for beer prices and quantities use the five com­
plete years 1968-72. The slopes of the linear trends estimated by 
least squares, are 1·71 points per quarter for prices (1970 = 100) and 
£4·1 mn per quarter for the quantity series at 1970 prices. The means 
of the two series are respectively 99·75 and 338·6 over the five years. 
The trends within the year and around the overall means are: 

Quarterly Trend in quarters: 
Beer Mean increase 2 3 4 

Prices, 1970 = 100 99·75 1·71 97-2 98·9 100·6 102-3 
Consumption, £mn 338·6 4-1 332-45 336·55 340·65 344·75 

at 1970 prices 

These are stored for use at the end. Arrange the given series in columns 
for the quarters of the year and average down the columns. The 
last row gives estimates of the four constants f1to {12, {13 and {J,; they 
add to zero and represent the pattern of a seasonal variation. 

Beer prices have a small seasonal variation; they are perhaps a 
little high early in the year and a little low later, but the differences 
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Prices (1970=100) Real consumption (£mn) 
Beer Q.1 Q.2 Q.3 Q.4 Q.l Q.2 Q.3 Q.4 
1968 85-9 86·2 86·4 87·0 269 312 338 316 
1969 90·9 90·7 91-4 93-8 276 324 371 338 
1970 98·9 99-4 99·7 101·7 283 336 381 355 
1971 105·5 108·1 108·2 107-9 308 356 390 365 
1972 110·4 112-9 114·3 115-7 317 371 391 375 
Sum 491-6 497·3 500·0 506·1 1,453 1,699 1,871 1,749 
Mean 98·3 99·5 100·0 101-2 290·6 339·8 374·2 349·8 
Trend 97·2 98·9 100·6 102-3 332-45 336·55 340·65 344-75 

Difference +1-1 +0·6 -0·6 -H -42 +3 +34 +5 

are not significant. It is possible to ignore the seasonal influences, the 
situation expected for prices. The position is quite different for beer 
consumption; there is a marked seasonal pattern with consumption 
high in the summer and low in the winter. This is the expected varia­
tion and it is now quantified: first-quarter consumption is below trend 
on average by £42mn or well over 10% and the other quarters have 
above-trend consumption, significantly so only in the third quarter 
(by £34mn). A seasonally-adjusted series on model (2) is: X,- f:Jt 
= T, + £,. Adjust real consumption of beer by subtraction of the 
seasonal pattern and compare with the official series adjusted by 
more sophisticated techniques: 

REAL CONSUMPTION OF BEER, SEASONALLY ADJUSTED, 
£mn AT 1970 PRICES 

Ll11ear Official Li11ear Official 
Year Quarter method series Year Quarter method series 
1967 3 302 304 1970 3 347 344 

4 292 29S 4 350 350 
1968 1 311 309 1971 1 350 355 

2 309 308 2 353 354 
3 304 305 3 356 352 
4 311 313 4 360 358 

1969 1 318 318 1972 1 359 365 
2 321 322 2 368 369 
3 337 335 3 357 353 
4 333 334 4 370 367 

1970 1 325 326 1973 1 357 363 
2 333 335 2 381 382 

The differences are not large, about It%. Certainly, in this run with 
a clear linear trend, the simple linear method is quite adequate. 

A more general, but still quite simple, computation of seasonal 
variation is by a moving-average method. The scheme is the same 
except that the first stage is to estimate the trend T, as a four-quarter 
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centred moving average. It can then be eliminated at once by writing 
deviations from trend: X1 - T1 = {Ji + E1• The estimation of {3; by 
averaging over each quarter of the year separately proceeds as 
before. A four-quarter moving average centred on quarter t requires 
the use of two successive averages: 

(Xt-2 + Xt-t +X,+ X,+l) and (Xt-t +X,+ Xt+l + X,+2) 

These are centred respectively half-way between X1_ 1 and X1 and 
half-way between X1 and Xt+l· A simple average of the two is then 
centred as required on X1• The formula is: 

T, = !(X,_2 + 2X,_1 + 2X1 + 2Xt+l + X1+2) ( 4) 

an average of five successive quarters, the outside quarters being 
given half the weight of the three inside ones. 

As illustrations take real consumption, first of beer as before, and 
then of the other alcoholic-drink group. The trend in each case is to 
be obtained by the use of (4) from the data of Table 4.6. The devia­
tions from trend then follow by subtraction of trend from the 
original figures: 

Year 
1968 

1969 

1970 

1971 

1972 

Quarter 
1 
2 
3 
4 
1 
2 
3 
4 

1 
2 
3 
4 

1 
2 
3 
4 
1 
2 
3 
4 

Beer 
£mn at 1970 prices 
x, T, x,-r, 

269 303-8 -34·8 
312 306·4 + 5·6 
338 309·6 +28·4 
316 312·0 +4·0 
276 317-6 -41-6 
324 324·5 -0·5 
371 328-1 +42-9 
338 330·5 +1·5 
283 333·2 -50·2 
336 336·6 -0·6 
381 341·9 +39·1 
355 347·5 + 7·5 

308 351-1 -4H 
356 353·5 +2·5 
390 355·9 + 34·1 
365 358·9 +6·1 
317 360·9 -43·9 
371 362-2 +8·8 
391 363·2 +27-8 
375 364·6 + 10·4 

Wines, spirits, etc. 
£mn at 1970 prices 
x, T, x,-r, 

164 213-5 -49·5 
180 217·5 -37·5 
199 218·5 -19·5 
341 215-9 + 125·1 
144 215·2 -71·2 
179 213·5 -34·5 
195 212·8 -17-8 
331 215·8 + 115·2 

148 222·5 -74·5 
199 232-9 -33-9 
229 241·4 -12-4 
380 247-4 + 132·6 

167 253-8 -86·8 
228 259·9 -31·9 
251 267·5 -16·5 
407 276·9 + 130·1 
201 286·1 -85-1 
269 296·0 -27·0 
284 306·5 -22·5 
453 321·4 + 131 ·6 

The remaining job is the derivation of a slightly improved estimate 
of seasonal variation for beer consumption, allowing for some small 
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divergence of trend from linearity, and of a first estimate of the 
seasonal pattern for consumption of wines, spirits, etc. about what 
is seen to be a very non-linear trend. The procedure is similar to that 
already carried out: 

Beer Wines, spirits, etc. 
Deviations £mn at 1970 prices £mn at 1970 prices 

from trend Q.l Q.2 Q.3 Q.4 Q.l Q.2 Q.3 Q.4 
1968 -34·8 + 5·6 +28·4 +4·0 -49·5 -37·5 -19·5 + 125·1 
1969 -41·6 -0·5 +42·9 +7·5 -71·2 -34·5 -17·8 + 115-2 
1970 -50·2 -0·6 + 39·1 +7·5 -74·5 -33-9 -12-4 + 132·6 
1971 -43-1 +2·5 + 34·1 + 6·1 -86·8 -31·9 -16·5 + 130·1 
1972 -43·9 + 8·8 +27·8 + 10·4 - 85·1 -27·0 -22·5 + 131·6 

Sum -213-6 + 15·S + 172·3 + 35·5 -367-1 -164·8 -88·7 + 634·6 
Mean -42·7 + 3·2 + 34·5 +H -73-4 -33·0 -17·7 + 126·9 

Seasonal -43 +2t + 34 +6! -74 -34 -18 + 126 
variation* 

* Means adjusted to add to zero and rounded off. 

The results are clear enough for beer consumption in real terms. 
The trend is confirmed as quite close to a straight line. Consequently 
the estimate of the seasonal pattern by this more general method is 
little different from that obtained by the linear-trend method. The 
trend in consumption of the other group (wines, spirits, etc.) is far 
from linear; after wavering up and down for two years, it takes off 
on what seems to be an exponential growth in 1970-2. It appears 
from the arrangement of the deviations from trend in columns of 
quarters that the largest deviations (in opposite directions) are in the 
first and fourth quarters and that they tend to increase over time. 
The deviations in the other two quarters are both smaller and more 
nearly constant. This suggests that the additive model (2) suits the 
two middle quarters but that the multiplicative model (3) may be 
better for the other quarters. The best results are likely to be obtained 
by using the combined model (1) for the whole series. The additive 
model adopted here must be expected to give estimates of seasonal 
variation which are rough and ready. 

All this is confirmed by a comparison of the estimates of the 
seasonal pattern on the additive model and the simple moving­
average method with the more elaborate estimates obtained for the 
official series as quoted after seasonal adjustment in Table 4.6. The 
simple method gives a seasonal pattern of constant profile over time. 
Real consumption of wines and spirits is heavily concentrated in the 
last quarter; it is much lower in other quarters and especially low in 
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the quarter after Christmas. The official estimates of seasonal varia­
tion are to be deduced by subtracting column (6) from column (5) in 
Table 4.6. They show inevitably the same general pattern but with an 
increasing amplitude as the trend rises over time. The upward 
seasonal deviation in the fourth quarter (in £mn at 1970 prices) rises 
from 101 in 1967 to 148 in 1972; the downward variation of the first 
quarter grows from 78 in 1968 to 114 in 1973. Smaller changes occur 
in the other quarters. 

One last point can be made. Total expenditure on alcoholic drink 
(the sum of the two groups of Table 4.6) can be handled quite separ­
ately to provide an estimate of seasonal variation in the total, and 
hence to give a total series adjusted for season. This would be an 
inefficient exercise since the two components of the total behave in 
such different ways; beer consumption peaks in the summer and 
wines and spirits at Christmas. It is clearly better to adjust each of 
the component series separately and then to add the results. The 
seasonally adjusted series of real consumption of alcoholic drink in 
total is the sum of columns (4) and (6) in Table 4.6. 



5 Chain Index Numbers 

5.1 Economic-theoretic Approach 

The runs of index numbers of Chapter 4 are subject to the limitation 
that each is simply a sequence of binary comparisons between the 
current year t and the base year 0. There is no reference whatever to 
the course of prices/quantities in between. Something better than this 
must be sought, something more in line with economic common 
sense and making more efficient use of all the data. The suggestion 
which now comes up for consideration is that, in the practical job of 
calculating and publishing an index year by year, use can be made of 
all the price/quantity information from the base year up to and 
including the current year. Such an index provides a rolling com­
parison of year t back to year 0 using all the data as cumulated to the 
current year. This concept leads to the Divisia Integral Index in 
theory and to the chain index as its practical realisation. It is not to 
be confused with the more extreme exercise, to be pursued in 
Chapter 7, of estimating all index numbers in a given period from all 
the data of the period. The present job is to make the current index 
depend on back data; the wider problem has an index dependent 
both on back data and on data to come within the overall period. 

The same concept can be approached from another direction. Runs 
of Laspeyres or Paasche index numbers tend to break down after a 
time and the practical response in Chapter 4 to this difficulty is to 
take only short runs spliced together into longer runs. This is often 
achieved, e.g. in British national income data, by changing the base 
at intervals of about five years. Done systematically such a splicing 
is (e.g.) a five-yearly chain of a Laspeyres or Paasche index. The 
question is: why not accelerate and go for annual chaining? There is 
no reason why not and, indeed, the retail price index of 3.2 above is 
just such an annual chain. 

On an economic-theoretic approach, the analysis proceeds in terms 
of the constant-utility price index (2.8) and makes use of the con­
sumer's preference map (Fig. 2.1). A similar analysis can be made 
using the constant-resources price deflator (2.9 and Fig. 2.2). The 
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limitation of the binary comparison of two separated years 0 and 1 is 
seen in the fact that there are alternative ways of getting from point 
q0 to point q1, across the preference map of Fig. 2.1, one involving 
the constant-utility price index at the constant level u0 and the other 
the index at the level u1• Neither makes any use of the actual path 
along which the consumer proceeds from q0 to q1• This is so even if 
the preference map remains fixed; the difficulty is compounded if the 
move is through time across a shifting preference map. The corres­
ponding index of real consumption is that implied by the constant­
utility price index on the assumption that the preference map is 
unchanged; it is one indicator of ordinal utility, increasing with the 
utility level as expenditure rises at constant prices along an Engel 
curve. Take a shifting preference map, however, and the single 
ordinal-utility concept disappears; the real-consumption index is then 
just the match of whatever is the price index. 

The way out of the difficulty is that suggested at the end of 2.8 
above, to follow the mathematician in replacing finite changes 'in the 
limit' by differential (infinitesimal) movements. Take dp for a differ­
ential price change from p and let the quantity change for which the 
consumer opts be dq from q. The relation between dp and dq is a 
differential equation for the consumer's path across his preference 
map as prices change. The actual path is to be found by integrating 
the differential equation. What remains, then, is to analyse (uniquely) 
a value change into price and quantity components, or into substitu­
tion and income effects, and to integrate separately for price and 
quantity index numbers as explicit functions of time. Once achieved, 
as in 5.2 below, it takes the heat off the need to assume an unchanged 
preference map. Each differential change is on a momentarily frozen 
preference map and integration can proceed whether or not the map 
shifts over time. 

5.2 Statistical-theoretic Approach: Dlvisia Integral Index 

Against this economic background, the analysis proceeds in mathe­
matical/statistical terms in arriving at a definition of a price or 
quantity index varying continuously over time. The development 
follows Divisia (1925) as further elaborated by Roy (1927); it is based 
on the circular and factor-reversal tests oflrving Fisher (1922). Start 
from the assumption that the continuous price index P(t) and 
quantity index Q(t) always satisfy: 
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V(t) ==P(t) X Q(t) for all t 
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(l) 

the factor-reversal condition on the value change V(t) given continu­
ously over time. The circular test is different; it imposes a require­
ment on P(t) and Q(t) separately. Let Pot be a particular form 
adopted for P(t) with base year 0. The circular-test condition: 

P0e==Pos xPst for any S (O<s<t) 
gives: Pot ==P01 x P18 x P83 x ... x Pct-1)t 
and so embodies the concept of chaining. Stuval (1957) observes that 
an aggregative index does not pass the test because of: 

the fact that the volume structure and the price structure of an 
aggregate change over the course of time. One could hardly expect 
this to be built into the index numbers of volume and price. After 
all any aggregate involves a certain amount of loss of information. 
. . . In terms of statistical movements this means that instead of 
Laspeyres indices with unchanging weights one would need Las­
peyres indices of volume and price the weights of which refer for 
each current year to the year preceding it. 

This is the point to be followed up here. 
Prices and quantities of n commodities (i = 1, 2, 3, ... n) aggregate 

to a current-price value: 
n 

giving V(t) == 2,p,(t)q,(t) 
i=1 

For differential changes: 
,. n 

dV(t) == 'L,q,(t)dpt(t) + 2.Pt(t)dqt(t) (2) 
i-1 i=l 

and from (1): 
dV(t) = Q(t)dP(t) +P(t)dQ(t) (3) 

To separate the price/quantity effects in (2) and (3), note that pro­
portional changes are appropriate to the index-number problem and 
use a logarithmic transform. Divide (2) by V(t): 

n n 

d~(t) = i~lqi(t)dpt(l) + i~~t(l)~~~t! (4) 
V(t) n fl L, Pt(l)qt(t) L Pt(t)qt(l) 

i-1 i=1 

and divide (3) by V(t) =P(t)Q(t): 
dV(t) dP(t) dQ(t) 
-- =-----+------ i.e. d{lnV(t)}=d{lnP(t)}+d{lnQ(t)} (S) 
V(t) P(t) Q(t) 
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in terms of natural logarithms (In) to base e. The definitions of P(t) 
and Q(t) are laid down so that the separate components of (4) and 
(5) agree; they are given as differential equations: 

n 

dQ(t) i~f·(t)dq,(t) 
d{ln Q(t)} = Q(t) = n 

'L,p;(t)q;(t) 
i=l 

(6) 

Given the courses of p1(t) and q,(t) over time (i = 1, 2, 3, ... n) it 
remains to integrate (6). Write: 

n 
L,q,(t)dp,(t) 

cp(t)dt = '=----·:-=-1--­

L,p,(t)q,(t) 
i=l 

and f(t) = J:cp('r)dT (7) 

The functionf(t) of (7) is given by the course of commodity prices/ 
quantities cumulatively from the base year 0 to the current year t. 
The first differential equation of (6) integrates: 

d{lnP(t)} = cp(t)dt giving lnP(t) -lnP0 = JJc/>(T)dT = f(t) 

Hence P(t) =P0e1H> where P0 = 100 in base year 0 (8) 

A result corresponding to (8) is obtained for Q(t). 
The continuous index P(t) or Q(t) so defined and expressed by (8) 

is the Divisia Integral Index. It is a theoretical construct designed to 
maintain the constraint (1) continuously over time; it requires con­
tinuous price/quantity data for all commodities. It remains to find a 
practical approximation which is applicable to the discrete time 
intervals to which actual index numbers relate and which satisfies 
the circular test. 

5.3 Chain Index with Annua(Links 

Take the price index for expository purposes, defined by (6) inte­
grating to (8) of 5.2; the result for the quantity index is precisely 
similar. Moreover, when the price index is found, the implied quan­
tity index drops out at once from the constraint (1) of 5.2 above. 
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As an initial gambit, take a year as the practical interval of time and 
aim to approximate the continuous index P(t) by an annual run of 
the price index. The point is re-examined later (5.6). Adapt the nota­
tion to the usual form by writingp1 and q1 as price and quantity of a 
typical item in year t, dropping explicit reference to the subscript i. 
Replace P(t) and Q(t) by P1 and Q1• Finally, get the required approxi­
mation by substituting the forward difference fl. from year t to year 
(t + 1) for the differential d: 

ll.p1 =Pt+l -p1 for dp(t) and ll.P1=Pt+1 -P1 for dP(t) 
and similarly for quantities. The Divisia Integral form of P(t) given 
by (6) of 5.2 transforms to: 

ll.P, 2,q,ll.p, . Pc+t- P, 2,q,(Pt+l-Pc) 
-= 1e = --
P1 "L.p,q, . . P, 2,p,q, 

giving the ratio of the annual price index numbers in years t and 
(t + 1): 

Pt+l LPt+lqt ( ) --=---=Pc(t+t) q, 
P, "L.p,q, 

Laspeyres (1) 

The result is both important and very simple: the annual realisation 
of the continuous Divisia index has a Laspeyres form, base-weighted 
on year t, as the link in the chain from t to (t + 1). Repeated use of 
(1), starting from an arbitrary P0 in year 0, gives the chain: 

P, P1 P8 P3 P1 p =p X p X p X ••• X p =P01(q0) xPu.(q1) xP28(q2) X.·. 

o o 1 z 1-1 xP(t-l)t(q1_ 1) 

Take year 0 as base (P0 = 100) to give the Chain Laspeyres Index: 

P, = 100 P01(q0) P12(q1) P23(qs) . .. P(H)e(q,_t) (2) 
and a precisely similar chain for quantities. 

A similar chain of Paasche links is obtained by using backward 
differences: · 

ll.p, =p, -p,_1 for dp(t) and ll.P,=P1 -Pt-t for dP(t) 

in (6) of 5.2, simplifying as before and chaining from P0 = 100 in the 
base year. The result is the Chain Paasche Index of prices on base 
year 0 as 100: 

P', = 100 Po,(q1) P12(q2) P 2a(qa) ... P(t-I)t(q,) (3) 
and a similar form for quantities. Either (2) or (3) is the required 
discrete approximation to the continuous Divisia form; it satisfies 
the circular test as suggested by Stuval (1957). 
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The interpretation of the chain form (2) makes a good deal of 
sense. The index in year t comprises a sequence of t separate links, 
each representing the changing cost of a fixed budget. The budget is 
fixed at the beginning of each year and is changed from year to year. 
As with any splicing of index numbers, the run of the chain index is 
built up on a shifting base. It has, however, the very great advantage 
that the base is brought constantly up to date, that the calculation 
can be continued automatically as long as budget data are available. 
The chain is never broken. The Paasche chain (3) only differs in that 
each link uses a budget fixed at the end of the year. 

The annual chain formula (2) or (3) can be extended to apply to 
an index computed more frequently than once a year, e.g. monthly. 
The time t in the formula is then the current month, but the sequence 
0, 1, 2, ... (t -1) still represents the run of years before t. All the 
links are year-to-year until the last link is reached when the com­
parison is only up to the current month. There is a certain amount of 
choice here. The links (except the last) may be the average of one year 
to that of the next, or they maybe (e.g.) from one January to the next. 

Write Qt and Q' t for the chain index numbers of quantity similar 
to (2) and (3). It follows at once that the value change from year 0 to 
year t is made up: 

V0,=Pt x Q',=P't x Q, 

since each link has this property of the Laspeyres and Paasche forms. 
Hence, the chain Paasche index for prices is that implied by the 
Laspeyres index for quantities (and conversely) in the usual sense of 
accounting for value changes. 

The base year 0 is arbitrary in the chain index (2) or (3); it can be 
shifted at choice to any year r without altering the links in any way. 
All that is done is to lop off the first r links so that: 

100 Pr(r+l)(qr) X P(r+l)(r+S)(qr+l) X ••• X P(t-t)t(qt-t) 

is the chain Laspeyres index for prices in year t on year r as 100 
(r < t). All changes in the index are completely unaffected both in the 
short run within a year and in the longer (spliced) run over the years. 

5.4 Chaining in Practite 

The leading example of a chain Laspeyres index in Britain is the 
retail price index calculated since January 1962 by the Department 
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of Employment. It is published monthly and weights are changed in 
each successive January. The link which runs from January 1973 to 
January 1974, for example, shows the changing cost of the fixed 
budget of January 1973, and the next link from January 1974 to 
January 1975 then shows the changing cost of the new budget fixed 
in January 1974. 

Since the reference base of an index so calculated is quite arbitrary, 
it can be changed whenever it is thought to be convenient to do so. 
The chain index was introduced from January 1962 and this was the 
obvious choice of a reference base. A decision was taken later to 
shift the reference base forward to January 1974. This change was 
purely formal, a matter of convenience; the month-by-month changes 
in the index are precisely the same on the old (January 1962) refer­
ence base and on the new one of January 1974. 

Short of some catastrophic upheaval, the retail price index can 
continue indefinitely, as the chain form is designed to do. It is self­
adjusting each year for all changes in consumer preferences, for all 
quality changes and for all 'births' and 'deaths' of commodities, pro­
vided only that these things show up in the budgets fixed afresh each 
January. There is one rather incidental qualification to make on the 
up to dateness of the fixed budgets which arises because of time-lags 
in processing data from the Family Expenditure Survey from which 
the budgets are derived. Though the 1973 weights should be the 
relative expenditures on various items in a budget at January 1973, 
they are approximated in practice by taking the budget as given by 
the Survey averaged over the three years to mid-1972 and priced at 
the prices of January 1973. A similar approximation is made each 
January. 

As an illustration of the operation of this chain index, some work 
begun in 3.2 can be completed. The exercise is to get the retail price 
index, chained back to January 1962, for all items, for the housing 
group alone and by difference for all items except housing. Whenever 
groups are to be combined or recombined, it is essential to make the 
calculations with each link of the chain index separately, e.g. by first 
dechaining a published index run and then by chaining again. The 
data for the exercise on this basis are set out in Table 5.1. 

There are twelve annual links in the index from 1962 to 1974 so 
that twelve separate calculations of the exclusion of housing need to 
be made. Columns (4) and (5) of Table 5.1 give the annual links for 
all items and for housing obtained by dechaining the published run 
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of January index numbers. The index for all items except housing 
is then obtained in the same annual-link form in column (8). All 
that remains is to rechain back to January 1962 by cumulation of 
column (8) and by a final rounding: 

Date 
Jan. 1963 
Jan. 1964 
Jan. 1965 

Calculation 
1-0238 100=102-38 
1-0238 1·0158 100=103-998 
1-0238 1-0158 1-0457 100 = 108·750 

Rounded index 
102-4 
104·0 
108·8 

The complete runs at each January date from 1962 to 1974 are then 
assembled in the table below, each of chain Laspeyres form on 
January 1962 as 100. The all-items and housing runs are as published; 
what is new is the run for all items except housing, as required. The 
calculations are confined here to the January index each year; the 
index for any other month (say March 1974) is to be got similarly by 
adding another link from January 1974 to March 1974. 

All items 
except 

January All items Housing housing 
1962 100 100 100 
1963 102·7 105·5 102-4 
1964 104·7 110·9 104·0 
1965 109·5 116-1 108·8 
1966 114·3 123-7 113-2 
1967 118·5 131·3 117·0 
1968 121·6 138·6 119·6 
1969 129-1 143-7 127-4 
1970 135·5 150·6 133-8 
1971 147·0 164·2 145·0 
1972 159·0 178·8 156·7 
1973 171-3 203-8 167·5 
1974 191-8 22H 187·9 

The exclusion of housing makes a significant reduction in the rate 
of increase of the all-items index. This is the kind of calculation 
needed, for example, if the influence of inflation on pensioners is to 
be compared with that on the general run of 'index' households, as in 
3.6. Since most pensioners have their rent and rates refunded or paid 
for them under social security rules, such a comparison is best done 
with housing excluded, and the official index of retail prices for 
pensioners is so published. 
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5.5 Runs of Index Numbers: Drifting 

Several questions arise to which it is important to get some kind of 
answer. Does a chain index run tend to diverge over time from the 
corresponding direct index? If the direct Laspeyres index tends to run 
high, as is quite usual, does the chain Laspeyres index run even 
higher or does it tend to correct the movement of the direct index? Is 
there a different effect in the long run as opposed to a run over a few 
months? The general issue is whether index runs of various forms 
tend to drift apart from each other or from some 'true' index. This is 
an issue far from settled despite a considerable amount of investiga­
tion by Frisch (1936), Zarnowitz in Stigler (1961), Allen (1963) and 
others. 

A statistical relation between chain and direct index numbers can 
be derived in a form similar to that between the Laspeyres and Paasche 
forms (2.7). Take price index numbers of Laspeyres form as illustra­
tion. Write the chain Laspeyres index: 

and the corresponding direct Laspeyres index: 

( ) LPtqo 
Potqo =~ 

£..Poqo 

Express each as the product of similarly written links: 

P, = LPtqo x "?Psqt x ... x LPtqt-1 
LP~o LPtqt LPt-tqt-1 

p 01(qo) = LPtqo x LPsqo x ... x LPtqo 
LP~o LPtqo LPt-tqo 

from which the ratio of chain to direct index follows: 

~ =(2,p2ql X L.Ptqo) X (L.Paqg X L,pgqo) X 
Pot(qo) "i.Ptql "i.Paqo LP2q2 2.P~o · · · 

X (L.PtqH X L.Pt-1q0) 
2.Pt-tqt-t L. Ptqo 

Write D, for the rth factor here and put w=p,q0 to get: 

D,= 2,w 2,wPr+1 ~;(2wP'+1)(2.w~) (1) 
Pr qo Pr qo 
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so that 

P, 
P-( \ = Dl X D'l. X ••• X Dt-1 

Ot qOJ 
(t> 1) 

187 

(2) 

The factor Dr is easily reduced to a statistical expression in weighted 
means, variances and correlation coefficients. Take the variables 

X=Pr+tfp,. and y=q,.fq0 

and weights w =pf'q0 so that: 

- _ 1 "" Pr+l. - _ 1 "" qr. 1 "" __ 
x-~ ...::,w-, Y-~ ...::,w-, rrr,1pfl)a11 =~ ...::,wxy-xy 

...::,W Pr "'-w q0 ...::,W 

Substitute in {I) and simplify: 

D _"" 2:wxy Xji+rrx!PrxUv 
r - ...::, W -:=-==-c----=:=--

(LWX)(LWY) xji 

afl) all Pr+l qr 
Hence: D,.=l +rrx11 -:-~- where x=- and y=- {3) 

X Y Pr qo 

The ratio of chain to direct index then follows from (2). 
Light is now thrown on the question of the drift of the chain form 

from the direct Laspeyres index. P1 diverges upwards from P01(q0) if 
most D,.'s are above unity. A drift this way arises when there tends to 
be a positive correlation between the immediate price change x and 
the past quantity change y on result (3). The drift is the other way if 
there tends to be a negative correlation between x and y. 

Consider, first, the early years of the index runs. P1 and P01{q0) are 
the same and it is in the second year that a divergence occurs between 
P2 and P0M 0) with ratio D1 dependent by (3) on the correlation 
between p2/p1 and q1/q0• This may go either way. An item showing an 
above-average quantity increase in year 1 may then have an above­
average price change in year 2 if suppliers 'cash in' on a good market 
- or it may equally have a below-average price change in year 2 if 
demand needs to be stimulated to clear the higher supply. In the 
former case, D1 >0 and P2 >P02(q0); in the latter case D1 <0 and 
P 2 <P02(q0). What empirical evidence there is suggests that the diver­
gence can be in either direction but that it is generally small. 

Consider, next, the possibility of drift in the long run. When year t 
is remote from the base year, the change in the ratio (2) from year 
(t -I) to year t, given by D1_~> depends by (3) on the correlation 
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between the immediate price rise in year t (p,fp1_ 1) and the long-run 
change in quantity from the previous year back to the base (q1_1fq0). 

The former can be quite volatile but the latter tends to be stable for 
any particular item. The immediate price change tends to be a random 
variable in comparison with the slow trend change in quantity over 
a long period. The correlation coefficient and hence D1_1 tend to be 
random and there is no reason to expect that the chain Laspeyres 
drifts above the direct Laspeyres index nor, equally, that it tends to 
correct any propensity for the direct index to run high. Empirical 
evidence is needed and some is offered in 5.7. 

5.6 Chaining more Frequently than Annually 

There is one immediate application of the formulae (2) and (3) of 
5.5 above: to a review of the possibility of an index run chained more 
frequently than each year. In view of the demands made on the basic 
data there are clear practical objections to chaining an index monthly 
or quarterly. What is more important, however, is the conclusion 
reached below that such a chaining is to be avoided when there are 
strong seasonal influences at work. 

Take the case of a quarterly chain Laspeyres index of prices, the 
run P1 over quarters t =0, 1, 2, 3, ... , in comparison with the 
corresponding run P01(q0) of the direct Laspeyres index base­
weighted on quarter t =0. Write R1 for the ratio of P, to P 01(q0) so 
that by 5•5 above R1 = I and for t > I : 

(1) 

u~ C/11 fi Pt d qt-1 where Dt_1 =l+r~11 -::---;; or x=- an y=-
x Y Pt-1 qo 

(2) 

Here D1_ 1 is the factor multiplying Rt-1 to get R1 in (1). Ifra:11 >0 and 
so D1_ 1 > l, then the ratio R1 is greater than R1_1• It is still possible 
for the chain index to be getting nearer the direct index (if R1 < l) or 
for the two to be diverging from each other (R1 > l ). (A parallel con­
clusion follows if r~11 <0.) The point about seasonal items is that 
there can be a large correlation r a:r between the change in supplies 
in the previous quarter (y =q1_ 1fq0) and the price change in the 
current quarter (x =ptfp1_ 1). The direction of the correlation can be 
either way but the case to look for is that of positive correlation. This 
situation arises when a seasonal rise in supplies in one quarter is 
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followed by a price rise in the next quarter (as supplies decline). If 
this kind of thing is at all common among the items included in the 
index, then the ratio Rt tends to be erratic and the chain index is not 
stable in comparison with the direct index. The existence of items 
with seasonal price variations is a sign to avoid quarterly chaining of 
a price index and to depend either on a direct index with weights 
broadly based on one or more years, or on an annual chain index, 
even when the index is published more frequently than annually. The 
monthly retail price index is an example. 

An actual if highly simplified instance serves to illustrate the 
problem. Vegetables are among the more seasonal of the items in the 
retail price index for food. The National Food Survey provides 
quarterly data in some but not overelaborate detail on consumption 
and expenditure on these and other foods and hence on unit values 
as substitute indicators for prices. Table 5.2 sets out data for three 

TABLE 5.2 

CONSUMPTION AND UNIT VALUES, 
VEGETABLES, QUARTERLY, 1972-3 

1972 1973 
Q.4 Q.1 Q.2 Q.3 Q.4 

Consumption 
(lbs per head per week) qo ql q, qa . q, 

Potatoes 3·056 3·085 2·524 2·585 3·288 
Tomatoes 0·214 0·134 0·228 0·412 0·181 
Fresh greens 0·833 0·721 0·720 0·984 0·692 

Unit value 
(p per 1b) Po P1 Pa Pa p, 

Potatoes 1·675 1-919 3-510 2·507 1·810 
Tomatoes 11·495 21·57 23-90 11·24 15-41 
Fresh greens 4·84 6·16 7-19 5-21 6·40 

Expenditure 
(p per head per week) P~o plql Paqa Paqa p,q, 

Potatoes 5·12 5-92 8·86 6·48 5-95 
Tomatoes 2-46 2-89 5-45 4·63 2·79 
Fresh greens 4·03 4-44 H8 H3 4·43 

Total 11·61 13·25 19·49 16·24 13·17 

From Monthly Digest of Statistics (based on National Food Survey) 

categories of vegetables in a short run of quarters. A quarterly chain 
of Laspeyres index numbers of vegetable prices (unit values) can be 
calculated from the data and compared with the direct Laspeyres 
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index based on the last quarter of 1972. The calculations giving the 
quarterly chain index are: 

CROSS-VALUATIONS, p PER HEAD PER WEEK 

plqO Paf/1 Pall• p,q. 
Potatoes 5-86 10·83 6·33 4-68 
Tomatoes 4-62 3·20 2-56 6·35 
Fresh greens 5-13 5-18 3-75 6·30 

Total 15-61 19·21 12-64 17-33 
Link in chain 1·3445 1·450 0·6485 1·067 

The links for cumulating into the chain index, in the last row, are 
obtained by division by the actual values (expenditures) of the 
previous quarter as given in Table 5.2, e.g. 15·61/11·61 for the first 
link (1·3445). The comparable direct index comes by writing the 
changing cost of the fixed quantities of the last quarter of 1972: · 

CROSS-VALUATIONS, p PER HEAD PER WEEK 

Potatoes 
Tomatoes 
Fresh greens 

Total 

plqO 
5·86 
4-62 
5-13 

15-61 

Paf/o 
10·73 
HI 
5·99 

21·83 

Paf/o 
7·66 
2-41 
4·34 

14·41 

p,qo 
5·53 
3-30 
5-33 

14·16 

The actual index is got by dividing each of these totals by the base 
expenditure (11·61) from Table 5.2. 

The results can be assembled and the ratios of chain to direct index 
numbers obtained: 

CHAIN AND DIRECT LASPEYRES 
PRICE INDEX NUMBERS, 1973 

4th Qtr. 
1972=100 

Chain index 
Direct index 
Ratio R1 

Factor D1-1• 

1st Qtr. 
(t=1) 
134-45 
134-45 

1·0 

2nd Qtr. 
(t=2) 

194·95 
188·0 

1·037 
1·037 

3rd Qtr. 
(1=3) 

126·4 
124-1 

1·019 
0·982 

• Ratio of R1 to Rt-lt see formulae (1) and (2). 

4th Qtr. 
(t=4) 

134·9 
122·0 

1-106 
1·086 

The conclusion is that quarterly chaining is not appropriate to 
seasonal vegetable prices, at least in such a simplified example as 
this one. The quarterly chain index varies more than the direct 
index simply because two of the three correlation coefficients r 1!'1/ of 
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(2) are large and positive, giving two out of the three factors D 
in excess of unity. The strongest correlation and the greatest devia­
tion of D above unity occur in the last quarter of 1973 when the 
correlation coefficient rz11 is obtained from: 

x=pc/Pa 
y=qsfqo 

Potatoes 
0·722 
0·846 

Tomatoes Fresh greens 
1-371 1-228 
1-925 1-181 

Though there are only three items, the positive correlation is clear: 
l'z11 =0·865 on evaluation. Hence, for this quarter, D3 = 1·086 and the 
ratio R4 = 1·106. 

The quarterly chain index also runs a good deal higher than the 
direct form. This lends some support to the contention that frequent 
chaining of seasonal prices can introduce a drift in the chain index; 
see Allen ( 1963), p. 288. 

5. 7 Chain and Direct Index Numbers Compared: Retail Prices 

A comprehensive set of calculations of index numbers of chain and 
direct forms has been made by Fowler (1970, 1973, 1974). The work 
uses expenditure data for the group of 'index' households of the 
retail price index taken from the Family Expenditure Survey con­
ducted by the Department of Employment. The index runs calcu­
lated are for retail prices and real consumption over the eleven years 
1958-68; the price runs are examined here and those for real con­
sumption in the following section. 

At the level of disaggregation set by the 92 sections of the com­
modity classification in the retail price index, consumption per house­
hold is valued and cross-valued at the prices of each year over 1958-
1968. Difficulties with seasonal items are avoided by taking the 
valuations in each quarter of the year separately and by pricing at 
the prices of the same quarter every year; yearly totals are then 
obtained by summing over the four quarters. The full value matrix 
of order 11 x 11 is reproduced in Fowler (1973), Appendix A. All 
the index numbers here and in 5.8 are run off this matrix. 

Runs of the direct Laspeyres and of the direct Paasche price index 
are given in Table 5.3, both forwards from 1958, and backwards 
from 1968. The Laspeyres runs come respectively from the first 
(1958) column and the last (1968) column of the value matrix, giving 
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TABLE 5.3 
RETAIL PRICES: SOME DIRECf INDEX NUMBERS, 1958-68 

Forward from Backward and forward Backward from 
1958=100 around 1963=100 1968=100 

Year Laspeyres Paasche Laspeyres Paasche Laspeyres Paasche 
1958 100 100 92-2 89·5 78·2 73·7 
1959 100·9 100·5 92-8 90·4 78·5 74·8 
1960 101·7 101-1 93-1 91·8 78·5 76·1 
1961 105·0 103-8 95-3 94-6 80·3 78·5 
1962 109·3 107-9 98-4 98·1 82-8 81-3 
1963 111-7 108·4 100 100 84·2 83-1 
1964 115-6 112-4 103-2 102·9 86·2 85-6 
1965 121·2 116·1 108-1 107-6 90·0 89·8 
1966 126·1 120·8 112-1 111·7 93-3 93-3 
1967 129·4 123-4 114·9 114·3 95-4 95·5 
1968 135-6 127·9 120·4 118·7 100 100 

From Fowler (1973), Appendix A (based on Family Expenditure Survey) 

expenditures on a fixed budget; it is only necessary to divide through 
by the base expenditure in the leading diagonal. The Paasche runs 
are got by dividing the leading-diagonal entry each year by the corre­
sponding entry in the 1958 or 1968 row. Of the four runs, the forward 
Laspeyres is seen to diverge upwards from the forward Paasche, as 
expected on the analysis of 2.7, and the fact that the backward 
Laspeyres is the reciprocal of the forward Paasche (and conversely) 
is checked within the usual errors of rounding. Between 1958 and 
1968: 

Type of Index, Table 5.3 %increase 
index 1958 1968 1958-68 

Forward Laspeyres 100 135-6 35-6 
Backward Paasche 73·7 100 35-7 
Backward Laspeyres 78·2 100 27-9 
Forward Paasche 100 127-9 27-9 

The value matrix also provides direct Laspeyres and Paasche runs on 
any other base and Table 5.3 shows them for the middle year 1963 
as base. A mixed interpretation has to be given to such intermediate 
runs which go both backwards and forwards. The Laspeyres run 
base-weighted on 1963 is equivalent before 1963 to a forward 
Paasche index from each year t ahead to 1963 and it runs low (as 
expected of a Paasche form) in comparison with the forward Las­
peyres form. On the other hand, as a 'straight' Laspeyres index after 
1963, it tends to run high. The following comparisons illustrate: 
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Laspeyres %increase 
runs 1958-63 1963-68 1958-68 

1958-based 11·7 21-4 35-6 
1963-based 8·5 20·4 30·6 
1968-based 7-7 18·8 27·9 

The 1963-based run is more like the 1968-based (forward Paasche) 
run before 1963 and more like the 1958-based (forward Laspeyres) 
run after 1963. There is little to recommend it, a conclusion reached 
on the runs of Table 4.3 or 4.4 spliced on the middle year (again 
1963). Certainly it is to be hoped, and will in fact be found, that a 
much better compromise run for the whole period is provided by a 
chain index. 
The year-to-year links of the chain index runs are calculated from 

the value matrix and set out in Table 5.4. The method of calculation 

TABLE 5.4 
RETAIL PRICES: CHAIN INDEX NUMBERS, 1958-68 

%changes, year (1-1) to year I 
Lospeyres li11k Paasche link Chain index numbers (1958=100) 

1 = year (t-1) quantities year I quantities Lospeyres Paasche 
1959 0·86 0·545 100·9 100·5 
1960 0·86 0·58 101-7 101-1 
1961 2-86 2-70 104·6 103-9 
1962 3-125 3-64 108·5 107-6 
1963 1·97 1-64 110·7 109·4 
1964 3·215 2-95 114·2 112·6 
1965 5-27 4·63 120·3 117-8 
1966 3-83 3·79 124·9 122-3 
1967 2-39 2·55 127-8 125-4 
1968 4·71 4·79 133-9 131·4 

From Fowler (1973), Appendix A (based on Family Expenditure Survey) 

is shown by the following formulae for the links from year (t -1) to 
year t: 

Laspeyres link: 

"2.p1q1_ 1 entry immediately below diagonal, q,_1 column 
"2.Pt-tqt-t = diagonal entry, q1_1 column 

Paasche link: 

L,p,q, diagonal entry, q1 column 
'j_P,_lq~ =en-try -immedhiteJY-above diagonal~· q,-c-o-:-lu_m_n 
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These are shown in Table 5.4 as %changes (rather than as ratios) and 
they are easily chained together cumulatively to give the chain index 
runs of the table: 

Chain Laspeyres: 1959 100·86 = 100·9 
1960 100·86 X 1·0086 = 10 }• 7 
1961 100•86 X 1•0086 X 1•0286 = 104·6 

and so on. The chain Paasche run is similarly derived. 
Comparisons of chain and direct runs follow at once from Table 

5.5 where all runs are expressed on 1958 as a convenient reference 

TABLE 5.5 
RETAIL PRICES: CHAIN AND 

DIRECT INDEX NUMBERS COMPARED, 1958-68 

1958 Forward Laspeyres forms Forward Paasche forms 
= 100 1958-bascd 1968-based* Chaifl 1958-based 1968-basedt Cllaifl 
1959 100·9 101·5 100·9 100·5 100·4 100·5 
1960 101·7 103·3 101·7 101-1 100·4 10H 
1961 105·0 106·5 104·6 103-8 102·7 103-9 
1962 109·3 110·3 108·5 107-9 1 05-9 1 07-6 
1963 111·7 112-8 110·7 108·4 107·7 109·4 
1964 115-6 116·1 114·2 112-4 110·2 112-6 
1965 121·2 121·8 120·3 116·1 115-1 117·8 
1966 126·1 126·6 124·9 120·8 119·3 122-3 
1967 129·4 129-6 127·8 123-4 122·0 125-4 
1968 135-6 135·7 133·9 127·9 127-9 131-4 

From Tables 5.4 and 5.3 

• Reciprocal of backward Paasche, comparing each year 1 with 1968 (year t 
weights). 

t Reciprocal of backward Laspeyres, comparing each year 1 with 1968 (year 
1968 weights). 

base, except that the 1963-based runs are omitted for reasons already 
given. The forward Laspeyres section of the table compares the chain 
index both with the 'straight' 1958-based direct index and with the 
backward 1968-based (Paasche) run written in reciprocal form and 
interpreted as a forward Laspeyres index from each year t ahead to 
1968. In any specific year, e.g. 1963, the two direct Laspeyres index 
numbers differ; the 1958-based index is an entry in a continuous run 
with 1958 weights and the 1968-based index is a one-off entry with 
1963 weights (see 4.4). The forward Paasche sectipn of the table is 
similar. The conclusions are clear: either Laspeyres index runs high, 
either Paasche index runs low, and the two chains are not far apart 
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and fall neatly in the middle. The two chain runs start off quite close 
together and later on 'drift' apart but by no more than some 2t 
percentage points in the whole period of eleven years. 

A 'true' price index of constant-utility form either lies below the 
direct Laspeyres index or lies above the direct Paasche index, accord­
ing to which utility level is taken; but it is not possible to be certain, 
though a safe bet in most practical situations, that it lies between the 
direct Laspeyres and Paasche forms (2.8). It is equally not certain but 
a good bet that the chain Laspeyres and Paasche runs are closer to 
the 'true' index than the direct runs. In any case, the chain runs are 
approximations to the Divisia form with its theoretical background 
as given in 5.2. Either chain index run is a practicable proposition 
but the chain Laspeyres form is the easier of the two in computation. 
All the evidence supports the choice of the annual chain Laspeyres 
formula adopted for the Retail Price Index by the Department of 
Employment since 1962. 

5.8 Chain and Direct Index Numbers Compared: Real Consumption 

To each of the direct and chain index runs of retail prices given in 
Tables 5.3 and 5.4 there corresponds a run of quantity index numbers 
representing changes in real consumption, to be derived also from 
the value matrix of Fowler (1973). The quick derivation is by defla­
tion of value changes by the selected price index. The two index runs 
for real consumption given the label PES in Table 5.6 are those 
implied by the direct and chain Paasche runs of price index numbers, 
both forward from 1958, obtained in Tables 5.3 and 5.4 from the 
Family Expenditure Survey data. They are to be interpreted as 
direct and chain Laspeyres runs, based on constant-price valuations 
of household expenditure either (direct index) over the whole period 
1958-68 or (chain index) from one year to the next. These two parti­
cular runs are selected so that still another comparison can be made, 
that with the real consumption calculations for the whole range of 
consumers' expenditure in the national income accounts. Table 5.6 
shows consumers' expenditure at constant (1958) market prices from 
the 1968 Blue Book and also the index run base-weighted on 1958 
obtained by division through by the 1958 expenditure. 

All the runs of Table 5.6 are consistent, perhaps surprisingly so 
in view of two differences between the National Income (NI) and 
Family Expenditure Survey (FES) data. The first difference is that the 
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TABLE 5.6 
REAL CONSUMPTION: CHAIN AND 

DIRECT INDEX NUMBERS COMPARED, 1958-68 

Expenditure at 1958 prices 
FES, 

Index Numbers (1958 = 100) 
FES 

N 1 ag~rregates £ per year 
Year £mn per household 

1958 15,362 783·0 
1959 16,080 812-4 
1960 16,735 845-1 
1961 17,127 868·3 
1962 17,517 852·8 
11163 18,375 914-4 
1964 19,082 890·1 
1965 19,421 968·1 
1966 19,811 953·2 
1967 20,211 976·6 
1968 1,009·3 

Nl Direct 
Laspeyres 

100 
104·7 
108·9 
111·5 
114·0 
119·6 
124·2 
126·4 
129·0 
131·6 

Direct 
Laspeyres 

100 
103-8 
107·9 
110·9 
108·9 
116·8 
113-7 
123-6 
121·7 
124·7 
128·9 

Chain 
Laspeyres 

100 
103·8 
107-9 
110·8 
109·1 
115-8 
113-5 
121·9 
120·3 
122·7 
125·5 

From Blue Book, 1968, Table 4.1 and Fowler (1973) Appendix A 

NI =National Income. 
FES =Family Expenditure Survey. 

NI index numbers are derived from aggregate data on expenditure 
which increases over time with the growth in population, whereas the 
PES data relate to average consumption per household. The popula­
tion of the U.K. increased by 7% between 1958 and 1968, and the 
number of households by at least this percentage, enough to account 
for the excess, running at some 6% towards the end of the 1958-68 
period, of the NI real-consumption index over that given by PES. 
The other difference is that the NI data cover all households whereas 
the PES data used by Fowler are restricted to 'index' households, i.e. 
excluding both pensioners and the higher-income groups. This differ­
ence is more difficult to quantify but it may go some way towards 
accounting for the many small discrepancies between the real­
consumption runs. The NI run, for example, increases from year to 
year whereas the PES index has its ups and downs. This feature of 
the PES runs may arise from the restrictive coverage combined with 
the fact that the basic data are from the (only moderately large) 
samples used in the Family Expenditure Survey with consequential 
sampling errors which are not negligible. 

As with the price runs, so with real consumption: the chain La­
speyres index is nearly the same as the direct PES index in the early 
years and then they drift apart. The chain index is the lower of the 
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two, a divergence in the 'right' direction if the direct Laspeyres form 
(as expected) does run high. The conclusion again is that, as a 
practical measure of changes in real consumption, the chain La­
speyres index is as good or better than any of the other possibilities. 
In particular, it runs lower than the NI index even when the latter is 
adjusted to the basis of average expenditure per household. In this 
respect it may well be close to a 'true' index of real consumption per 
household. The chain Laspeyres index shows a growth in real con­
sumption per household of around 25% between 1958 and 1968, as 
opposed to something nearer 29% on the direct PES index and to 
about the same figure from NI data when extended to 1968 and 
reduced to a pre-household basis. 



6 Some Applications 

6.1 Introduction 

A range of illustrations of how to construct and use index numbers 
was given in Chapter 3. The purpose of the present chapter is 
different; it is to provide examples of index numbers in their applica­
tion to real problems. No apology is needed on the selection of the 
problems which are almost entirely in the fields of economics and of 
economic aspects of social questions. The predominant use of index 
numbers is undoubtedly in applied economics and econometrics. A 
comparison of the contents of Economic Trends and of Social Trends 
confirms this; the former includes index numbers of all shapes and 
sizes, the latter scarcely refers to one at all. 

The applications, therefore, are more than illustrations of methods. 
They aim, at least, to start up analyses leading to substantive con­
clusions. The first two assemble alternative runs of price index 
numbers on the course of prices in the middling run since about 
1948 and in the longer run since mid-nineteenth century. One run is 
concerned with commodity price; others place the emphasis on 
prices paid by the consumer and hence on his standard of living. 
The longer the run considered the more it is necessary to rely on 
commodity rather than consumer prices; copper or cotton prices 
can be got from commodity markets over longer periods than retail 
prices of radios or refrigerators. Equally the standard of living can 
be considered for changes in the short or middling period but in the 
longer run it is the broader concept of the value of money which can 
be approximated by a commodity-price index. At the same time 
some rough indicators of wages and the cost of living can be carried 
back into the nineteenth century and shown alongside commodity 
prices. A broad survey of modern economic history depends on a 
look at such long series of price movements. 

The next block of applications has to do with real income in one 
aspect or another. There are, first, two comparisons of real income 
across different income levels in this country and then across a range 
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of different countries. Attention is next directed at the measurement 
over time of real GDP from annual and quarterly output data, to 
supplement estimates already made from the expenditure side. Of 
the three measures of real GDP (3.9), the output estimates are 
published first and so, for quick assessments of economic changes, 
it is important to know how consistent these first estimates are with 
the later and more elaborate computations from expenditure data. 
In this connection, a close eye must be kept on the main constituent 
of real GDP as output: the index of industrial production. This 
index, published monthly and carrying nearly half the weight in real 
GDP, is criticised on the score that it is subject to major revisions 
from time to time, a criticism which deserves close attention. 

The two remaining applications seem much simpler at first sight 
but do raise considerable problems when viewed from a wide 
economic angle. One is on the measurement of changes over time 
in the labour force. This may seem an easy, indeed a trivial matter. 
Why not just follow the number of(e.g.) the unemployed as recorded 
officially with an occasional 'splice' as in 1.5 to allow for a change 
of coverage? On further reflection we must conclude that this won't 
do. Even on the broad social level numbers of unemployed are not 
sufficient indicators of the effect of unemployment; the distribution 
and duration of unemployment are equally relevant. From an 
economic angle, moreover, numbers are completely inadequate 
measures oflabour input and it is here that index-number techniques 
must be called in aid. 

The last application is the derivation of an indicator of the general 
level of stock-market prices. The well-known Financial Times index 
provides many observers with just what they need, a daily sensitive 
index of the mood of the market as reflected in the movements of 
quotations for leading industrial shares. Whether this is enough 
becomes doubtful when we turn to such problems as long-run port­
folio management and the capitalisation of the shares quoted on 
the market. 

6.1 Commodity Prices 

Price quotations of some basic commodities on one type of market 
or another are available over long periods in the past and several 
attempts, more or less successful, have been made to throw them 
together in long-run index numbers of commodity prices. It is only 
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to be expected that such runs become less precise the further back 
they are taken. What is more surprising is that some kind of index 
run of commodity prices can be constructed from the Middle Ages 
to the present, to provide a sensible answer to the question of how 
much prices have risen over the past several hundred years. Mitchell 
(1962) gives the basic data and an account oflong-run index numbers 
and Halsbury (1963) includes as Appendix 4, Graph II, a bold 
attempt at showing the course of prices since A.D. 800 on the base 
of 1451-75 as 100. 

There is one long-run index of commodity prices still computed 
regularly week by week: the index of The Economist on the reference 
base of 1845-50 as 100. The original object of the index was to 
direct attention to the rise in prices following the gold discoveries 
of the 1840s and it has continued as a sensitive indicator of changes 
in the prices of basic foods and raw materials. At first a simple 
weighting of prices, mainly on British commodity markets, was 
used. Subsequently the weighting system became explicitly based on 
commodity trade of the main industrial countries and prices were 
drawn from both U.S. and British commodity markets. In the 1974 
revision of the index, described in The Economist of 5 January and 
2 March 1974, the current index is chained back to 1970 on an 
annual reweighting based on changing commodity trade. 

The nearest competitor up to 1938 was the Sauerbeck/Statist 
index of prices, introduced by Sauerbeck (1886) and continued later 
by the Statist, on the reference base of 1867-77 as 100. After the 
1939-45 war the index lost its importance and soon petered out. It 
had a rather wider coverage and a simpler construction than The 
Economist index, being an equi-weighted arithmetic mean of 45 
price relatives, each obtained from one, two or three price quotations, 
and comprising both basic commodities and such processed items as 
butter, leather and refined petroleum. Both index numbers are 
shown in Table 6.1 and graphed on ratio scales in Fig. 6.1 to show 
percentage changes over the years. The Economist index is on its 
original base of 1845-50 and the long run is got by 'straight' splicing 
between dates when the index was reweighted. The Statist run is 
switched to 1846-50 as 100, and stopped in 1938. 

The differences between the two runs are not great. The Economist 
index, being more influenced by U.S. commodity prices, shows a 
greater rise during the time of the War between the States. The 
Statist index falls below that of The Economist until the 1890s and 
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thereafter they follow each other closely until 1938. All the evidence 
is that The Economist index is good enough to satisfy Keynes' 
requirement for a measure of the changing purchasing power of 
money; it is based as Keynes would have it (1.1) on the pattern of 
international trade in commodities. 

The Economist index is a convenient yardstick for dividing up the 
period since 1860 on an economic-historical basis. The decade from 
the early 1860s to the early 1870s shows the continuing affect of 
previous gold discoveries and the immediate influence of wars in the 
U.S. and in Europe. It was followed by more than twenty years, from 
1872 to 1896, of peace and prosperity, Victorian style. This was a 
period of home investment and rising industrial productivity, and of 
a secular decline in commodity prices. The emphasis shifted in the 
period from 1896 to 1914 to overseas investment, partly related to 
fresh gold discoveries, and punctuated by the Boer War of 1900-01. 
Prices rose on a trend to a level in 1914 not previously reached since 
the early 1870s and there were some marked cyclical movements as 
in the commercial crisis of 1907. 

Between the two world wars, the 'crash' of 1929 led to the Great 
Depression of the 1930s, the deepest of modern times. The recovery 
from the 'bottom' of 1932 was by no means complete by the out­
break of war in 1939. This is well known. Less appreciated, however, 
is the fact that commodity prices were on a downward trend, not only 
from the peak of 1920, but also in the period 1924-9. The rest of the 
story is easily told. The period 1939-51 was one of rapid price rises 
under conditions of war and post-war reconstruction; the peak 
reached in the Korean War crisis of 1951 was some six times the level 
of prices fifty years before. The two subsequent decades saw first a 
downward trend in basic prices, and a consequent improvement in 
the U.K. terms of trade, and then a renewed rise to fresh heights in 
1972-3. 

The consumer price index, of Table 6.2, cannot be carried back to 
the nineteenth century with enough precision to quantify accurately 
the improvement in living standards since the Victorian age. Bowley 
(1937) shows that something can be done with the price data assembled 
by Wood (1909) and himself and he provides from 1860 an index of 
the 'cost of living' as a rough match to his well-known index of 
'money wages' as average earnings for a normal week after allowance 
for changing numbers in various occupations and industries. The 
runs are given in Table 6.1. 
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To the extent that Bowley's cost-of-living index can be relied upon, 
the course of retail price is similar in trend, but less in variation about 
trend, to the path of commodity prices. Retail prices show the same 
decline in the long period of prosperity from the early 1870s to the 
mid-1890s and in the short period of economic calm before the storm 
of 1929. The reductions, however, were smaller: 28% from the early 
1870s to 1896 and only 6% from 1924 to 1929, as compared with 
36% and 22% respectively for commodity prices. The ratio of money 
wages to the cost of living is to be described as 'real wages' only 
within the limits set by the 'numerous qualifications' mentioned by 
Bowley (1937). The following broad movements, however, are shown 
by the data: 

1860 1874 1896 1914 1924 1929 1936 
Real wages, 1914 = 100 51 70 100 100 111 118 129 

There is an upward secular trend in real wages, except between 1896 
and 1914 when commodity prices were rising but real wages oscillated 
with no definite trend. 

6.3 Consumer Prices versus Retail Prices 

The question just raised can be pursued: what measure of price 
change is appropriate for the deflation of such aggregates as con­
sumption and wages at current prices to show up movements in real 
terms? More baldly: how is the fall in the purchasing power of the£ 
to be measured? This is a problem of statistical estimation so that 
there is no cut-and-dried answer. Several possible estimators are on 
offer according to the purpose and varying with the period over 
which the deflator is required. In any case, the decision in the end is 
a matter of coming down in favour of the best or most efficient 
estimator on some criterion or other. Such a decision is needed, for 
example, when a cost-of-living clause is inserted in a contract or a 
sliding-scale for wages. 

The present application aims at getting a general-purpose deflator 
for use in the middling run, specifically from 1948 to the early 
1970s. Two different index runs are available as candidates for selec­
tion: the consumer price index of the national income accounts (or 
the consumers' expenditure deflator, to use its most recent label), and 
the retail price index of the Department of Employment. The index 
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of retail price is strongest in short-run applications and it is, indeed, 
the only one available monthly. The consumer price index can be 
estimated quarterly but is essentially an annual construction and its 
strength lies in comparisons over a period of several years. As the 
general deflator sought, the retail price index is good in the short run 
since 1962 but over longer periods the consumer price index seems 
to have it. The reasons for the preferences are easily elaborated. 

The base year of the consumer price index is changed fairly regu­
larly, as it must be if the index is to continue, and currently at about 
five-yearly intervals. A critical point is how the index runs are to be 
chained to provide a run over longer periods. The index on a 
particular base is calculated forwards as a Paasche form, implied by 
the corresponding Laspeyres index of real consumption; but it is also 
carried back to the previous base year making it possible to get both 
a Laspeyres and a Paasche index in the link from one base to the 
next. There are objections (5.7) to a Laspeyres index which tends to 
run high, to a Paasche form running low and to a run based on a year 
in the middle as switching from divergence one way to divergence the 
other way. An answer is to split the difference by use of Fisher Ideal 
links and such a chaining is practicable for the consumer price index. 

Table 4.4 above shows a spliced run of the consumer price index 
using Fisherian links between 1958, 1963 and 1970 bases. It remains 
to carry the splicing back to 1948 by providing two additional links, 
1948-54 and 1954-8. The first three series in the post-war Blue Books 
are based successively on 1948, 1954 and 1958 and they suffice to give 
the required links: 

Link: 1948-54 Link: 1954-8 
1948 1954 1954 1958 

Forward Paasche (1) 100 125-66 100 115·06 
Backward Paasche with 79·34 100 87-80 100 

reciprocal: 
Forward Laspeyres (2) 100 126·04 100 113-90 

Fisher Ideal, GM of (I) and (2) 100 125'85 100 114·5 

The complete spliced run is given in Table 6.2. Before 1958, the two 
links just obtained (1954 as 125·85% of 1948 and 1958 as 125·85 
x l-145 = 144·1% of 1948) are taken and switched to 1958 as refer­

ence base. The 1948-based Paasche index is finally used for interpola­
tion between 1948 and 1954 and the 1954-based index between 1954 
and 1958. 
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TABLE 6.2 
CONSUMER PRICE INDEX, FISHER IDEAL LINKS, 1948-72 

Index Index Index 
Year (1958=100) Year (1958=100) Year (1958=100) 
1948 69·4 1957 97-4 1966 124·4 
1949 71·7 1958 100 1967 127·8 
1950 73·5 1959 100·7 1968 134·0 
1951 79·5 1960 101·7 1969 141·4 
1952 84·0 1961 104-9 1970 149·5 
1953 85·7 1962 109·0 1971 161·7 
1954 87-3 1963 110·55 1972 172·0 
1955 90·4 1964 114·2 
1956 94·6 1965 119-6 

From Blue Book and Table 4.4 

The run of Table 6.2 can be used to deflate consumers' expenditure 
at current prices to give a volume index of real consumption. Rather 
more roughly, the wages bill and other current price aggregates can 
be reduced to real terms in the same way. Further, the reciprocals of 
the index numbers of Table 6.2 give a good answer to the question 
of the declining purchasing power of the £ since 1948. Any reference 
base can be used; keeping 1958 and then switching to 1948: 

Purchasing power of: 1948 1958 1968 1972 
1958£ £1 £0·746 £0·581 
1948£ £1 £0·694 £0·518 £0·403 

By 1972 the 1948£ is estimated to be 'worth' only 40·3p. 
These are the advantages of the consumer price index. The index 

has some faults to be set on the other side of the scales. The spliced 
run is got by chaining at intervals of some five years or so and there 
is need not only to interpolate between successive bases (which is kept 
under control by the constraint of the Fisherian links), but also to 
extrapolate after the last base. The extrapolation is by use of the 
original Paasche index and so tends to run low. Further, the index is 
not derived from price quotations. It is implied by a constant-price 
valuation (real consumption) and the constant-pricing is achieved by 
a variety of devices including considerable use of unit values. To the 
extent that the consumer price index depends on unit values, it tends 
to include an element of quality appreciation and runs a little high 
as a pure price indicator. It is fortunate that these two factors work 
in opposite directions and so leave the balance of advantage in 
favour of the index. 
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The advantages and disadvantages of the retail price index tend to 
be the mirror image of those for the consumer price index. The index 
is always based quite firmly on price quotations and, since 1962, it is 
a chain calculated from annual links. Before 1962, earlier runs of the 
index need to be taken and spliced on. The earlier runs are of direct 
Laspeyres and the run from 1962 of chain Laspeyres form. However, 
of the three runs needed to cover the period 1948-62, only the third 
is of modern design, based on weights from a budget inquiry in 
1953-4; the first two were interim index runs based on out-of-date 
budget material. Finally, none of the separate runs is carried back to 
years before the reference base. Consequently the spliced run from 

TABLE 6.3 
RETAIL PRICE INDEX, SPLICED LASPEYRES RUNS, 1948-72 

Interim Index Index Spliced run 
Annual June 1947 Jan.1952 Jan. 1956 Jan. 1962 1958 

average =100 =100 =100 =too• =100 
1948 108 60·1 64·8 
1949 111 61·2 66·0 
1950 114 63·5 68·4 
1951 125 69·6 75·0 

Jan. 1952 132 100 73·494 
1952 102-6 75-4 81-3 
1953 105-8 77-8 83-9 
1954 107-7 79·2 85-3 
1955 112·6 82-8 89·2 

Jan. 1956 115·8 100 85-106 
1956 102·0 86·8 93-6 
1957 105·8 90·0 97·0 
1958 109·0 92-8 100 
1959 109·6 93-3 100·6 
1960 110·7 94-2 101·5 
1961 114·5 9N 105·0 

Jan. 1962 117-5 100 
1962 101-6 109·5 
1963 103-6 111-7 
1964 107·0 115·3 
1965 112·1 120·8 
1966 116·5 125·6 
1967 119·4 128·7 
1968 125·0 134-7 
1969 131·8 142-1 
1970 140·2 151-1 
1971 153-4 165-4 
1972 164·3 177-1 

From Monthly Digest of Statistics 

• Continued with chain Laspeyres index, Jan.1962=100. 
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1948 onwards is very much of Laspeyres type. It is shown in Table 
6.3, first with the most-recent reference base of January 1962 and then 
switched to average 1958 as 100 for immediate comparison with the 
consumer price index of Table 6.2. 

The coverage of the two index runs is somewhat different; the 
consumer price index covers all expenditure of all consumers whereas 
the retail price index is confined to nearly but not quite total expendi­
ture of 'index' households. The main difference between the two, 
however, lies in the formulae used. The consumer price index of 
Table 6.2 is calculated from Fisherian links which may be expected 
to approximate fairly closely to the 'true' (constant-utility) index; 
there may be a little bias upwards because of the use of unit values 
and at the end of the run it is of Paasche form with a bias downwards. 
On the other hand, the retail price index has the upward bias of the 
Laspeyres form, undiluted from 1948 to 1962 and then moderated by 
the chain form. All this shows up in the spliced runs. From 1948 to 
1962 the retail price index rose by 69% as compared with 57% on the 
other index; after the 1962 the chain usage of the retail price index 
does better giving a rise of 62 %. as compared with 58% on the con­
sumer price index, between 1962 and 1972. 

The conclusion is that, for comparisons over many years, the 
spliced run of the consumer price index with Fisher Ideal links is to 
be preferred as a price deflator. For short-run comparisons since the 
chain form was introduced in 1962, the retail price index serves the 
purpose; it runs a little higher than the consumer price index but the 
differences are small. In the very short run, over months rather than 
years, there is no choice; the retail price index is the only one avail­
able and it is perfectly adequate. 

6.4 Inequality of Incomes: Differential Price Changes 

For all items (excluding housing), the British retail price index shows 
(3.6) that the price rise for pensioner households exceeds that for the 
main group of 'index' households in the ten years or so from 1962. 
The suggestion here is that, if the index could be calculated separately 
for a range of income levels, it would show the price rise decreasing 
as income increases. There would then be a differential price effect 
working against low-income families; such families would be more 
affected, by the direction their purchases take, by an inflationary 
increase in prices generally. This would have quite far-reaching 
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implications on the inequality of income distributions in real as 
opposed to money terms. 

The question to pursue is whether the differential price effect 
actually does exist. One way of answering is to take the index of 
retail prices in full detail of 92 sections and to re-weight with the 
distribution of expenditures, not by 'index' households as a group, 
but by various groups with specified ranges of income. A sequence of 
re-weighted index numbers is then obtained, each running monthly 
over a selected period, for a succession of increasing income levels. 
Muellbauer (1974a) quotes several studies of the kind indicating 
a differential price effect against low-income groups in post-war 
Britain. At the same time the inequality of money incomes has become 
less, offset to some extent by the differential prices effect to make the 
distribution of real incomes have a smaller improvement (if any at all) 
towards greater equality. 

An alternative and preferable method is to estimate the constant­
utility price index explicitly as a function of income, if this trick can 
be turned. On the assumption (2.8) of a utility function u = u(q~o 

q8, ••• ) for consumer purchases qb q8, •.. , the constant-utility price 
index / 0t{y) for price changes from timet =0 to timet depends on the 
income level y taken for the constant utility. This only has empirical 
content if the utility function is specified or estimated. The utility 
function which suggests itself is that leading to the linear expenditure 
system of Stone (1954) and used by Muellbauer (1974a) in the present 
context. The function is that of Geary /Stone, written in the two­
goods case to be pursued here for convenience of exposition: 

(1) 

where cx1 and cx8 are positive parameters representing minimum pur­
chases for u ~ 0 and where fJ1 and fJ8 are to be interpreted as slopes of 
Engel curves. Since utility is an ordered concept, any monotonic 
transform of (1) such as u = {11 Jog (q1 - cx1) + fJa log (q,. - cxa) serves 
equally well and the 'standardisation' fJ1 + fJ1 = 1 is no real constraint. 

The demand functions follow from the necessary conditions for 
maximum u given the prices p1 and p2 and the income y: 

18u 18u 
Pt 8qt = Pa 8qa 

This equation by logarithmic derivation of (1) is: 
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_!_ _A__=- __&_ 
P1 ql - <X1 Pa qa - <Xa 

The two demand functions come from this and the budget equation 
for y: 

ql = a1(l - f3t) - a:af1t ~ + f3t ~ 
Pt Pt 

(2) 

and a similar expression for q2• The demand functions in expenditure 
form are: 

Yt = f3tY + Ct where c1 = o:1(l - f3t)Pt - aaf1tPa} 
and Ya = fJaY + Ca where Ca = aa(l - f3a)Pa - atf3aPt 

(3) 

where y1 = p1q1 and y2 = p2q2 and where the 'adding-up' condition 
y1 + y2 = y is always satisfied since {31 + {32 = 1 is assumed and c1 + c2 = 0 
follows. If the prices are given, then the c's as well as the fJ's are 
constants and (3) become linear Engel curves in total expenditures y 
with slopes given by the fJ's. Finally substitute (2) into (1): 

Indirect utility function 

and Expenditure function 

where a = a1P1 + aaPa and 

(4) 

(5) 

At timet =0, write p10 and p 20 for the prices giving a0 and b0 for the 
constants of ( 5); at time t, write p11 and p 21 giving constants a1 and b1• 

Take the constant-utility level u and the corresponding y in terms of 
a0 and b0 by (4). The constant-utility price index is: 

l ( ) at +b1u 
otY =-~­

a0 +b0u 

which simplifies to: 

y-ao 
where u=-­

bo 

C .1. . . d l ( ) (ao)a' ( ao)b' onstant-utttty prtce m ex 01 y = - - + 1 -- -
Y ao Y bo 

(6) 

Each of the two terms in (6) is a multiple of a particular price index: 

a,= <XtPH + aa~~ 
ao <XtPto + O:zPao 

and !?! =(Pu)f11 (p21)f12 

ho Pto Pao 
(7) 
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The expenditure level y appears only in the multiples which combine 
(7) into I0,(y) in (6). 

The extension to the general case of n goods is easily made. The 
GearyjStone utility function (1) has n factors involving two sets of n 
positive parameters: o:~> o:2, ••• o:,. and f:J~> (:12, ••• (:J,. where {:11 + {:18 + 
... + (:J,. = 1. For given prices the Engel curves (3) become: 

Yr=f:Jry+cr where LCr=O (r=l, 2, ... n) 

This is the system of linear Engel curves taken by Allen and Bowley 
(1935) in classifying goods on a scale of urgency by the values ofthe 
intercepts Cr. At the top of the scale are the necessary goods (cr>O) 
and the luxuries are at the bottom (cr < 0). Since (3) shows that the 
cr depend on all prices, the scale of urgency varies with the prices. It 
is quite possible for (e.g.) butter to ascend the scale from a luxury to a 
necessary as prices change over time. The slopes f:Jr of the Engel 
curves are the constant parameters of the utility function. It is to be 
expected, though not absolutely certain, that f:Jr is small for a necess­
sary since an Engel curve which starts high tends to rise slowly. 
Similarly f:Jr is likely to be large for a luxury. 

The price index /01(y) is still (6), the weighted average of two price 
indices (7) which are now to be extended and rewritten in our short­
hand notation: 

and b, "" Pt log - = .c..f:J log -
Po Po 

<Lf:J=t> (8) 

where p0 and p1 are two price situations. The first index of (8) is a 
fixed-weighted arithmetic mean, the weights being the o:p0 values 
indicating minimum purchase for u ~ 0. The weights are also the 
main determinants of the intercepts of the Engel curves as in (3) and 
hence ofthe scale of urgency. A large o: indicates a necessary good so 
that the index atfa0 is heavily weighted with necessaries. The second 
index of (8) is fixed-weighted with the (:J parameters, the slopes of the 
Engel curves, and b1/b0 is a geometric as opposed to an arithmetic 
mean. A large (:J generally goes with a luxury so that the index btfb1 

is heavily weighted with luxuries. 
Hence / 01(y) is a weighted mean of these two price indices and the 

total expenditure level y appears only, and explicitly, in the weights. 
As y increases, the index /01(y) shifts because of a decline in the 
weight a0fy of the first price index and a rise in the weight (1 - a0fy) 
of the second. This makes sense since the first index is dominated by 
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necessaries and the second by luxuries and since rising expenditure 
transfers the emphasis from necessaries to luxuries. The shift in 
10t(Y) is quantified: 

and d a0 (b' at) - lot(Y)=-z ---
dy Y b0 a0 

Hence the rate of increase of the 'true' price index with increasing 
expenditure y depends directly on the excess of the luxury-dominated 
index btfb0 over the necessary-dominated index atfa0, and inversely 
on the square of y. So, if btfb0 is less than atfa0, then the 'true' price 
index falls but at a declining rate as the expenditure level rises. 

All this is a fortunate consequence of the Geary /Stone form of the 
utility function. The good fortune has practical relevance - only to 
the extent that the form of u is a reasonable approximation to the 
preferences of a typical consumer and only as long as problems of 
aggregation over groups of consumers are not serious. Within these 
constraints the 'true' index / 0t(y) has been made empirical. A quick 
check whether necessaries (or luxuries) have increased more in price 
is often enough to determine whether the price differential rises 
against (or in favour) of the low-income groups. To measure the 
differential effect requires the computation of the two price indexes 
atfa0 and btfb0 and in its turn this means that the o: and fJ parameters 
need to be estimated. It is 'on the cards' that these parameters can 
be estimated by getting the demand functions (2) from national 
income data. 

Muellbauer (1974a) estimates the constant-utility price index (6) 
from British data by allowing for variable household composition by 
deflation of all expenditures by the number of 'equivalent adults' in 
the household. The number is assumed to be the same for all goods 
and independent of price/income levels, a simplification for which 
Muellbauer (1974b) finds some justification in the work of Barten 
(1964). The parameters o: and fJ come from estimates made by Angus 
Deaton from Blue Book data for 1954-70 in nine categories of con­
sumers' expenditure. Index numbers for 1970-72 on 1964 as 100 are 
derived. In these three years of rapidly rising prices the prices of 
necessaries increased even faster than the prices of luxuries. The gap 
that opened up between the indexes a1ja0 and btfb0 then gave rise to 
a differential price movement against the low-income households. The 
'true' price index in 1972 (1964 = 100) was 149 for households with 
half the mean income, but only 145 for those with more than twice 
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Price index 10 , (y) at 1•arious levels"' of y 
%of a, b, 
1964 Oo ho t.Y i.Y ji 2ji 4ji 

1970 129·6 127-8 129·9 129·6 129·0 128·4 128-1 
1971 139·9 137·5 140·4 140·0 139-1 138·3 137-9 
1972 148-1 144·3 149·0 148·2 146·9 145-6 144·9 

• Levels at selected multipliers (t, i, 1, 2, 4) of 1964 mean 
expenditure ji =£9·56 per equivalent adult per week. 

the mean income, per equivalent adult per week. This is not a large 
differential but enough to affect the inequality of real income. 

The question Muellbauer attempts to answer is: given a distribu­
tion of money incomes (per equivalent adult and over all households), 
how is it modified when deflated to real terms by use of a price index 
varying with income level? On the estimation summarised above, he 
finds that the inequality of real incomes was reduced by nearly 11 % 
between 1964 and 1970 but that the reduction in the inequality of 
money incomes was over 12%. The overstatement in the use of money 
incomes, when some adjustments are made to correct for bias in the 
data, is put at about 15%. This is the measure, in the period from 
1964 to 1970, of the price differential against the low-income group. 

6.5 International Comparisons of Real Income 

The best-known work on inter-country comparisons of real income 
and purchasing power is that done in O.E.E.C. (Paris) by Gilbert 
and Associates (1958) in which eight countries in Western Europe 
are compared with each other and with the United States. The main 
comparisons are binary index numbers both of Laspeyres and of 
Paasche form for each European country on U.S. as base. The first 
two columns of Table 6.4 give the quantity index numbers for real 
consumption per head in 1950 using, first, base (U.S.) prices and then 
current (European-country) prices for weights. As they stand, these 
index numbers compare real consumption in one European country 
directly with the U.S. A comparison of real consumption between 
two European countries requires a switch of reference base, for 
example to the U.K. as 100: 

Real consumption per head in France 
Laspeyres quantity index 

= ~~ 100 =80% of U.K. real consumption (1) 
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Paasche quantity index 

= ~~ 100=74t% of U.K. real consumption (2) 

The consumption levels of France and the U.K. are compared in 
the fixed-base form (1) by means of the fixed prices of the U.S. The 
comparison with (2) is more involved and the position is best 
cleared up in algebraic terms. 

The algebra is that of the Laspeyres and Paasche forms but it is 
worth setting out afresh with the usual notation for the present 
spatial comparisons. Take U.S. as the base 0 and a selected European 
country as the current situation r = 1, 2, .... 8. Write Laspeyres index 
numbers and an implied (Paasche) quantity index: 

Po,(qo) = *p,qo; Qo,(Po) = *Poq,; and Q0,(p,) =p V.(or ) 
L.,Pof/o L.,Poqo or qo 

where V or is the value comparison between the rth European 
country and the U.S. base. Switch reference base to s to compare 
two European countries (r with s): 

Laspeyres quantity index = Q,(po) = LPofl_r 
LPofls 

(3) 

Implied Paasche quantity index =PV(,) = *p,q, *p,qo (4) 
sr qo L.,Psq • L.,Prqo 

The comparison (1) is an instance of the general form (3); the U.S. 
prices are used to make the quantity comparison between countries 
sand r. Similarly (2) is an example of (4) but now it is the pattern of 
consumption in the U.S. which comes in as well as prices and con­
sumption in both countries s and r. Something better than this is 
to be sought. 

Practice in the construction of index numbers over time provides 
a hint on what to do now. If one particular date is not regarded as 
suitable as a base, then it is usual to take an average over a period, 
e.g. budgets averaged over three years in the retail price index and 
commodity prices based on 1845-50 in The Economist index. By 
analogy, take average prices, p for a typical item, over all European 
countries in the comparison of real consumption of countries r 
and s: 
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Laspeyres quantity index Q.,(p) 

=~~qr (rand s=O, 1, 2, ... 8, r*s) (5) 
L.,Pqs 

This gives a comparison either between two European countries or 
between one of them and the U.S. It is not difficult in practice, as 
described by Gilbert and Associates (1958), pp. 155-7. It is the 
formula suggested in Retail Prices Index Advisory Committee (1971) 
for inter-regional price comparisons in the U.K. by use of the 
national quantity pattern ij in precisely the way that p is used in the 
quantity index (5). 

The application of (5) to OEEC data gives the third column of 
Table 6.4 for real consumption per head in 1950 and the other two 
columns for real GNP per head in 1950 and 1955. All comparisons 
are with average European prices as weights and the reference base 
is taken as the U.S. in the first case and as a European average in the 
others. For example: 

Real consumption per head in France 

1950 ~~ 100=75%oftheU.K. 

Real GNP per head in France 
110 

1950 133 100=83% of the U.K. 

105 
1955 123 100=85%oftheU.K. 

To extend the range of such comparisons of real income beyond 
a few developed countries requires data for other countries sup­
plemented by more sophisticated techniques. Beckerman and Bacon 
(1970) use regression techniques on data from both developed and 
less developed countries. Write Y for the logarithm of real con­
sumption per head and seek a regression ofY on various 'explanatory' 
variables, of which good ones turn out to be: X1 =log newsprint 
consumption, X2 =log number telephones. The regression calculated 
by Beckerman and Bacon with pooled data for 1955 and 19()0 is: 

Y =5·407 +0·2421 xl +0·3023 X2 

Given X1 and X2 in each of a range of 74 countries, they estimate 
real consumption per head in each country in 1954-5 and in 
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1962-3 and hence the inter-country inequality of real income (con­
sumption). Using the Gini coefficient of inequality, scaled from zero 
for no inequality to a maximum of unity, they estimate the intel'­
country coefficient at 0·57 as compared with 0·39 for inequality 
within either the U.S. or the U.K. There is clearly great inequality of 
real income from one country to another. 

To get price differences between countries to match the real­
consumption estimates of Table 6.4, write an implied price index in 
a variant form which can be got from Gilbert and Associates (1958). 
The index is that implied by real GNP per head in a binary com­
parison of each European country on the U.S. and using either base 
(U.S.) or current (European) prices as weights. The index is a little 
more complicated than the ordinary run since there are various 
interlocking exchange rates involved in its calculation. The numera­
tors of the index are purchasing-power equivalents of various cur­
rencies; some results are set out in Table 6.5 for 1950 and for 1955. 

The Laspeyres calculation is to be interpreted as the changing 
purchasing power of the fixed U.S. pattern of consumption over the 
various currencies; e.g. £0·294 per U.S. $from the U.S. pattern of 
consumer purchases when valued at £ and $prices. To get an actual 
Laspeyres price index, divide by the official rate of exchange: 

Laspeyres price index, U.K. 
0·294 

1950 0.357 100=82·4% of U.S. prices 

0·319 
1955 O· 357 100 = 89·4% of U.S. prices 

Further, the reciprocal of such an index has a particularly useful 
interpretation; for example, in 1950, the reciprocal of 0·824 is 1·21 
to be interpreted as the fact the $1 converted into £'s and spent in 
the U.K. brings as much as $1·21 spent in the U.S. By 1955, the£ 
had a purchasing power rather nearer to the U.S. $; since 1·12 is the 
reciprocal of 0·894, $1 spent in £'sin the U.K. purchases as much as 
$1·12 in the U.S. The Paasche index gives similar comparisons of 
purchasing power on the alternative pattern of purchases, that in 
the local country. The complete set of price index numbers is shown 
in the table on p. 220. 

The narrowing of the gap between the purchasing powerofEuropean 
currencies and the U.S. $was a general picture ofthe period 1950-55. 
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Price i11dex 1950 1955 
(U.S.=100) Laspeyres Paasclte Laspeyres Paasche 

U.K. 82-4 61·3 89-4 76·2 
Denmark 80·8 62·5 86·0 66·1 
Belgium 89-6 73·7 89·4 74·9 
Norway 81·0 57·6 92-2 66·9 
France 89·1 63-7 112-6 82·0 
Holland 72-6 51-6 7H 5H 
W. Germany 88-1 60·5 83-6 60·5 
Italy 92·3 52-8 96·8 53·9 

The other gap disclosed in the table is that between Laspeyres and 
Paasche forms. As expected, the Laspeyres form is the greater but 
the differences are surprisingly large, a reflection of the quite different 
patterns of prices and consumption in Europe as compared with 
the U.S. 

6.6 Real GDP based on Output Data 

GDP aggregates, calculated annually and quarterly from the ex­
penditure side, have been analysed sufficiently in Chapters 3 and 4 
but once the emphasis shifts to short-run changes, e.g. monthly, then 
it is necessary to make estimates from the output side. Of the three 
measures of real GDP (3.9), it is that from the output side which is 
availabl~ with least delay and the only information published 
regularly on a monthly basis is on the main constituent of real GDP 
with the label: industrial production. Hence the technical problem 
is how to measure changes in real GDP as output, seasonally 
adjusted, in the short run. It is considered here, first, for a quarterly 
run of total real GDP and then (in 6.7) for a monthly run of the 
index of industrial production. 

It is in the problem of handling series published quickly and 
frequently that the difficulties arising from revision of the series 
from one publication date to the next become of critical importance. 
Some runs once published are never revised since their use depends 
on having definitive figures, e.g. the retail price index as used in 
various contractual arrangements. Other runs such as the wholesale 
price index (Department of Trade) or the index of average earnings 
of all employees (Department of Employment) are subject to regular 
but light revision. Still other runs, and particularly those derived 
from national income data, are revised regularly and substantially. 

Table 6.6 gives a short run of GDP estimated from output data 
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TABLE 6.6 
GDP BASED ON OUTPUT, ANNUALLY AND QUARTERLY 

(SEASONALLY ADJUSTED), 1968-73 

GDP at current prices Index numbers Home 
Laspeyres Implied costs 

volume Paasche per unit 
Year and Quarter £mn Index (real GDP) price of output• 

1963= 100 1963=100 1963=100 1963= 100 

Based on 1963: 
1963 26,825 100 100 100 100 
1968 36,781 137·1 ll7·0 117-2 ll7·7 
1969 38,805 144·7 119·5 121·1 121·8 
1970 42,606 158·8 121·8 130·4 131·1 

1970=100 1970=100 1970 = 100 1970=100 
Based on 1970: 

1970 42,845 100 100 100 100 
1971 47,512 110·9 101-4 109·4 110·3 
1972 53,139 124·0 104-1 119·1 121·6 
1972 Q.l 12,515 116·8 101-4 115·2 117-6 

Q.2 13,109 122·4 104·3 117-3 118·3 
Q.3 13,444 125·5 104·3 120·3 121·4 
Q.4 14,071 131-4 106·2 123-7 124·7 

1973 Q.l 14,684 137-1 109·0 125-8 128·5 
Q.2 14,858 138-7 108·6 127-7 130·0 

From Economic Trends 

• Implied Paasche price index from GDP at factor cost based on expenditure 
(Table 4.2). 

based on 1970, annually from 1970 to 1972 and seasonally adjusted 
by quarters in 1972-3. The previous annual run based on 1963 is 
given for comparison. The Laspeyres index of real GDP is derived 
from the official constant-price valuations of output and the implied 
Paasche price index by deflation of the current-price valuations of 
output by the real GOP index. This particular implied price index is 
not published officially. Instead, the official tabulations rely on the 
implied price index got from the expenditure side and labelled 'home 
costs for unit of output'; see Table 4.2. Table 6.6 shows this published 
price index to complete the comparisons. Both the implied price 
index numbers are of Paasche form and cover all GOP; but one is 
from output and the other from expenditure data and they differ in 
make-up, e.g. in the treatment of import and export prices. Varia­
tions in the terms of trade affect them differently. The published 
index from expenditure data runs higher than the unpublished index 
from output data in Table 6.6; the 1970-based price index numbers 



TA
BL

E 
6.

7 
R

E
A

L
 G

D
P

 B
A

SE
D

 O
N

 O
U

T
P

U
T

, 
Q

U
A

R
T

E
R

L
Y

 (
S

E
A

S
O

N
A

L
L

Y
 A

D
JU

ST
E

D
),

 1
97

1-
2 

Ye
ar

 a
nd

 
Q

ua
rt

er
 

19
71

 Q
.1

 
Q

.2
 

Q
.3

 
Q

.4
 

19
72

 Q
.1

 
Q

.2
 

Q
.3

 
Q

.4
 

B
as

ed
 o

n 
19

63
 

E
co

no
m

ic
 T

re
nd

s,
 1

97
2 

Ja
n.

 
A

pr
. 

Ju
ly

 
O

ct
. 

12
2-

()
 

12
1·

9 
12

2·
0 

12
2·

0 
12

3·
8 

12
3-

8 
12

3-
9 

12
3-

8 
12

5-
1 

12
5·

0 
12

5·
0 

12
4·

8 
12

4·
8 

12
5·

0 
12

5·
0 

12
3-

6 
12

4·
2 

12
8·

7 

E
co

no
m

ic
 T

re
nd

s,
 1

97
3 

Ja
n.

 
A

pr
. 

Ju
ly

 
12

1·
9 

12
2·

1 
12

2·
4 

12
3-

8 
12

3·
9 

12
4-

1 
12

4·
8 

12
4·

9 
12

5-
3 

12
5-

() 
12

5-
1 

12
5·

6 
12

3-
9 

12
3-

8 
12

4·
3 

12
8·

4 
12

8·
4 

12
8·

9 
12

9·
3 

12
9·

4 
12

9·
9 

13
0·

9 
13

2-
4 

19
63

 s
er

ie
s 

(J
ul

y 
19

73
) 

sw
it

ch
ed

 to
 

19
70

=
10

0 
10

0·
1 

10
1-

5 
10

2·
5 

10
2·

7 
10

1-
7 

10
5·

4 
10

6·
3 

10
8·

3 

B
as

ed
 o

n 
19

70
 

E
co

no
m

ic
 

T
re

nd
s 

O
ct

.1
97

3 
10

0·
0 

10
1-

3 
10

1·
8 

10
2-

3 
10

1·
4 

10
4·

3 
10

4·
3 

10
6·

2 

F
ro

m
: E

co
no

m
ic

 T
re

nd
s 

~
 

N
 ~ 2:
 c:: ::: =
 

m
 " CI

J :t ;! ~ " >
( ~ 0 "CC
 " ~ 



SOME APPLICATIONS 223 

showed that a difference of about 2% had built up from 1970 to 
early 1973. 

Table 6. 7 provides an opportunity to look at the effect of revisions 
in successive publications of the same index: the seasonally adjusted 
quarterly run of real GDP as output. The estimates are taken from 
the issues of Economic Trends for January, April, July and October 
in 1972 and 1973, a period which saw some regular revisions in the 
1963-based run and also, at the end, the introduction of the new 
1970-based run. The table is designed to show both routine revisions 
in an established index and the periodic revisions consequent upon 
a rebasing of the index. 

The routine revisions in the 1963-based index between January 
1972 and July 1973 are quite small and not enough to raise difficulties 
in the ordinary usage of the index. The variations are, indeed, such 
that they could well be explained by revisions in the seasonal factors, 
estimated here (as in many official series) on a rolling basis which 
results in constant but usually small changes. There are larger 
differences between the last run of the 1963-based index (Economic 
Trends, July 1973) and the first run of the 1970-based index (Economic 
Trends, October 1973). They are shown in Table 6.7, on 1970 as a 
reference base, by quarters during 1971-2. The new index is seen to 
be a downward revision of the old. This is mainly because of the 
expected upward drift of the Laspeyres index of real GDP base­
weighted on the increasingly remote year 1963. The new index, 
updated to 1970 weights, is a partial correction of the drift but it will 
itself tend to drift upwards in time. A chained run, e.g. with Fisher 
Ideal links, would do better in a longish run, but the Laspeyres run 
is acceptable as long as the change-over to a new base is not long 
delayed. 

6. 7 Industrial Production Index: Effect of Revisions 

The monthly index of output described as covering industrial 
production is composed of the industrial groups: manufacturing, 
mining, construction and utilities (gas, electricity, water). The net 
output weight in total GDP in 1970 was 32·7% for manufacturing 
and 11·2% for the other three groups. On an annual basis, the 
monthly index of industrial production averaged over years can be 
compared with the Blue Book series of the corresponding constituents 
of GDP, and the (unpublished) price index implied by the comparison 
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can also be written for the same constituents. These comparisons are 
made for manufacturing in Table 6.8. Manufacturing is chosen for 
the exercise since there is still another index so nearly comparable 

TABLE 6.8 

MANUFACTURING NET OUTPUT, 1968-72 

Net output at 
current prices Index numbers 

Implied Index of 
Laspeyres Paasche wholesale 

Year £mn Index volume price prices• 
1963=100 1963=100 1963=100 1963=100 

Based on 1963: 
1963: 8,953 100 100 100 100 
1968 11,866 132·5 121-4 109·2 116·7 
1969 12,666 141·5 125-6 112-6 120·9 
1970 14,053 157·0 127-2 123-4 128·7 

1970=100 1970=100 1970=100 1970=100 
Based on 1970: 

1970 13,936 100 100 100 100 
1971 15,093 108·3 99·7 108·6 109·0 
1972 16,645 119·4 101·6 117-6 114·8 

From Blue Book, 1972 and 1973, and Monthly Digest of Statistics 

• Department of Trade Index, home sales, all manufactured products. 

that it can be thrown into the comparisons ofTable 6.8: the Laspeyres 
index of wholesale prices published monthly by the Department of 
Trade, and averaged over the same years as the national income 
series in the table. 

There is a twofold difference between the two price indicators. 
The index implied in the national accounts is of Paasche form as 
compared with the standard Laspeyres construction of the wholesale 
price index. The former has reference to net output prices whereas 
the latter uses gross prices inclusive of raw material/import content. 
The wholesale price index is to be expected to run the higher of the 
two, partly because of its Laspeyres form and partly because of 
rapidly rising materials prices in the period considered. This expecta­
tion is confirmed in Table 6.8 except for a divergence the other way 
in the last year (1972) for which the index numbers must be regarded 
as provisional. 

Apart from fitting into the system of national income data, the 
index of industrial production has short-run uses of its own and it 
has a long history, both as the successor to historical index runs 
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before 1938 and in its various rebasings since 1948. One of the more 
intractable problems in its construction is to decide whether the 
index should or could be devised to measure net output without 
duplication over the whole of industry or whether it need be confined 
to gross output of final products. This problem, considered at some 
length by Carter, Reddaway and Stone (1958) and later by Reddaway 
(1950) and others, is by no means resolved but the official index has 
come to be what can be fairly described as a good approximation to 
an indicator of net output. 

The 1963-based index is described in detail in Central Statistical 
Office (1970). The subsequent run base-weighted on 1970 appeared 
for the first time annually in the 1973 Blue Book and monthly in the 
September 1973 issue of the Monthly Digest of Statistics, followed by 
a long historical run in Economic Trends of November 1973. There 
is no difficulty about the weights; they are the current-price valua­
tions of net output by industrial groups from GDP estimates in the 
base year. All the problems arise in defining, and recording on a 
continuing monthly basis, the quantity relatives to be weighted. 
They are obtained for the most part from indicators of deliveries or 
sales by quantity or by revaluation at constant prices. Special 
calculations are needed when there is a long production period 
(engineering, construction), and input series of quantities of materials 
used are sometimes taken in default of output data. Earlier versions 
of the index contained some use of labour inputs (i.e. numbers 
employed) as substitute indicators. These are clearly very poor 
substitutes since they assume away productivity changes and under­
state output growth, and they have now been almost completely 
eliminated. 

Two problems are considered here on this index of physical output 
changes, an index which is both much used and also much criticised. 
The first is the effect of revisions in the month-by-month publication 
of the index, and this is illustrated in Table 6.9 by reference to 
successive issues of the Monthly Digest of Statistics between May 
and December 1973. This short period saw two major revisions; 
first, some changes in the construction and engineering constituents 
of the 1963-based index, going back some time but only announced 
in June 1973 in a C.S.O. Press Release; secondly a rebasing of the 
index on 1970 weights and given in the Digest of September 1973. 
Table 6.9 shows the effect of the first in the 'before' and 'after' runs 
of the Digests of May and June 1973, an upward revision eventually 
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TABLE 6.9 

INDEX OF INDUSTRIAL PRODUCTION, • 
EFFECT OF REVISIONS, 1971-3 

1973 Digests, issues of: 
June-Aug. 

May Switched to Sept.-Nov. Dec. 
Date (1963 == 100) /963 == 100 1970==100 (1970=100) (/970=100) 

1971 Q.l 124·3 125·0 100·1 100·2 100·2 
Q.2 125-1 125-8 100·7 100·9 100·9 
Q.3 125-6 126·5 101·3 100·6 100·6 
Q.4 124·6 125-8 100·7 100·4 100·4 

1972 Q.1 121·7 123·0 98·5 98·0 98·0 
Q.2 128·8 129·9 104·0 102-7 102-7 

1972 July 129-7 130·4 104·4 101·8 101-8 
Aug. 129·6 130·8 104-7. 101-4 101·4 
Sept. 131-1 132·7 106·2 103-9 103-9 
Oct. 131-3 134·5 107-7 105-1 105-1 
Nov. 132-2 135·5 108·5 105-7 105-7 
Dec. 132-9 136·1 109·0 106·1 106-1 

1973 Jan. 132-8 136·7 109·4 107-9 108·6 
Feb. 135-3 138·4 110·8 110·3 110·7 
Mar. 137·0 140·0 112·1 111-2 111·9 
Apr. 140·6 112-6 109·7 110·0 
May 141-3 113·1 110·1 109·9 
June 140·7 112-7 111·0 111·1 
July 111-3 111·5 
Aug. llH 111·0 
Sept. 111·9 111·6 

From Monthly Digest of Statistics 

• Seasonally adjusted. 

pushing up the index of March 1973 from 137·0 to 140·0% of 1963. 
The table shows the effect of the rebasing by switching the last run 
of the 1963-based index to 1970 as reference base and it goes on to 
include the first regular revision of the new index in December 1973. 
The result is much the same as that found for the quarterly run of 
real GOP in Table 6.7 The rebasing on 1970 served as a partial 
correction of the upward bias in the previous run base-weighted on 
1963. The subsequent routine revisions of December 1973 were small 
but generally upwards in 1973. Overall there was, in 1973, a con­
siderable and disturbing seesaw movement in the published index; 
for example for January 1973: 

Index 
(1970=100) 

Jan. 1973 

1973 Digest of: 
May June Sept. Dec. 

106·3 109·4 107-9 108·6 
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The second problem is the longer-run difficulty of splicing together 
a sequence of separate Laspeyres runs and of incorporating, at the 
same time, a variety of revisions. Table 6.10 gives for 1948, and then 
annually from 1954, the index of industrial production as originally 
published on a sequence of bases: 1948, 1954, 1958 and 1963. They 
all need to be adjusted to conform as far as possible with the new 
1970-based index before being spliced together in a run capable of 
being continued by the 1970 index. The double process is described 
by Gardner, Brown and Francombe (1972) and the results given in 
Table 6.10. Among the adjustments are the carrying back of the 
amendments made to the construction and engineering indicators 
and the rearrangement of the whole complex of indicators into the 
1968 Standard Industrial Classification. "The splicing is made 'firm' 
by use of a three-year overlap each time and by taking the old index 
from its own base up to the 'splice' of the new index. So, between 
1948 and 1954, the new (1954-based) series is spliced on over the 
period 1954-6 and the old (1948-based) index is allowed to run from 
1948 until the 'splice' is made. There is one exception; the last (1970-
based) series is spliced on in 1968 (with the aid of its value 97·2% of 
1970 in that year) and not in 1970 or over 1969-71. The complete 
spliced run is, therefore, of forward Laspeyres form except between 
1968 and 1970 when the backward Laspeyres form from 1970 to 
1968 is equivalent to a forward Paasche index from 1968 to 1970. 

The spliced run of Table 6.10 is first shown with 1970 as reference 
base and jobs back to a figure in 1948 of 50·5% of 1970. It is then 
switched to 1948 as reference base, to be read forwards effectively as 
a Laspeyres run chained at about five-yearly intervals. The overall 
growth in real output is 98 %, or 3·1 % per year cumulatively, from 
1948 to 1970. The growth is fairly steady, with some slower stretches 
and some accelerations, but with only one actual 'dip', in 1958. At 
the end of the run the annual rate of growth declined, e.g. to less 
than I % per year in the period 1969-72. 

6.8 Employment and Unemployment 

There are many definitions of employment and unemployment but 
statistical estimation is almost always based on simple counts of 
numbers. For any industrial group: 

L=E+U 
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where the numbers in the labour force L are split into those employed 
E and a count U of the unemployed. The problem is often and rightly 
regarded as a matter of tracing the effects of unemployment in a 
social context. Changes in numbers are not a complete story here; 
other factors have social weight, e.g. changing distributions by age, 
sex and occupation, though there is an obvious dearth of relevant 
statistics. 

The emphasis changes in an economic analysis where what is 
needed are some measures of the amounts of labour inputs and of 
the price of labour as a factor of production. The analysis must in­
volve the employed labour and their earnings and the unemployed 
manpower and their loss of earnings. The numerical equation L = 
E + U is not enough, since, as Peston (1972) demonstrates, the 
'quality' of labour resources is as important as sheer numbers. Some 
grades of labour contribute more than others to the product of 
industry and (with qualifications on the supply side) get paid more, 
e.g. skilled as opposed to unskilled, adults as opposed to juveniles. 
The composition of L, E and U is constantly changing in these and 
other respects. 

The economic problem is centred, as usual, on a value aggregate 
and its split into real and price components. Here it is the wages bill, 
changing from time t =0 to time t with price and quantity com­
ponents: 

Wot =Pot x Qot 

By the same token, the problem is one of index numbers, not one of 
simple counting. The wages bill is a recorded value aggregate; one 
component is an index Pot of the prices of labour and the other an 
index Q0t of employment. A familiar question is whether to have 
changes in the 'quality' of labour (productivity) in the price index or 
in employment. The choice is between wage rates as 'pure' price 
quotations and average earnings as unit values. All wage rates can 
remain unchanged and earnings per head can still increase by shifts 
in the labour force towards adults or the more skilled. So, if Pot 
is an index of wage rates, Q0t shows changes in employment inclusive 
of the effect of quality changes; if Pot is based on average earnings 
then quality changes are for the most part in Pot rather than in Qot· 

In economic models of production, the best bet is to opt for 
factor prices, including the price of labour, as 'pure' price quotations 
and so to take P01 as an index of wage rates. The corollary is that 
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Q01 is not a count of numbers; it is a weighted index allowing for all 
kinds of quality innovations. If P0 , is computed as a 'pure' price 
index, the obvious way is to take the implied quantity measure by 
deflation of the wages bill: Q01 = W0tfP01• And this is a practical 
proposition since index numbers of wage rates are available in base­
weighted (Laspeyres) form. The appropriate measure of employ­
ment, to replace a number count, is the implied (Paasche) index. 
Specifically, the British index of wage rates (basic weekly wages) was, 
until 1972, a Laspeyres index base-weighted on the 1955 wage bill 
but with a reference base of January 1956: 

, Pt 
..:::,Wo- "" 

Pot =~=..:::,Ptq&5 ( h ) , , w ere w0 = p0q, 
..:::,Wo ..:::.P~&5 

The 1955 quantities q55 are the amounts of employment among the 
grades of labour with wage rates Po in January 1956. The practical 
estimation of w0's however, is by updating the 1955 wages bill by 
the wage-rate rise from p65 to p0• The current wages bill is ~p1q1 
to be deflated by P01 to give the employment measure. For the 
purpose of relating the index P 01 to national income data based on 
1958, the reference base is further switched to the average of 1958. 
Consequently, the Laspeyres index of wage rates and the implied 
(Paasche) index of employment become: 

P LPtq&5 and Q _ LPtq, 12_p,q&& 
581 = 681-

LP68q66 LP5&q68 LP68q66 

The employment index Q681 involves, as it must, employment q65 of 
the base year 1955. 

It is difficult to obtain even roughly consistent data from which to 
calculate the employment index. What can be done in the years 1958 
to 1969 is to match the wage-rate index P68, for manufacturing with 
the wages bill and the numbers of wage earners given for manu­
facturing industries in the 1970 Blue Book. One main difficulty with 
the data, set out in Table 6.11, is that they depend on the distinction 
between wages and salaries. This is overcome in the wage-rate index 
by simply specifying what rates of pay are wages. In the Blue Book 
data, the distinction is very much a matter of convention. Central 
Statistical Office (1968) comments that 'only a limited importance 
can be attached to the separation of wages from salaries in the 
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national accounts. The distinction is necessarily arbitrary and no 
clear dividing line can be drawn, but it nevertheless has certain 
practical uses.' Blue Books later than that of 1970 have given up 
the attempt at the distinction so that Table 6.11 stops short in 
1969. 

TABLE 6.11 
INDEX NUMBERS OF EMPLOYMENT, 

WAGE EARNERS IN MANUFACTURING, U.K., 1958-69 

Laspeyres Implied 
index Paasche index, Numbers of 

Wages bill* wages ratest employment wage earners• 
Year £mn 1958=100 1958=100 1958=100 'OOOs 1958=100 
1958 3,233 100 100 100 6,160 100 
1959 3,372 104·3 102·5 101·8 6,150 99·8 
1960 3,673 113-6 105·0 108-2 6,205 100·7 
1961 3,870 119·7 109·2 109·6 6,170 100·2 
1962 3,926 121-4 112-6 107-9 6,105 99·1 
1963 4,015 124·1 115·9 107·1 6,065 98·5 
1964 4,418 136·7 121·4 112-6 6,150 99·8 
1965 4,819 149·1 126·0 118·3 6,245 101-4 
1966 5,109 158·0 132·0 119·7 6,230 101·1 
1967 5,057 156·4 137·2 114·0 6,040 98·1 
1968 5,488 169·7 147·5 115·1 6,000 97-4 
1969 5,976 184-8 155-6 118·8 6,060 98·4 

From Blue Book, 1970, and Monthly Digest of Statistics 

• Comparable data over time on Census of Production coverage from Table 
18, Blue Book. 

t Index of basic weekly wage rates, all workers in manufacturing, switched 
from January 1956 to average 1958 as 100. 

The conclusion from these data is that numbers of wage earners in 
manufacturing understate the real rise in employment to such an 
extent that they provide no evidence of a rise at all between 1958 
and 1969, just a fluctuation with no definite trend. The implied 
(Paasche) index of employment shows fluctuations around a sharply 
rising trend and even this may understate the situation if the La­
speyres wage-rate index runs as expected above the 'true' index of 
the price of labour. It is safe enough to estimate the increase in the 
trend of employment at about 20% between 1958 and 1969. 

An alternative model is to incorporate all or most of the 'quality' 
changes in the labour force in an index of average earnings, i.e. 
by taking unit values instead of prices. The corresponding employ-
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ment measure, stripped of most 'quality' changes, is then some 
average of numbers employed q1 industry by industry. In Laspeyres 
form: 

"" qt L.Wo- L 
Qot=~= p~~ (where W0 =p0q0) 

2:wo LPoqo 
The weighting is by means of average earnings p0 = w0fq0 in the base 
year. The index Q01 is still not just a change in numbers; the weights 
in Q01 are the relative wage bills in different industries and skilled 
workers carry a greater weight than the less skilled. 

This alternative is less appropriate than the index of Table 6.11 
as a measure of labour input but it is not obvious which is preferable 
in an attempt to measure unemployment instead of, or as well as, 
employment. In any case there may be no choice since it can easily 
happen that only the index base-weighted with average earnings can 
be calculated. Table 6.12 illustrates with an analysis by groups of 
manufacturing industries in Great Britain leading to measures of 
employment and unemployment among all employees (wages and 
salaries combined). The index numbers obtained in June 1972 and 
June 1973 in the last four columns are base-weighted with 1972 
average earnings, the weights being reasonably good approximations 
(see footnote to table). They show no change in employment and a 
reduction of nearly 40% in unemployment between the two dates. 
Practically the same estimates are obtained from total numbers 
without weighting. This is accidental but perhaps not too unusual -
there happens to be no correlation between the level of earnings and 
shifts (e.g.) in unemployment within manufacturing industry in the 
period. 

Something more can be done with the data of Table 6.12. In 
any Laspeyres quantity index, e.g. one of real consumption, the 
numerator can stand on its own as a constant-price series and an 
indicator of quantity changes. So, here, the numerator of the index 
of employment represents earnings at constant rates of average 
earnings and the numerator of the index of unemployment shows 
loss of earnings at the same constant rates. They show employment 
or unemployment, measured from the economic angle as actual or 
potential earnings, and not just as numbers of bodies. The big 
advantage of their presentation is that the series can be related to 
each other to give (e.g.) percentage unemployment calculated with 
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proper weighting by earnings. For manufacturing in Great Britain, 
from Table 6.12: 

Actual and lost earnings at 1972 rates, £mn 
June Employment Unemployment Labour Force 
1972 11,475 398·1 11,873 
1973 11,473 241·6 11,715 

% 
Unemployed 

3·35 
2·06 

On this basis unemployment fell from 3·35% to 2·06 %. Here, again 
and by chance, the weighting makes no difference since the rate of 
unemployment fell from 3·36 to 2·07% when measured by total 
numbers. 

This particular negative result need not be discouraging since the 
exercise which is possible on available data by industries is not the 
one which should be made. It is the occupational distribution, rather 
than the industrial, which is likely to influence the incidence of 
unemployment. The thesis to be tested is that posed by Peston (1972) 
and others: when unemployment is high, as in 1972, the proportion 
of adult skilled workers among the unemployed tends to be high. At 
low rates of unemployment, the unemployed are largely unskilled; 
the skilled only get unemployed, and increasingly so, as the rate of 
unemployment rises. To test the thesis, the exercise of Table 6.12 
needs to be carried out on an occupational distribution, but the data 
are for the most part lacking. This is an instance of how published 
data are still inadequate for economic analysis. 

6.9 Stock-Market Prices 

There are several unofficial index numbers designed to show move­
ments in share prices quoted on the London Stock Exchange and 
the best-known is the simplest: the Financial Times (FT) index 
computed daily for 30 market leaders among industrial ordinary 
shares. From its introduction in 1935 the index has had the object of 
providing a sensitive day-to-day indicator of the changing 'mood of 
the market' as reflected in the prices of leading industrial shares. It 
has never been intended, for example, to guide portfolio managers. 

The FT index is an equi-weighted geometric mean of share-price 
relatives - so simple that it is calculated in practice in a few minutes 
several times a day. There is no need to perform calculations on data 
stored in a computer. All this depends a good deal on the well­
known properties of an equi-weighted geometric mean. Write Pt for 
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the typical share price, of the n shares in the index, at time t where 
t = 0, 1, 2, ... are the successive periods at which the index is cal­
culated (daily for n = 30 shares in the FT index). Then price relative 
ptfp0 are equi-weighted and the index GM01 is the nth root of their 
product. It follows that GM01 can be shown as the product of 
successive links of the same form, either for every period t =0, 
1, 2, ... : 

GMot =v n- =v n-.!- ..; u_: ... ..; n-n( Pt) n( p)n( p) n( Pt) 
Po Po P1 Pt-1 

= GM01 x GM12 x .•. x GMct-I>t (1) 

or for less frequent intervals. The result (1) permits the rebasing of 
the index on any other period r as 100 by simple switching. This 
follows since application of (1) gives: 

(2) 

and (2) can be rewritten to show how the reference base is switched: 

GMrt = GMotfGMor 

Further, (1) allows for share-substitution at any time. Suppose that 
a share with price p' is substituted for one with price p at t = 1; all 
that needs to be done is to insert p' 2/p'1 for p2/p1 in the second term 
of ( 1) and to continue with p' 3/p' 2 •••• 

The calculation of GM01 proceeds step by step from one period to 
the next, using the prices of whatever shares are included at the time, 
daily for the Ff index with a varying collection of 30 shares. The 
selection of the shares is purposive and the index is not of the sto­
chastic form envisaged for the geometric mean by Edgeworth (1.3). 
Even though the shares are far from a random selection, the fact 
that their prices are equi-weighted at all times does make the FT 
index an indicator of general price movements, not tied to any 
specific portfolio with predetermined weights. Nevertheless, it is 
possible to interpret the FT index approximately as a portfolio 
index- but only on a very odd investment strategy. This is established 
by Marks and Stuart (1971) following Rich (1948). The geometric 
mean (1) is a chain of daily links, each involving only small price 
changes, so that each geometric link can be approximated by an 
arithmetic link; see Marks and Stuart (1971) p. 319: The FT index 
is precisely a daily chain of equi-weighted geometric links and 
approximately a daily chain of equi-weighted arithmetic links. The 
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arithmetic link from day t to day (t + 1) is the change in the value 
of a portfolio distributed equally by market value over the 30 shares 
at day t. To make up the chain, and approximate to the FT index, 
the portfolio is changed every day to keep it equi-weighted - by 
selling off some stock which has gone up more in price and replacing 
by purchases of shares which have gone up less in price. As Marks 
and Stuart put it, the FT index as an approximate portfolio index is 
based on the strategy: 'Hedge your bets continuously between the 
constituents of the index.' How sensible this is as a strategy to put 
in practice is seen in the computations made by Marks and Stuart 
and set out in Table 6.13. 

The object of the exercise is to compare the FT index with two 
alternatives. One alternative is the direct arithmetic mean version 

AM01 =! L,!!!. The calculation of AM01 is a major job if it is to use 
n Po 

all the substitutions so easily made on result (1) but needing great 
care in the arithmetic version. The substitutions are very numerous 
as companies merge or disappear and as they issue bonus or rights 
shares. The calculations of Marks and Stuart are carried through on 
the original base (in 1935) and on other bases at end-years from 1935 
to 1970. The work must be done afresh for each baser on the formula 

1..,.p, 
AMre=-£..­

n Pr 
(3) 

and there is no simple switching formula such as (2). Table 6.13 
shows one particular run: AMrt for r as end-1950 and t from end-
1951 to end-1970. This is the interesting period on the stock market; 
from 1935 to 1950 there were quite small movements in general 
share prices, even during wartime. The interpretation of AMrt by 
(3) is a portfolio index of the simplest kind: keep the 30 shares as 
put together in an equi-valued portfolio at the base dater (end-1950 
in Table 6.13). 

The other alternative in Table 6.13 is a chain index of annual 
links. The link from end-year (t-1) to end-year tis the equi-weight~d 
arithmetic mean of 30 share-price relatives p,jp1_1• The whole chain 
at end-year ton end-year r as base is: 

AM~ =AMr(r+l) X AM(r+1Hr+2) X • • • X AM(t-1)1 (4) 

This is the standard chain Laspeyres form; the annual links are 
base-weighted on an equal distribution of shares by market value. 
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Marks and Stuart do not calculate (4) but it is constructed by 
chaining the links in their Table 3. The chain index of Table 6.13 
here is (4) with r as end-1950 and t from end-1951 to end-1970. 

TheFT index run of Table 6.13 is to be looked at in two ways. 
It is precisely the geometric mean GM,.t of the same share-price 
relatives as used in the direct arithmetic mean AM,.1• The relation of 
the two is given approximately by a formula quoted by Marks and 
Stuart: 

GM,.t 1 ~ a'/)2 h 11 variance of price relatives -- = -"Z-- w ere a = AM,.t AM,.,2 'P ptfp,. (5) 

In particular, except in the trivial care where all price relatives are 
equal, the geometric mean version is always less than the arithmetic 
mean. The second view of the FT index is as an approximation to a 
chain Laspeyres index of form (4) but with daily links. It follows 
that this approximate FT index GM,.t is similar to the annual chain 
AM' rt in showing from one period to the next the changing value of 
a fixed portfolio equi-distributed by market value at the outset. The 
period is daily for the FT index but annually for AM' ,.1• 

On these two views, it is appropriate to take the ratio of the 
geometric version and the chain arithmetic version to the direct 
arithmetic version. At two dates when stock-market prices were at 
or near peaks, Table 6.13 gives: 

% of direct arithmetic index 
End- Chain Geometric 
year arithmetic index index 
1959 103-3 90·4 
1968 109·3 85·2 

Coefficient of variation 
( %) of price relatives 

43·8 
54·5 

The coefficient of variation in the last column is u'P/AM,.1 and it is 
found from (5). The spread of share-price relatives is large at both 
dates, the standard deviation being about 50% of the mean. The 
great diversity of movements of share prices, even among the market 
leaders, is clearly the reason for the gaps between the geometric FT 
index and the direct and chain arithmetic versions, and hence for 
the difficulty in estimating the general movement of share prices at 
all accurately. 

The steady drift of the FT index, as an approximation to a daily 
chain index, below the direct arithmetic version fits in with the 
result of 5.5 above on the chain/direct ratio as a product of factors. 
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The factor at day t depends on the correlation between Pt+t!Pt and 
the quantity change from the base to day t. The peculiar portfolio 
strategy of the daily chain index, approximating to the FT index, is 
such that the quantity change is inverse to the price change up to 
day t. What of the short-run subsequent price change from day t 
to day (t+ 1)? The expectation is that a price which has had con­
siderable rises in the past will continue to rise over one day ahead. 
Hence the correlation of the result of 5.5 tends to be negative; the 
daily chain (and the FT index) is to be expected to drift below the 
direct arithmetic version. This does no more than confirm (and 
explain) that the geometric form always lies below the arithmetic. 

In the longer run, there may be an inverse relation between price 
changes of the past and those of (say) a year ahead, particularly at 
times when a 'bear' market is giving way to a 'bull' market or 
conversely. It is to be expected, therefore, that the annual Laspeyres 
chain index may sometimes fall below the direct arithmetic version 
but equally (as in 1959 or 1968) rise above it. Table 6.13 confirms 
this expectation. Indeed the annual chain index not only drifts but 
jumps ahead of the direct index in the 'bull' market of 1958-9, an 
upward movement which is reinforced in the next 'bull' market of 
1967-8. By end-1968 the annual chain index is nearly 10% above 
the direct arithmetic version and some 30% above the geometric 
FT index. 

It remains to compare the FT index and its arithmetic version 
with one or other of the index numbers related to portfolio manage­
ment and particularly with those weighted by market capitalisation. 
The most useful comparison is with the daily index published by 
The Times since 1964, shown in total and for two subgroups of shares 
separately. One subgroup comprises the shares of the 50 largest 
industrial companies; the other relates to a sample of 100 companies 
capitalised at under £60 mn in 1964. The Times index is relevant to 
the management of a fixed portfolio of shares of larger companies, 
or of small companies, or of any combination of the two. 

Table 6.14 is taken straight from Marks and Stuart (1971) Table 8 
and compares The Times index runs, based on 2 June 1964, with 
both the original (geometric) version and the direct arithmetic 
version of theFT index with reference base switched to 2 June 1964. 
The differences between one index and another are large and variable 
over the seven years from 1964 to 1970, particularly in the 'bull' 
market of 1967-8 and the subsequent collapse in 1969-70. This is 
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TABLE 6.14 
Ff AND THE TIMES INDEX NUMBERS COMPARED, 

2 JUNE 1964 = 100, 1964-70 

FT Index The Times Index 
End- Geometric Arithmetic Larger Smaller Mai11 
year mean• meant companies companies index 
1964 99·5 100·2 96·57 95·77 96·41 
1965 100·9 102-7 99·92 103-67 100·62 
1966 92·2 94·9 88·89 92·00 89·47 
1967 115-6 124·7 116·32 121·60 117-35 
1968 150·4 166·5 168·69 155·11 166·04 
1969 121·0 140·1 143·01 132·71 140·91 
1970 101·2 119·7 133-94 113-69 129·85 

From Marks and Stuart (1971), Table 8 

• Switched to 2 June 1964 as 100. 
t Marks and Stuart index based on 2 June 1964 as 100. 

surprising since most of the 30 FT index shares are also among the 
50 shares of The Times larger-companies index. The fact that even 
the arithmetic version of the FT index differs from this component 
of The Times index illustrates that the weighting of a portfolio index 
can make a lot of difference in volatile stock markets. 

A few broad conclusions stand out. Portfolio indices are many 
and various, and differences in their investment strategies are 
reflected in quite different performance, particularly in the boom 
and slump of the late 1960s. The geometric FT index remains what 
it was intended to be: a sensitive, short-run indicator of the mood 
of the market. It must lie below its arithmetic version; any portfolio 
manager should be able to 'beat' it. 



7 Further Index-Number 
Problems 

7.1 Sampling Aspects: Price Quotations 

There are many problems which have been only partially solved in 
the theory and in the practice of index numbers and some of them 
can be conveniently considered in this last chapter. The first 
problem is that of the influence of sampling and other errors, first 
raised in 1.7 and in need of further examination. As an opening 
gambit we can quote Hofsten taking a 'hard line' on the British 
retail price index: 

Like any other statistics, the accuracy of an index number should 
be given in terms of its variance .... So far nobody seems to have 
attempted to produce any theory for index numbers in such 
terms, and it seems doubtful whether any such theory could be of 
any practical use .... The concept of an accurate index should be 
given up. Statisticians should not be forced to behave as if it 
were possible to make the index very accurate, if only much 
money is spent on its construction. If government policy requires 
great confidence in the index, the statisticians should not permit 
themselves to be used as hostage. Hofsten (1956), pp. 8, 14 

What Hofsten is objecting to, in an index of prices at retail, is the 
purposive selection both of the commodity items to be priced and of 
the retail outlets for the pricing. In fact there is quite general agree­
ment that a price index should be related to a specific aggregate such 
as consumers' expenditures and hence that the selection of items 
should be purposively directed at the aggregate. A comprehensive 
probability sample of items would be meddlesome and place in 
jeopardy the concept of a price index as (e.g.) the cost of maintaining 
some consumption level. The selection of outlets is something quite 
different and there is a strong case for a probability sample of 
outlets (e.g.) stratified by area and type. In an earlier publication 
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Hofsten seems to agree with this diagnosis: 

The selection of items . . . based on common sense and not on 
proper sampling methods . . . is no serious drawback: There is 
another sampling problem involved, the selection of retail outlets 
where the prices shall be collected .... To be satisfactory the price 
collection should be based upon an efficient sample of retail 
outlets. The construction of such a sample cannot be too difficult. 
Hofsten (1952), p. 42 

True, as some countries (e.g. Sweden) have demonstrated. Neverthe­
less purposive selection of outlets, as well as of items, is still the rule 
rather than the exception. There is room for considerable improve­
ment in the design of price index numbers. 

For purposes of exposition, the following analysis relates to a 
monthly retail price index of direct or chain Laspeyres form, and 
the British retail price index described in Central Statistical Office 
(1967) is used as illustration. It takes up the story of the 'guidelines' 
laid down in 1. 7, and a clearly defined terminology will help here 
and later. An all-items price index can be disaggregated into more 
detailed indices at various levels: first for groups such· as food or 
housing, then for subgroups such as dairy produce or vegetables, 
and finally for sections such as butter or margarine. Index weighting 
is taken down usually to section level but not further. The British 
index is weighted over 92 sections and below this level there are 
items specified in detail but not weighted, e.g. New Zealand butter, 
Danish butter. As a further elaboration, with particular reference to 
the definition of quality changes, take a commodity either as a 
whole section with its assigned weight (e.g. butter) or as a sub­
division with no more than a rough weight (e.g. sausages in a section 
covering sausages, pies, canned meat and other meat products). A 
commodity then comprises many specific items only some of which 
are selected for pricing. An item subject to change in specification 
is termed a variety or a quality. The essential feature here is the 
specification and its alteration, which may be a switch as from New 
Zealand to Irish butter or a technical change as a pork sausage 
from 50 to 60% meat content. 

An extensive analysis of the sampling problem in index-number 
construction is in a Staff Paper by P. J. McCarthy in Stigler (1961), 
following earlier work by Mudgett (1951), Adelman (1958) and 
Banerji (1959). The general recommendation is that more use should 
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be made of probability sampling in practice, perhaps at the design 
stage, but certainly in the continuing price collection which keeps 
the index running. Purposive selection can hardly be avoided at this 
stage in getting the commodity make-up of the index down to 
section level, but there are possibilities of probability sampling 
worth exploration in the selection of specified-in-detail items for 
pricing. There would be difficulties in sampling design, e.g. on 
stratification of items by such factors as substitutability, but they 
are not insurmountable. In the continuing price collection, the 
initial selection of retail outlets for reporting needs to be supported 
by precise provision for substitution over time as 'births' and 'deaths' 
of outlets occur. Despite the rather lazy position many countries 
adopt, it is here that probability sampling can be used to great effect. 
Retail outlets are easily stratified by (e.g.) area and type, certainly 
enough for a stratified random sample of a fairly elaborate kind. 
Any good census of distribution or a comprehensive system of 
registration (e.g. for VAT) provides the essential frame. 

Once probability sampling is used, a good part of the error in a 
price index calculation comes under control and a measure of 
precision for sampling variation can be attached to the index. It is 
only a matter of getting the sampling distribution, and its variance, 
for the estimator used (e.g. a price relative). The following results 
are taken from Cochran (1962). Write Po and p 1 as the base and 
current price reported by a particular outlet for a specified item. 
Assume that a random sample of n outlets is drawn from an infinite 
frame and that the reported price quotations from each outlet are 
adjusted for quality changes (see 7.5-7.8). Write Po and s0 in base 
period, and p1 and s1 currently, for the mean and standard deviation 
of prices over the n outlets. Then the best estimator of the price 
relative for the item from the sample of outlets is: 

Roe= fit! Po (1) 

and for large n (say n > 100) the sampling distribution of R01 is 
approximately normal with sampling variance given approximately 
by: 

varR01=- -+--2p-Rot2 (so?. St2 SoSt) 
n Po2 Pe2 PoPt 

(2) 

when p is the correlation coefficient between Po and p 1 over the 
outlets. In practice, price collections give all the data needed for (1) 
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and (2) except (usually) for the value of p. The sample design is such 
that p is certainly positive and quite large; in the absence of other 
information, take p = 1 in order not to understate the sampling 
variance. Then the 95% confidence interval for the (approximately) 
normal distribution of R01 can be written from (1) and (2) as: 

R0e±1·96 SE where SE2 = var Roe 

It is to be stressed that the best estimator (1) is the ratio of sample 
means. The alternative estimator as the mean of sample ratios, i.e. 
mean (ptfp0) over the n outlets, is known to have bias and often 
markedly so; it is not consistent in the sense that it does not tend to 
the population price relative (being estimated) as the sample size is 
increased indefinitely. On the other hand·, the ratio (1) under certain 
(quite usual) circumstances is the best linear unbiased estimator of 
the population price relative. 

For many of the food items in the price collections for the British 
retail price index the means and variances of the price quotations 
over all outlets are published and some of them are taken in Table 
7.1 for illustration of the application of (1) and (2). It is no more 
than an illustration since the British index is based neither on 

TABLE 7.1 
FOOD PRICE QUOTATIONS: MEAN AND STANDARD 

DEVIATION, 1973-4 

Mean price Standard 
Number of (p per /b) deviation (p) 

quotations• Jan. 1973 Jan. 1974 Jan. 1973 Jan. 1974 
Item n Po PI So s, 

Butter, N.Z. 730 22·7 21·3 1·9 1-4 
Danish 768 25·1 24·5 1·7 1-6 

Margarine, standard 152 12·2 15-6 0·75 0·85 
lower-priced 133 10·4 13-6 0·7 0·7 

Lard 811 8·9 14·6 1·5 1·7 

From Department of Employment Gazette 

• Average of numbers used at the two dates. 

probability samples of retail outlets nor on the ratio-of-means 
estimator (1). The price relatives to be estimated from Table 7.1 
are of form R01 = 100 ptfp0 fort =January 1974 on the base January 
1973, i.e. the last monthly price relative in the 1973/4 Laspeyres 
link in the chain index. The applications of (1) and (2) are set out 
in Table 7.2 where the estimates are built up into three sectional 
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TABLE 7.2 
SAMPLING VARIANCE OF PRICE INDEX: 

BUTTER, MARGARINE AND LARD 

Section 
Price relatives weiglrtst 

Item and p, 
var R01 

Jan. 1973 Products 
Section Ro,=-100 w w R01 w2 var R01 Po 

Butter, N.Z. 93-8 0·0702 
Danish 97-6 0·0549 

Section: Butter• 95-7 0·0313 0·6 57-42 0·01127 
Margarine, standard 127-9 0·3659 

lower-priced 130·8 0·4779 
Section: Margarine• 129·4 0·2110 0·2 25-88 0·00844 
Section: Lard 164·0 0·7405 0·2 32-80 0·02962 

Subgroup: Butter, margarine and lard 1·0 116·10 0·04933 

From Table 7.1 

• R01 for section=! sum of two mdividual price relatives; var Ro, =t sum of 
two individual variances. 

t Weights of retail price index. 

index numbers and then by sectional weighting into the subgroup 
for butter, margarine and lard. The assumption, not always ap­
propriate in practice, is made that the samples for different items are 
independent, bringing in the result that the variance of a weighted 
sum, with given weights w such that L:w = 1, is the sum of the 
separate variances weighted with w2• Of the three sections, one con­
tains only a single item but the other two have pairs of items aggre­
gated with equal internal weights (w =! for each item). For the 
subgroup in the end: 

Price index L:w Rot = 116·1 
Variance L:w2 var Rot =0·049 
Standard error .Yvariance =0·22 

The best estimate of the index in January 1974 is 116·1% of January 
1973 and the 95% confidence interval is 116·1 ± 1·96 x 0·22 = 
116·1 ± 0·43, so that we are 95% confident that the index is in the 
range from about 115·7 to about 116·5. A good approximation is 
about 116. 

The precision of the all-items index can be built up in this way; 
it allows for sampling errors in the selection of outlets. There is, 
in addition, a great variety of non-sampling errors which have 
traditionally been treated by survey statisticians in the context of 
errors of response and non-response. It was not until Hansen, 
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Hurwitz and Bcrshad (1959) that an attempt was made to treat 
sampling and response errors together, to construct a model of their 
combined variances. The model has since been extended to give 
conditions for minimum mean-square error of all kinds. The general 
idea, rapidly becoming practicable, is to 'trade off' such non-sampling 
errors as those arising from inaccurate response against the well­
documented sampling errors; see Fellegi and Sunter (1973) and 
Jabine and Tepping (1973). 

7.2 Sampling Aspects: Weights 

The main result on the effect of errors in weights, briefly summarised 
in 1.7, is due to Bowley (1897, 1912) arid it can be set out simply: 

Given: a set of n observations on a variable x giving mean .X and 
standard deviation s., and on an associated weight w giving 
mean W and standard deviation sw-

Assume: each x comes from an independent sample from its own 
population but with common variance, var x; similarly for w 
and the common variance, var w; and no correlation between 
x and w. 

Then: the sampling distribution of the weighted mean: 

y= L,wxfL,w (1) 

is approximately normal for large n and under certain (quite 
usual) circumstances has the approximate variance: 

var y=A var x+B var w ) 
1 s 2 s 2 ls 2 s 2 

where A=-(t+-;-)(1+~)andB=- ~(1+-:...'-"---) n x2 w2 n x2 w2 

(2) 

The mean or index (1) is in the usual shorthand notation. The 
interpretation of (2) proceeds for convenience in terms of a Laspeyres 
price index (1) where x is the price relative of a typical item and w 
is its expenditure weight. First note that A> B in all cases, so that 
the errors in weights (var w) have less effect on y than the errors in 
price relatives (var x). Next, the critical factor in var y is seen to 
be the coefficient of variation s.,fx of the price relatives. If the price 
movements show a wide dispersion from the base to the current 
period, the coefficient is large and both terms in var y in (2) are 
substantial. Errors in weights have some effect, though less than 
those in price relatives. Finally, if price movements are not widely 
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dispersed, then the coefficient s,fx may be sufficiently small forB to 
be negligible compared with A in (2). It is under these circumstances 
that errors in weights can be neglected. 

The whole result fails, however, if there is correlation between 
weights and price relatives. This can happen if there are one or two 
preponderant weights or (more usually) if items with large weights 
have marked price changes either way. 

Two things must be checked in practice before it is safe to neglect 
errors in weights. One is the absence of substantial correlation 
between weights and price movements. If there is such a correlation 
it need not be fatal; it is an indication to proceed with caution. The 
other is that the dispersion of prices since the base period is not 
great. When some prices go up fast and others hardly move (or go 
down), then errors in weights can have some effect (though always 
less than errors in prices) on the precision of the price index. These 
cautionary comments can be illustrated in some actual cases. 

The first case to look at is the highly simplified calculation of 
Table 7.2 where there is one dominant section (butter) with a price 
fall as opposed to price rises in the other two sections. The subgroup 
index is very sensitive to changes in the relative weight of butter. 
For example, if the true weight of butter is 70%, with 15% on each 
of the other sections, then a recalculation in Table 7.2 gives the true 
subgroup index as 111·0 and the estimated 116·1 is nearly 5 % out. 
Fortunately, troubles of this kind, even when they arise, get lost in 
the calculation of the all-items index. 

A less extreme case of the same kind is seen in the attempt in 
Table 3.3 to reconstruct a price index for retail sales by simply 
changing weights in the retail price index. Nothing can be done if 
the group price indexes are not appropriate but it is possible to run 
a check on the effect of errors in weights in view of the warning 
signal that there is one large group (food) with rapidly rising prices. 
Take the index in 1973 (1971 = 100) for illustration and calculate it 
with different sets of weights: 

Alcoholic Miscellaneous 
Group weights Food drink Tobacco Durables Clothing goods 
Cases: (a) 48·6 3·2 6·9 ll·8 16·9 12-6 

(b) 49 3 7 12 17 12 
(c) 54 13 19 14 

Here (a) is the case taken in Table 3.3, for present purposes assumed 
accurate. Of the alternatives, (b) just rounds off the weights and (c) 
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assumes that no drink and tobacco are sold through the outlets of 
the retail sales index. Recalculating as in Table 3.3: 

PRICE INDEX FOR RETAIL SALES, 
1973 (1971 =100) 

Weights: (a) (b) (c) 

Non-food sales 
All sales 

110·7 111·0 112-5 
117-8 117-9 119·4 

This is the kind of situation where the accuracy of weights does 
matter - there is a strong correlation between weights and price 
changes, larger weights going with larger price increases. Even the 
omission of food, with the largest weight and price increase, does 
not stabilise the index. The conclusion .of 3.3 to drop the index is 
confirmed. 

A more straightforward case of a quantity (rather than a price) 
index provides a final example: the index of employment 

2,wo '!~ 
Qot(Po) = "i.Prll_~ = _ _!J_o 

LP!Ilo LWo 
(3) 

used in 6.8 with the data of Table 6.12. The q's here are numbers 
and the p's average earnings in various industries. The weights w0 

are approximate but errors in them should have little effect since 
changes in employment are seen in Table 6.12 to have only modest 
dispersion and a weak correlation with the weights. This can be 
tested by making two (rather extreme) variations in weights. First, 
put p0 = 1 in (3) so that Q0t becomes 2,qtf2,q0, the change in numbers, 
making the index of employment 99·9 instead of the original 100·0 
(Table 6·12). Next, put w0 = 1 in (3) and Q01 becomes the equi-

1 
weighted mean - 2,qtfq0, not shown in Table 6.12 but quickly 

n 
calculated: 

Industry 
Food, drink, tobacco 
Chemicals 
Metal manufacture 
Engineering: 

Mechanical 
Electrical, etc. 
Shipbuilding 

Employment, 
June 1973 

(June 1972 = 100) 
100·4 
98·8 

100·0 

97-9 
101·8 
99-4 

Industry 
Vehicles 
Metal goods 
Textiles 
Clothing, leather 
Paper, printing 
Other 

Employment, 
June 1973 

(June 1972 = 100) 
102·5 
100·0 
98·7 
96·0 
99·4 

100·8 

Total 1,195-7 
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Hence the equi-weighted Q0, = 1,195·7/12 =99·6, again little different 
from the original 100·0. The fact that the original (weighted) index 
is slightly greater is the result of the fact that what correlation there 
is between quantity relatives and weights is positive. 

7.3 Best Linear Index: Two-situation Case 

The analysis of 4. 7 of the discrepancy between the Laspeyres and 
Paasche runs suggests that a run be sought which is a 'best fit' to 
the data in some sense or other. The following development, which 
is perhaps of more theoretical than practical importance, takes up 
the suggestion. In the case of two years 0 and 1, the 2 x 2 value 
matrix transforms by division by the leading entry into a 2 x 2 
matrix D: 

[2.Prllo "i.Prll1] giving D =[I Q] = [I Q ] 
L,plqO L,plql p v p PQ(l +p) 

where V is the value change, P and Q index numbers of Laspeyres 
form and p the discrepancy between the Paasche and Laspeyres 
forms. Pose the question: is p as small as possible? If so, P and Q 
are the indexes of best fit to the data. If not, two other forms are to 
be sought to make p a minimum and so to fit better than P and Q. 

Put up price and quantity index numbers p and q to fit to the data 
as given by D. A perfect fit and satisfaction of the factor-reversal 
test (pq = V) require D to equal 

D*= [1 q] 
p pq 

Since D and D* in fact differ, write the difference matrix: 

E=D*-D=[ 0 q-Q ] 
p-P pq-PQ(l +p) 

and the usual measure of difference as the sum of squares of the 
entries in E: 

di=(p -P)B+(q- Q)B +{pq- PQ(l +p)}B (l) 

The Best Linear index numbers are p and q for minimum tP. 
Note that, if p = P and q = Q are optimal, then d = PQp and so 

p is a minimum. But this won't do since p is not generally mini­
mal. The necessary conditions for minimum d2 are that the partial 
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derivative of (1) with respect to p and q are both zero for given 
P, Q and p: 

(p -P)+q{pq- PQ(l +p)}=(q- Q) + p{pq-PQ(l +p)}=O (2) 

Only approximate solutions of (2) are possible and the one to 
pursue arises when p is small enough to enable p and q to be written 
approximately in p, ignoring p1• For this, try p ... P(1 + cxp) and 
q .. Q(1 + {Jp) when ex and f3 are independent of p. To anticipate, if 
ex and f3 turn out to be proper fractions, then p and q fall between 
the Laspeyres and Paasche forms: P<p<P(l +p), Q<q<Q(l +p) 
if p > 0. On substituting for p and q in (2) and dropping p1 and 
higher powers: 

Pcx + PQ2(cx + f3 -1) ... Q{J + P2Q(cx + f3 -1) =0 

. . Q· 
glVJDg ex= 1 + pB + Q• and 

and these are proper fractions as required. 
The conclusion is that, though the Best Linear index is not either 

the Laspeyres or the Paasche form, it does lie between them in the 
two-situation case. This is a comforting thought but of limited 
value; the case of practical utility is that of a run of index numbers. 

7.4 Best Linear Index: Genenl Case 

Consider price/quantity data in a closed period of (k + 1) years 
t=O, 1, 2, ... k, and seek two index runs of best fit to the whole 
block of data: 

Price: p(O), p(1), p(2), ... p(k)} (I) 
Quantity: q(O), q(1), q(2), ... q(k) 

When found, these optimal runs will be of index numbers which 
depend on all years, both earlier and later than the year of the index. 
Note that the runs (1) are not expressed in terms of any reference 
base; they are akin to constant-quantity runs of price and constant­
price runs of quantity. They match, not D, but the original value 
matrix: 

V • [!Pfllo "l.Pfllt 
. ~~1~0 "2.::~1 

"'.PJilo "2.P11lt 

"l.Pfllt] 
::: ~~~~lc 
. · · "2.P11lt 
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and if (1) provides a perfect fit V will also equal: 

pq' = [p(O)q(O) p(O)q(l) . . . p(O)q(k)J 
p(l)q(O) p(1)q(l) • • . p(l)q(k) 
. . . . . . . . . . .. 

p(k)q(O) p(k)q(1) . . • p(k)q(k) 

251 

where pq' in the matrix notation is the product of the price run as a 
column vector p and the quantity run as a row vectorq'. The matrices 
V and pq' differ in practice and the object of the exercise is to choose 
p and q of (l) to minimise: 

Sum of squares d11 of entries in E = V - pq' (2) 

The optimal vectors p and q are the Best Linear index runs. 
The solution of the problem requires some well-known but 

advanced linear algebra and the notation and results assumed 
below are to be found in a text such as that of Yaari (1971). First, 
d11 of (2) is the sum of the diagonal elements, the trace tr, of the 
matrix EE', i.e. the minimum sought is of: 

d2=tr EE' where E=V -pq' 

On expansion: d2 = tr VV' - 2p'V q + A11 

when A11 is the product of p'p and q'q, each a sum of squares. The 
necessary conditions for min d11 are that the partial derivatives with 
respect to p and q are both zero, reducing to Vq- (q'q)p = V'p­
(p'p)q =0 and finally yielding: 

VV'p = A2p and V'V q = A2q (3) 

It remains to interpret (3) from which the Best Linear index runs p 
and q are to be derived. The results needed from (e.g.) Yaari (1971) 
relate to the characteristic equations of the given square matrices 
VV' and V'V, both real, symmetric and of order (k + 1) x (k + 1). The 
characteristic equation of VV' is VV' - N& I= 0, giving a root A2 as 
an eigenvalue of VV' and an eigenvector p such that (VV' - A111) p = 0. 
Since this is the first equation of (3), A2 is to interpreted as the A2 of 
(3) and p as the Best Linear price index. The other best-fitting index 
q follows similarly as an eigenvector of V'V which corresponds to 
the same eigenvalue A2• All this holds together since V given by the 
data provides matrices VV' and V'V having the same diagonal 
elements with a positive sum; so there is at least one positive eigen­
value and A11 is taken as the largest of them. 
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This theoretical result does not give a general formula for the 
Best Linear index runs; it is a computational procedure from which 
the runs are estimated in any numerical example. It does, however, 
provide the general assurance that the runs do exist. The theory 
sketched here is due to Theil (1960) with some links back to earlier 
work by Stuval (1957). There are later developments in the work of 
Kloek and de Wit (1961), Banerji (1961, 1963) and others. 

The derivation of the Best Linear index runs from actual price/ 
quantity data over a period of quite modest length is a matter of 
heavy computation with iterative procedures. It is certainly not a 
practical proposition for an index published regularly but it is 
feasible in an econometric study of a given period when a computer 
programme is already set up for estimation of macro-economic 
relations. Illustrative examples are available in the literature; Kloek 
and de Wit (1961) applied the technique to Dutch trade statistics in 
1921-36 and, more recently, Jazairi (1971) has given an application 
to Egyptian trade in the post-war period (1954-63). In the course of 
this work the Best Linear index runs were found to display bias and, 
to overcome this deficiency, a variant was developed and described 
as the Best Linear Average Unbiased (BLAU) index runs. 

7.5 Quality Changes: Prices versus Unit Values 

The last problem taken up here is a very wide one: the treatment of 
changes in the varieties or qualities of goods available on the market 
and the related changes in tastes of consumers as represented in 
shifts in their preference scales. For expository purposes the main 
case considered is a temporal price index, and the corresponding 
implied quantity index, subject to a continuous process of change 
over time in which one variety is replaced by another. All that is said 
applies to comparisons between groups, regions or countries, indeed 
with even greater force in view of the wide dispersion often found 
between the Laspeyres and Paasche forms, e.g. in inter-country 
comparisons (6.5). 

Something has already been said on one aspect of the problem: 
whether to use price quotations or unit values in a price index, e.g. 
of import and export prices or of wage rates and average earnings. 
To make a practical 'go' of a pure price index based on actual 
quotations requires a nice balance between items specified in over­
elaborate detail and rather vague instructions to price reporters. At 
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one extreme the specification is so 'tight' that reporting breaks down 
even in an index chained annually; at the other extreme a good deal 
of quality change is allowed to creep into the price index. To the 
extent that a price index is successfully constructed from price 
quotations, the corresponding implied quantity index, e.g. of real 
imports and exports or of employment, incorporates the quality 
changes. Since the two index numbers multiply to the value change, 
if quality variations are kept out of the price index, they must 'pop 
up' in the quantity index. 

This is surely the result to be desired in general. But it is possible 
and sometimes desirable to incorporate some or all of the quality 
changes in the price factor, specifically through the use of unit values 
instead of price quotations. If all quality changes are in prices, then 
the implied quantity index measures volume in a narrow sense, e.g. 
employment by numbers at work. In any case unit values are tempt­
ing substitutes for prices; they are often easily obtained from 
the data and look like prices, e.g. in the same units such as£ per ton 
or p per head per hour. In using them, however, it must always be 
explicitly recognised that they reflect both changes in quoted prices 
and shifts in the varieties bought and sold. How widespread the 
quality changes are in the unit-value index depends on the fineness 
of the commodity classification; quality changes are included only 
in so far as they occur within the categories of the classification. 

The best-known examples of a unit-value index, either as a proxy 
for a price index or in its own right, are in the statistics of external 
trade (3.7). The quality changes which are swept into the index 
numbers are circumscribed by the degree to which the standard 
classification (SITC) is taken down to fine categories. In Table 3.15, 
for example, quality changes within a category such as 'motor 
spirit' or 'kerosene, etc.' are carried over into the unit-value index 
of fuel imports or exports; only shifts between such categories are 
reflected in the corresponding volume index. This is perhaps not at 
all bad in practice. 

A less obvious example is in the analysis of economic measures of 
employment (6·8). If the quantity index is based on numbers em­
ployed, then the matching price index is one of average earnings 
rather than wage rates. For these to be generally acceptable in an 
economic context, if not in other connections, the industrial/ 
occupational classification would need to be much finer than is 
usual in practice (see Table 6.12). 
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7.6 Quality Changes: Technical Factors 

It is evident that quality changes are much too complex in nature 
to be left to a simple matter of accepting or rejecting a unit-value 
index. A less superficial analysis is needed, and one based firmly on 
economic-statistical theory. The treatment which follows concen­
trates attention first on technical aspects of quality change before 
passing on to the economic-theoretic approach by means of house­
hold production theory. It will be limited to quality changes involving 
any substitution of one item for another within a commodity category. 
This may be no more than a pork sausage with 60% meat for one 
with only 50% meat, or a seat in a selected ABC cinema for one in 
an Odeon. It may also be a new product or model coming in to 
replace an old one, e.g. a detergent for a soap powder or a colour 
TV set for a black-and-white one. There are related problems not 
covered by the treatment, e.g. extending an existing list of com­
modities in an index by adding new ones without knocking out old 
ones, an adjustment which is best undertaken when the index is 
rebased. The related matter of changes in consumer tastes, however, 
is left over for later consideration (7·8). 

The classical approach to the problem of adjusting a price index 
for quality changes is that of Hofsten (1952) and his methods have 
been widely adopted by official statisticians and developed in 
practice (e.g.) by Nicholson (1967). 

Take the case when one item 'a' priced in a commodity group is 
replaced at time t by a new item 'b', requiring adjusted price relatives 
to bridge the gap from time (t -1) to time (t + 1) opened up by the 
change at time t. The old item provides the price relative up to 
(t -1) and the new one from (t + 1); something needs to be done in 
between. Hofsten took the reaction of consumers (according to their 
preference scales) into account, but he had in mind more the objective 
or technical aspect and specifically an indicator of quality, measuring 
the various amounts of service provided by a range of varieties of the 
commodity. Even so, a change from item a to item b is a complex affair 
influencing the prices and purchases of a wide range of commodities 
on the market. The Hofsten case simplifies the situation by assuming 
that the item substitution is a quality improvement(deterioration)ex­
pressed as an increased (decreased) service to be got from the item 
and equivalent to a reduction (increase) in the price of the item and 
in no other prices. The second of these constraints can be quite serious. 
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Hence, a technical coefficient g is sought, a constant independant 
of all prices and purchases, so that one unit of the new item b is 
equivalent, on the single criterion of quality assumed, to g units of 
the old item a. The coefficient g is an index of quality; g > 1 indicates 
an improvement and g< 1 a deterioration. Further, if g> 1, the 
quality improvement is equivalent to a corresponding price reduction 
in the new item and to no other price changes, and similarly for a 
deterioration (g < 1 ). For example, if g = 2·0, the new item is twice as 
good as the old and twice the price. 

Write Pa(t) and Pb(t) as the prices of the two items at time t, 
whether or not they are actually quoted on the market. Then by 
equivalence in the Hofsten case: 

Pb(t) =gpa(l) (1) 

and the run of successive price relative for the commodity item 
from one time to the next is: 

Pt-1 Pa(t -1) Pt 
... -= ; -

Pt-a Pa(t- 2) Pt-1 
The result (2) shows how this particular item is handled in the price 
index when the substitution of b for a is made at time t. The price 
relative p,fp1_ 1 at the change-over point can be interpreted in 
familiar index-number terms as the straight change in unit value 
Pb(t)/pa(t- 1) deflated by the quality index g. The application of (2) 
to a direct index on a base 0, often remote, requires that allowance 
be made for several substitutions on the way. If there are k sub­
stitutions, if the base item had price p0 and if the current (kth) item 
has pric.e Pk(t), then the price relative is: 

Pt Pk(t) 

Po g1ga · · · KkPo 
for this particular commodity item in the direct index. 

The practical question is: how to get an estimate of g from market 
data? In a perfectly competitive market, the conditions for equi­
librium require that three ratios are made equal: the ratio of prices 
of two commodities available on the market, the ratio of their 
marginal costs to the producer and the marginal rate of substitution 
to the consumer. In practice, markets are not perfectly competitive 
and the two items substituted may not even be quoted together at 
any one time. There are three practical possibilities to consider and 
they are taken in turn. 
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(i) Splicing. This is a method applicable when both items a and b 
are available on the market and the time t is that judged to be one 
of equilibrium. The quoted prices Pa(t) and Pb(t) are equivalent, in 
the sense that their ratio equals the marginal rate of substitution to 
the consumer, and the index g is given directly by (1). The method 
in practice is the standard one of splicing. The entry in (2) for time 
t, on substituting from (1), becomes simply Pa(t)/pa(t -1) and leap­
frogging over the change-over: 

Pt+t Pt Pt+t Pa(t) Pb(t + l) 
-=-X-= X:.....:...;.--:-:-_:_ 
Pt-1 Pt-1 Pt Pa(t -1) Pb(t) 

Hence, before the substitution the comm.odity price relative is given 
by the old item a and after the change the price changes in the new 
item b are spliced on. 

This is the method commonly adopted by official statisticians, 
provided only that market prices are available for both items being 
substituted, and subject to their judgement that the prices are in 
equilibrium, the items being 'equally attractive' to purchasers. Many 
examples could be quoted of appropriate use of the method. A 
simple case is when a manufacturer introduces a new detergent pack­
age but keeps the old product on the shelves alongside the new 
for a limited period. A more sophisticated example could arise in 
booking theatre seats. It may be that the original seat price used in 
a price index is the price in the upper circle but that the theatre is 
planning to reconstru<..t this part of the house. A switch is made to 
the seat price in the stalls and the quality index g is just the ratio of 
stalls to upper-circle seat prices in what is judged to be a 'normal' 
relation at the timet of change-over. (g can vary and still be 'normal' 
over time, e.g. about 2 in London in the 1950s but nearer 3 in the 
1970s). The method is clearly more applicable to non-durables than 
to consumer durables, such as refrigerators, bought infrequently by 
any one consumer. Nicholson (1967) shows that the splicing method 
can be very rough and ready for durables and that the price index 
tends to have an upward bias for this reason. 

(ii) Cost changes. The index g may be estimated from the supply 
side as the ratio of the marginal cost of item b to that of item a, 
whether or not this is consistent with consumer preferences in an 
imperfectly competitive market. This method is not infrequently 
used by official statisticians as the easy way out when the substitution 
of item b for item a is made without an overlap. Formula (1) is then 
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not available and the cost-estimate of g is substituted straight into 
(2) and so into the price index. 

The method is immediately applicable to a wide range of items for 
which producers' costs can be obtained, e.g. proprietary foodstuffs 
or consumer durables subject to rapid model changes. The Bureau 
of Labor Statistics has used the method for some items in the U.S. 
consumer price index, and noted - and not with approval - by 
Stigler (1961) as implying an equivalence between quality and 
production costs. Many authorities have raised objections, e.g. 
Griliches (1961) who comments that costs may overstate an improve­
ment in quality by accepting as 'improvements' whatever costs more, 
irrespective of consumers' views, and Nicholson (1967) who has 
remarked on the peculiar difficulty of allowing for changes in 
fashion items on a cost criterion. Such objections are reinforced if, 
as does happen, average costs are used in estimating g instead of 
marginal costs. 

(iii) Quality indicators. Most in line with the Hofsten case is the 
determination of the index g as a single proxy indicator of quality. 
The 'quality' of varieties of a commodity is not directly measurable 
but certain characteristics z11 z2, z3, ••• can be picked out which are 
both measurable and correlated with 'quality', e.g. the characteristics 
of durability and reliability. The Hofsten case assumes that one 
characteristic z is enough and that the quality index g = z b/ za, the 
ratio of the amounts of the characteristic possessed by items a and b. 
This is supported by writing equivalent prices Pa(t) and pb(t), whether 
or not quoted on the market, as having the same ratio g. The 
implication here is that there is at time t a quality price c(t) attached 
to the characteristic z so that 

(3) 

Consequently (1) holds: Pb(t) =gpa(t) not in market prices but in 
equivalent prices implied by the amounts of the quality characteristic 
z possessed by the items. 

There are many cases in practice where the one-characteristic 
method works well enough, e.g. the meat content of a pork sausage 
or the number of matches per box. The index g = 1·2 in (3) then 
implies, for example, a raising of the meat content from 50 to 60%, 
or the number of matches from 75 to 90 per box, and a similar 
increase in the equivalent price per lb of sausages or per box of 



258 INDEX NUMBERS IN THEORY AND PRACTICE 

matches. There may even be more fanciful applications. Consider a 
price which is the admission charge to the ground of a selected 
football club, say Queen's Park Rangers. Suppose the club is pro­
moted in year t to the First Division of the Football League. There 
is a quality improvement which may well be measured by a single 
characteristic: ground attendance. The index g can then be estimated 
as the ratio of average attendances in year t at First and Second 
Division matches. 

The stage is now set for an extension of the method to allow for 
several and not just one indicator of quality. Result (3) needs to be 
developed to give a relation of the market price of a variety to 
the quality prices of the various characteristics which describe the 
variety. The concept of quality prices as.'shadow' prices behind the 
prices of items on the market was introduced by Houthakker (1952). 
But the idea of their statistical derivation by regression techniques 
has a longer history from Court (1939) and Stone (1956) to recent 
work by Griliches (1961), Adelman and Griliches (1961) and 
others. 

Take m characteristics of the quality of varieties of a given com­
modity and write p for the market price of a variety with a particular 
combination of characteristics. The relation assumed as an extension 
of (3) is then written: 

(4) 

where z1, z2, ••• z m is the bundle of characteristics possessed by the 
variety and where cu c2, • • • c m are the quality prices. All prices, 
the c's and the p's, vary over time. There are many examples of 
commodities for which the relation (4) needs to be taken, particularly 
among consumer durables. The commodity could be a colour TV 
set and there are many varieties actually or potentially available on 
the market, distinguished by and with prices dependent on such 
characteristics as z1 =quality of image (by number of lines); z8 = 
screen size (in square inches); z3 =quality of the sound (on some 
technical measure); and so on through quality of colour, durability 
and reliability. 

Multiple-regression techniques applied to cross-section data on 
prices and characteristics of varieties at time t serve to estimate the 
quality prices, c1o c2, ••• em, in (4). The 'state of the art' is described 
in Griliches (1971). There are two ways of using (4), estimated from 
the data, to adjust a price index for quality changes. One is to 
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estimate the quality index g for the substitution of item a by item b 
at time t. From the bundles of characteristics possessed by a and 
by b, (4) gives Pa(t) and Pb(t), and hence g = Pb(t)/Pa(t). The adjusted 
sequence of price relatives for the commodity is then given by (2) 
for insertion in the price index. The other use of (4) is to estimate a 
price relative Pt!Po for the direct price index base-weighted on year 0. 
This is in the spirit of a base-weighted index; the bundle of character­
istics of the item selected in year 0, with price p0, is specified and 
substituted in (4) to give the current price Pt of an unchanged item. 
The estimate avoids any reference to quality changes which may 
occur between the base year and timet. 

Another application of (4) can be noticed in passing. A regression 
estimation of (4) can be made from a combination of time-series and 
cross-section data provided that 'dummy' variables are added to the 
equation to sweep in changes in p over time, taken here as from 
year to year from annual data. A quality-adjusted run of annual 
price relatives for the commodity item considered then drops out 
of the regression equation as the sequence of coefficients of the 
'dummy' variables (all quality characteristics z1, z2, ••• Zm held 
constant). This application derives the run of price relatives, ad­
justed for all quality changes, at one 'go' and it avoids the estimation 
of g for formulae such as (1) and (2). Griliches (1971) gives an 
example in his Table 3.4 for prices of passenger cars, from U.S. 
data over the period 1954-60. Estimation of a whole run from one 
block of data in this way is subject to the same limitations in practice 
as the Best Linear index of 7.4. 

These uses of the regression model (4) put us at some risk of 
running ahead too fast. In particular the adjustment of a price index 
for quality changes is done separately item by item; every time an 
item has a quality change, the appropriate quality indexg is estimated 
in order to correct its price relative. It is just assumed that there are 
no changes either in other prices or in the weights of the index. 
This is far too restrictive an assumption in any practical situation; 
there are bound to be indirect and cross-effects of any quality change. 
Progress can only be made, however, by laying a more elaborate 
and economic-theoretic basis for analysis and an attempt to do 
this is made below. In the end, it will appear that the one-price 
adjustment for quality change is really valid only in one simple 
case. 
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7. 7 Quality Changes: Household Production Theory 

A closer link is needed between the quality-adjustment of a price 
index and the preference scale of a consumer or household than the 
expected equality between the index g and the marginal rate of 
substitution under competitive conditions. The position reached, at 
the end of 7·6, can be developed by making a clear-cut separation 
between market commodities and their varieties on the one hand and 
the quality characteristics which actually meet the household needs 
on the other hand. The theoretical model now developed has two 
corresponding and quite separate pieces: the budget constraint 
imposed on the household purchases of market commodities out of 
a given income, and the ordinal utility function expressing the house­
hold preferences for the quality characteristics in meeting household 
needs. The two pieces need to be linked together and a convenient 
way of achieving this is to take household consumption as an 
economic activity, similar to industrial production, in which inputs 
of market commodities purchased give rise to the satisfaction of 
needs as outputs. The technical relation between inputs and outputs 
must be specified and it can be described as the household production 
function. This function is similar to (e.g.) the production function of 
a manufacturing firm; whereas the firm transforms inputs into out­
puts on the factory floor, the household makes the transformation 
from purchase of commodities into satisfaction of needs in the home, 
e.g. in the preparing and cooking which goes on in the kitchen. 

A household production model of this kind was first formulated 
by Lancaster (1966) and Muth (1966) and it is worth while quoting 
their own general descriptions: 

We assume that consumption is an activity in which goods .. . 
are inputs and in which output is a collection of characteristics ... . 
The personal element in consumer choice arises in the choice 
between collections of characteristics only, not in the allocation of 
characteristics to the goods. Lancaster (1966), p. 133. 

Commodities purchased on the market by consumers are inputs 
into the production within the household . . . characterised by a 
conventional production function. The (qualities) produced, in 
turn, are arguments of a conventional utility function of the 
household. Muth (1966), p. 699 

In a formulation of a static model at a given time t, write xh x2, ..• 
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Xn for purchases of n market commodities at market prices P1o 
p 1, • •• Pn and yielding amounts zh z2, ... Zm of m quality character­
istics. Denote household income and expenditure by y, taken as 
equal with saving assumed away. The model is then: 

Household production function 

Budget constraint 
Utility function 

F(xl> x 2, ••• x,.; z1, z2, ••• Zm) =0 
P1X1 + P2X2 + • • • + PnXn = Y 
U=U (z1, z2, ••• Zm) 

As a special case, the one mainly pursued here, break the relation of 
household production into m separate functions, one for each 
characteristic: 

(I) 

which implies non-substitutability between quality characteristics. It 
is no great constraint to assume that, when inputs increase in a 
given proportion, so do outputs. The functions are then homo­
geneous of degree one. Lancaster goes on to take fi, / 2, ••• in (l) 
as linear in the x's, the Lancaster Linear Model. Muth, however, 
was more interested in the case when the arguments of fi, / 2, • • • 

are non-overlapping sub-sets of the x's. 
It is to be stressed that the model is so set up that the x's are 

purchases of commodities, not of varieties, and quality change is 
now a technical matter to be sought in a shift in the form of the 
production function. For example, the x's include various consumer 
durables (refrigerators, TV sets and so on) in whatever models are 
available on the market at the prices given by the p's. The household 
production function translates them into quality characteristics; if 
there is a quality change, the function is altered in form. 

The following exposition takes for simplicity the case of three 
market commodities (xh x1 and x3) and two characteristics (z1 and 
za). The extension to the general case is easily made. The model of 
the. household as a utility-maximiser is then to be expressed in 
programming terms: given total expenditure y and market prices 
p 1, p 2 and p 3, determine purchases x1, x 2 and x3 to convert into 
characteristics for maximum utility: 

max u = u(zl> za) subject to y = P1X1 +PaX a+ PaX a } (2) 
and F(x10 x2, x3; z10 za) =0 

The programme is best solved in two stages. 
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Stage (i): take z1 and z11 as given objectives and fix xb x 11 and x8 to 
minimise expenditure y at given prices p1, p11 and p8: 

min y = p1x1 + p8x11 + p8x8 subject to F(x1, x2, x8; z1, zJ = 0 (3) 

h d. . h h . 8F 8F 8F d T e necessary con 1t1ons are t at t e rat10s ..,-- : ..,-- : .,-- are rna e 
ux1 ux8 ux3 

equal to the given price ratios p1 : p1 : p3 and with (3) they give the 
x's and minimum expenditure: 

Expenditure function y = y (Pt• Pa• Ps; zb zJ (4) 

If y is given, (4) can be interpreted as a relation between optimal z1 

and z8 in the sense that these quality characteristics are got with 
minimum expenditure equal to the given expenditure. The relation 
can be shown as the frontier curve AB in the two dimensions of 
Fig. 7 .1. The curve is a 'frontier' in the sense that it encloses all the 

Fro. 7.1 Frontier curve 

points representing combinations of z1 and z1 which can be achieved, 
given prices and total expenditure. It can be assumed to be concave 
to the origin. Since F is assumed to be homogeneous of degree one, 
it follows that (4) is also homogeneous of degree one in z1 and z1 

so that by the well-known Euler's Theorem: 

8y 8y 
y=z1-+z1-

8z1 az. (5) 
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The ratio of :Y to :Y is the slope of the tangent at the relevant point 
uz1 uz2 

P on the frontier curve AB. It is to be noticed that the position and 
slope of this curve depends not only on the market prices but also 
on the form of F. Hence quality changes, which are expressed through 
alterations in F, are shown by a shifting frontier curve AB. 

Stage (ii): the programme (2) is completed by fixing z1 and z2 in 
the expenditure function (4) to maximise the utility level at given 
prices and total expenditure: 

max u = u(z1, z2) subje~t to y = Y(Pt> pz, Pa; zb Zz)} ( 6) 
and gtven p1, p2, p3 and y 

The necessary condition is that the marginal rate of substitution 

( h . au ou ) 1 h . oy oy h . 1 .• t e rat1o ;-- : ;- equa s t e ratio ;- : ;-· T e optima pos1t1on 
uZ1 uZ2 uz1 uz2 

in stage (ii) and hence for the whole programme is best shown in the 
diagrammatic terms of Fig. 7 .1. The marginal rate of substitution is 
the slope of the tangent to the indifference curve at some utility 

level u. The ratio ? : ? is the slope of the tangent to the frontier 
uz1 uZz 

curve AB. The optimal position occurs at the point P when the 
curve AB touches one of the indifference curves. The properties of 
the optimum are then clear: z1 and z8 are given by the co-ordinates 
of P in terms of the given values of the market prices p1, p2 and p3 

and of expenditure y. Hence u is so given, as the indirect utility 
function u = u(p1, p8, p3, y), and its inverse is the expenditure function: 

(7) 

which simply give the minimum expenditure to get to the utility 
level u at given market prices. 

To apply all this to the anlysis of quality changes, it is necessary 
to introduce one further concept: the quality prices as 'shadow' 
prices of quality characteristics behind the observed market prices. 
The ratio of quality price 111 : 112 represents the equilibrium value of 
the marginal rate of substitution between z1 and z2 and this is found 

as ? :? at stage (ii). The relation (5) then shows that 111 can be 
uz1 uz2 

ay oy . . . 
taken as ;- and 118 as ;- (and not only proportional) g1vmg on 

uz1 uz8 
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substitution into (5) the result: 

(8) 

showing that the quality prices are such that total expenditure is 
split into 'expenditure' on the quality characteristics at the quality 
prices. Hence, from the point of view of quality changes in a price 
index, the relations to be used are not those on the commodity 
market; but they are concerned rather with quality characteristics 
and quality prices as represented in Fig. 7.1. A quality change shifts 
the position of the frontier curve AB and hence shifts the point P 
and the corresponding values of z1, z2, 1r1 and 1r2• 

A quality-adjusted price index is then to be derived on the lines 
of the constant-utility price index of 2.8, but with reference to 
quality characteristics and prices. Fix an initial utility level u0 so 
that by (7) the expenditure is Yo = y(p10, p20, p80, u0) in terms of 
initial market prices but also by (8) as Yo= 7T1oZ1o + 7T2oZ2o in terms of 
the initial quality prices and the optimal values of the quality 
characteristics. Take, in another situation, different sets of prices 
and, in particular, new quality prices 1r11 and 1r21• Define the mini­
mum expenditure y1 to remain at the utility level u0 at the new prices 
and hence the quality-adjusted price index / 01(u0) at the u0 level. 
Exactly as in 2.8, and finally making the extension to any number of 
characteristics, in the usual shorthand notation: 

l ( , _ Yt 7TuZto + 7T2tZzo 
01 UoJ --< -----'---'-

Yo 7TtoZto + 1T2oZ2o 

and generally: 

~1T1Zo 101(u0) < ~ of Laspeyres form (9) 
£.,7ToZo 

The problem in the application of (9), apart from that of aggrega­
tion over a group of consumers (which is always with us), is to 
specify characteristics as a technical job and then to estimate the 
quality prices. The answer would seem to lie with a regression 
estimate as in 7.6, giving coefficients to be interpreted as quality 
prices; this is the method followed in recent work by Griliches (1971) 
and others. There is one snag: whereas the market prices used in the 
corresponding analysis of 2.8 are the constants of a budget line 
tangential to an indifference curve, the quality prices in Fig. 7.1 
come from the point P where a curve AB touches an indifference 
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curve and so are variable with z1, z2, •••• The regression equation, 
however, estimates the quality prices as constants. 

There is no difficulty in one special case, that of the Lancaster 
Linear Model where the household production functions (1) are 
linear in all x's. In our expository case: 

z1 = z11x1 + ZtsX'a + z13X3 and z2 = Z21X1 + Z2sXa + Z23X3 (1 0) 

where z, (for r = 1, 2 and s = 1, 2, 3) is a constant to be interpreted 
in such a way that x1 units of the first commodity possesses z11x1 

and z81x1 amounts of the two quality characteristics, and similarly 
for other commodities. Hence stage (i) is a linear programme 

min y = PtX1 + P2Xa + PaXa subject to (10) 

and the curve AB of Fig. 7.1 is converted into a polygon form such 
that the quality price ratio 7T1 :7T2 is constant along one line segment. 
In other words, the regression estimate can proceed, giving constant 
quality prices, as long as only one linear segment of the frontier 
curve is taken. Notice that, at stage (ii), the programme becomes 
non-linear in that the indifference map is composed of curves. 
Ironmonger (1961, 1972) carries the linear assumption one step 
further by taking the indifference curves also of polygon form and 
reducing the whole exercise to the application of the well-known 
linear programming technique. 

Consequently, as long as we can assume the linear model, we are 
home and dry. The technique of 7.6 for quality adjustment is under­
pinned by household production theory; regression techniques 
estimate quality prices and provide the quality index g. The results 
are by no means as simple in the general case of the household 
production function. 

7.8 Changes in Tastes and in Qualities 

The development of the constant-utility price index in 2.8 depends 
on the assumption that the consumer has unchanged tastes so that 
his preference map is the same in the price situations compared. 
Something can be done, in purely practical terms, to overcome the 
difficulties created by the fact that tastes do change. Certainly the 
difficulties must not be exaggerated. Suppose that the price index 
calculated is of Laspeyres form base-weighted on year 0 and at the 
utility level u0• The theoretical basis of the Laspeyres index in year 
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t is the constant-utility form 101(u0) with the Laspeyres index as an 
upper bound. This index does not answer the question: how much 
more income does the consumer need today to remain as well off as 
yesterday? Any change in tastes confuses the issue. The index does 
answer a different question: how much more income would the 
consumer have needed yesterday if the prices yesterday had been 
different, and specifically if they had been the prices ruling today? 
This is a hypothetical question and if the 'yesterday' is a remote 
time in the past it may also be regarded as irrelevant to today's 
situation at today's very much changed tastes. The remoteness and 
irrelevance is much diminished in practice by chaining the true and 
Laspeyres index numbers e.g. on an annual basis. The comparisons 
are still hypothetical and tastes still change, but once a year the 
index is brought up to date and applicable to today's tastes. 

A similar analysis applies to the constant-utility price index 
l 01(u1) based on the utility level of year t and its lower bound, the 
Paasche form. The hypothetical question answered is then: how 
much less income would the consumer need today if prices were as 
yesterday instead of what they are today? One reason why some 
authorities, such as Mudgett (1951) and Fisher and Shell (1972), 
prefer the Paasche to the Laspeyres form lies in this interpretation; 
they would rather hypothetical questions relate to the here and now. 
There is, however, much less weight to this preference if the choice 
is between chain index runs. 

The situation on changing tastes, however, is not altogether 
satisfactory and some theoretical support may well be sought. The 
household production function of 7.7 succeeds in getting quality 
changes separated off by the frontier curve AB of Fig. 7.1 but it still 
leaves the theory at the mercy of changes in tastes as reflected in 
quality characteristics rather than market purchases. It is possible 
to develop some theory which allows for changes in tastes and in 
qualities in parallel, but generally in useful shape only when confined 
to the special case of changes described as 'quantity-augmenting' 
for taste changes and as 'repackaging' for quality changes. The 
early work on this theory in the 1950s grew out of a short note by 
Ichimura (1951) with advertising expenditure in mind. lchimura 
defined an isolated change in tastes in one commodity x by a shift 
parameter k such that the marginal rate of substitution of x against 
each of the other commodities is changed in the ratio k:1 while all 
other marginal rates are unchanged. The theory has since been 
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greatly developed by Fisher and Shell (1968), by Muellbauer (1973) 
and by others. 

The following analysis follows the notation of 2.8, again for 
expository purposes in the case of two market commodities and for 
an individual consumer. The tastes of the consumer are now taken 
as changing over time and the change is quantity-augmenting if 

u = u(gq10 qa) at time t (1) 

is the utility function for purchases q1 and q2, where g is a parameter 
(which varies over time) indicating the tastes change. Take g = 1 at 
the base date t = 0 and g > 1 at time t in (1 ). If the prices at t = 0 are 
p10 and Pao and the utility level attained u0, then the expenditure 
function can be written y = y(p10, p20, u0) as in 2.8 where it is used 
to define the constant-utility price index / 01(u0) for unchanging tastes. 
The effect of a quantity-augmenting tastes change is precisely the 
same as that of a labour-augmenting technical progress in macro­
economic theory. The technical-progress case is handled by measur­
ing quantities and prices in efficiency units; see Allen (1968), p. 238. 
So, here, the first good (but not the second) is converted into 
efficiency units by writing the quantity q* 1 = gq1 and the price 
p*1 =p1fg. Consequently, at timet, the expenditure function becomes 
of the form: 

y=y(p*u•Pae. u)=y(p;'.Pato u) (2) 

as a consequence of the tastes change. The utility level u in (2) is at 
choice. If it is set at u0, then the constant-utility price index, at this 
constant-utility level, but adjusted for change in tastes, can be 
written: 

loc(Uo) = ~ P;c • Pzt. Uo) I Y(Pto• Pao. Uo) (3) 

Muellbauer (1973) calls this the cardinal index of price changes, 
adjusted for variation in tastes confined to the first commodity. He 
contrasts it with an alternative price index 

Coc(uo)=~P;c.Pato uo)jy(P;o.Pao. Uo) (4) 

which he describes as the current-tastes ordinal index for the same 
price changes since the comparison uses the augmented tastes for 
the first commodity at time t. The case of g > 1 at time t corresponds 
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to an increased preference for the first commodity as compared with 
the base date. So the adjusted price p 10fg is less than the original 
price p10 and, since y is an increasing function of prices, 

Y(P;o, Pzo• Uo)<Y(Plo• Pzoo Uo). 

So 10,(u0) < C0t(U0) (for g > 1) 

and the cardinal index, as the 'regular' adjustment for tastes­
augmentation, is less than the index based on current tastes. 

Fisher and Shell (1968) obtain their results by the use of (4) rather 
than (3). They show, for example, that an increased (quantity­
augmented) preference for a price-elastic commodity implies that the 
price index needs adjustment by reducing the weights of com­
plementary goods and raising the weights of substitutes. This is the 
kind of situation met when a commodity is introduced at a high 
price and is then price-elastic. Muellbauer (1973) obtains explicit 
forms of the cardinal index (3) and of the ordinal index (4) by taking 
the particular Geary/Stone utility function (6.4): 

u =(ql- cxl)fh (q2- cxz)f32 ({Jl + fJ2 = 1) 

where the parameters ar:1 and ar:2 indicate quantity-augmenting taste 
changes in the first and the second commodities respectively. If ar:1 

decreases, then u increases for given q1 and q2 and the preference for 
the first commodity is greater. It is found that the cardinal form (3) 
of the tastes-adjusted price index decreases with cx1 but that the 
index of type (4) may go either way. 

The use of the parameter g in the utility function (1) applies 
equally to quality changes of the quantity-augmenting type and 
described by Fisher and Shell (1968) as simple repackaging. This 
label is appropriate since the quality improvement is such that the 
new quality is the same as the old except that there is more of it, e.g. 
more matches per box or a new TV set which gets bigger or better 
after its first introduction on the market. The analysis of such 
repackaging changes is simplified and extended by Muellbauer 
(1973), using an adjustment of form (3), found to have the usual 
Laspeyres upper bound. The main point is that quality adjustment 
is then in one price only by a quality index g, the case of 7.6. 

There is more to it than this. Fisher and Shell obtain, and Muell­
bauer establishes more simply, the following necessary and sufficient 
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result: a quality change in one commodity can be corrected by 
adjusting its price by a factor g, independently of all other prices and 
of all purchases, if and only if the quality change is of the quantity­
augmenting (simple repackaging) type. The necessary part is of 
particular interest since it implies that adjustment by means of 
formula (1) or (2) of 7.6 is valid only if the quality change is of the 
simple repackaging kind. All other uses, and particularly the re­
gression method applied to a variety of quality characteristics, 
ignore indirect effects and are at best approximate. 

We are back where we were at the beginning of 7.6. In a com­
plicated problem such as the adjustment of a price index for changes 
in quality or tastes, it is all too easy to come round in a full circle. 
Much remains to be done on the problem both in theory and in 
practice. 
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